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Many Body Problem
DFT elements; examples
DFT drawbacks
excited properties:
electronic and optical spectroscopies. elements of theory
Many Body Perturbation Theory: GW
codes, examples of GW calculations
Many Body Perturbation Theory: BSE
codes, examples of BSE calculations
Time Dependent DFT
codes, examples of TDDFT calculations
state of the art, open problems
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Introduction to Many Body
Problem
and Density Functional Theory
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Many Body Problem in solid state physics
Hartree-Fock approximation
Density Functional Theory
quantities evaluable by DFT
examples of properties, systems
short overview of codes and implementations

Many Body Problem

Many Body Hamiltonian:
kinetic term for ions and electrons, Coulomb repulsion of I+-I++ and e--e-,
Coulomb attraction between I+- eBorn-Oppenheimer approximation (adiabatic approximation):
the nuclei can be frozen in their equilibrium positions, thanks to different
values of masses
keeping the Schrödinger equation just for electrons, still in a solid there
are 1023 degree of freedom:
the Schrödinger equation can be solved for ‘small’ systems,
i.e. a low number of electrons
(CI configuration interaction, for finite, non extended systems, if <20 electrons)
02/03/2004
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Many Body Problem

approximations at various levels

Thomas-Fermi theory (1927) (density)
Hartree-Fock Equations (1930) (non local mediumfield, variational,
self-consistent, exchange (Fock), no correlation, xc-hole is missing)
Density Functional Theory (1964)
Green Functions (1955, Hedin’s Equations ‘65)
(quasi-particle, Σ self-energy is the true exchange-correlation potential)
(applied to solids since ‘80)

02/03/2004
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Thomas-Fermi Theory
Thomas-Fermi model (1927)
semiclassical quantum mechanical theory for many-body electronic systems
it uses density instead of wavefunctions
statistics; electrons are distributed uniformly in phase space with two electrons in
every unit of volume h3
kinetic energy is a functional of the density

TTF[n] = CF ∫ n5/3(r)dr
but exchange and correlation are completely disregarded

02/03/2004
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Hartree-Fock Equations
Hartree Equations

Ψ (r1 , r2 ,...) = ψ 1 (r1 ) Lψ N (rN )
average field
variational
self-consistent
exchange (Fock)
no correlation, xc-hole is missing
each

ψ i ( ri ) satisfies a 1-electron Schrödinger equation

 h2 2

 − 2m ∇ + Vext + Φ i ψ i (ri ) = ε iψ i (ri )


∇ Φ i = 4π e
2

02/03/2004
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2

∑ψ j

j =1,i ≠ j

2

Coulomb potential=average field given by other electrons
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Hartree-Fock Equations
Fock:

Ψ (r1 , r2 ,...) = ψ 1 (r1 ) Lψ N (rN )

Slater Determinant
to include Fermi statistics
(Pauli’s principle)
Fock term: exchange term

2
*
 2

(
r
)
ψ
ψ
h
j
j
j (r j )ψ i (r j )
2
−

∇ + Vext + ∑ ∫ dr j
ψ i (ri ) − ∑δσ iσ j ∫ drj
ψ j (ri ) = ε iψ i (ri )
 2m
ri − rj 
ri − r j
j
j



non local average field

02/03/2004
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Hartree-Fock results

HF gives an overestimation of
HOMO-LUMO gap
because correlation (orbital
relaxation) is missing (a part of
correlation is included in the
exchange term), and exchange is not
screened
eigenvalues energies have a physical
meaning, thanks to the Koopnam’s theorem

02/03/2004

theor. Egap (eV)

correlation

exp Egap (eV)
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Configuration Interaction
method used in quantum chemistry to reintroduce correlation,
by using, as trial functions, linear combinations of Slater determinants
computationally demanding

is it so necessary to use electronic wavefunctions?

Density Functional Theory
based on two theorems:

Hohenberg and Kohn (1964)
Kohn and Sham (1965)
main practical achievement of the two theorems:

many body problem

 1 2
 KS
KS KS
−
∇
+
V
+
V
+
V
φ
(
r
)
=
ε
ext
H
xc
j
j φ j (r )

 2

set of single-particle equations

which is the difference with respect to Hartree-Fock?
02/03/2004
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Hohenberg-Kohn Theorem
statements of the theorem
1- one-to-one relation between
external potential and charge density;
in a system, the total energy (and
every other observable) is a (unique)
functional of charge density

E [ ρ ] = T [ ρ ] + E ext [ ρ ] + W [ ρ ]
= T [ ρ ] + E ext [ ρ ] + E H [ ρ ] + E xc [ ρ ]

universal functional F ( kinetic + interaction energy)
2- ground state charge density minimizes total energy functional

Functional
as n(x) is a function of the variable x,
in the same way, f[n(x)] is a function of the function n(x)
a functional associates a number to a function

Hohenberg-Kohn Theorem

ground state properties
the original proof is valid for local, spin-independent external potential, nondegenerate ground state
there exist extensions to degenerate ground states, spin-dependent, magnetic
systems, etc.

Kohn-Sham Theorem and Equations
H-K theorem: nice, but not useful for practical applications

E [ ρ ] = T [ ρ ] + E ext [ ρ ] + E H [ ρ ] + E xc [ ρ ]
= F [ ρ ] + E ext [ ρ ] + E H [ ρ ]
auxiliary and fictitious non interacting particles system (Kohn-Sham particles)

E [ ρ ] = T NI + E H [ ρ ] + E ext [ ρ ] + E xc [ ρ ]
kinetic energy for NI electrons is known

δ E xc [ ρ ]
V xc =
δρ

- effective potential

- contains many-body effects
- local
- potential and kinetic components

Kohn-Sham Theorem and Equations
- in the interacting system, electrons will tend to avoid each other at close range
more than they would in the non-interacting system
- any given pair of electrons are less likely to be found near to each other, so the
internal potential energy is reduced.
- wavefunctions must change to describe the mutual avoidance, the kinetic
energy is increased

F [ ρ ] = TS [ ρ ] + E xc [ ρ ]
by applying now variational method (searching the density which minimizes this functional

 1 2
 KS
KS KS
−
∇
+
V
+
V
+
V
φ
(
r
)
=
ε
ext
H
xc j
j φj (r)
 2


set of single-particle equations

N.B. ε KS
j are Lagrange multipliers, used when applying the variational principle

DFT calculation of a GS density
calculations:
choice of Vxc, trial ρ, new eigenfunctions and eigenvalues, new ρ,
self-consistent procedure

density: with an exact, precise physical meaning
eigenvalues

ε KS
j

(K-S particles)

?

eigenfunctions

φ jKS (r )

(K-S wavefuntions)

?

2 PROBLEMS:
how to choose Vxc?
KS
do ε KS
j , φ j (r ) correspond to ‘real’ particle or quasiparticle values?

Exchange-Correlation Functional
δ E xc [ ρ ]
V xc =
δρ

the exact Exc includes all many-body effects: but is unknown

a good approximation for Exc is needed:
Local Density Approximation (LDA, 1965) for exchange -correlation potential
(over-binds molecules and solids)

E xcLDA [ ρ ( r )] = ∫ ε xc [ ρ ( r )] ρ ( r ) d r
Generalized Gradient Approximation (GGA,with various parametrization)

E xcGGA [ ρ ( r )] = ∫ ε xc [ ρ (r )] ρ ( r ) d r + ∫ Fxc [ ρ ( r ), ∇ ρ ( r ) ]d r

Hybrid Functionals
hybrid functionals: with different contributions of exact exchange, mainly used in
quantum chemistry, e.g. B3LYP, PBE0, etc refs
linear combination of the Hartree-Fock exact exchange functional and any number of
exchange and correlation explicit density functionals
parameters determining the weight of each individual functional are typically specified by
fitting the functional's predictions to experimental or accurately calculated
thermochemical sets of data for molecules

ExcB3LYP = ExcLDA + a0 ( ExHF − ExLDA ) + ax ( ExGGA − ExLDA ) + ac ( EcGGA − EcLDA )

J.P. Perdew, M. Ernzerhof, K. Burke (1996). J. Chem. Phys. 105, 9982–9985

Kohn-Sham particles
KS
φ
ε KS
j (r )
j

have no physical meaning!

just the first occupied level has the meaning of Ionization Potential
(DFT Koopman’s theorem)
all others ε j are used as electronic eigenvalues, describing excitation energies,
and φ jKS (r ) as electronic wavefunctions describing the states of the systems
KS

DFT: success and limitations
What can we calculate solving the K-S equations?
• GS properties: total energy, bond lengths, charge density
• applied to molecules, clusters, solids, surfaces, nanotubes,
organic molecules and DNA, ...
• DFT results are, in general, qualitatively good
• first step for excited state properties:
electronic properties (DOS, band structure, surface states),
dielectric response at RPA level
• there are examples of reasonable results also for electronic and optical
properties (how is it possible?)

Systems
• bulk semiconductors, insulators, metals
• surfaces of semiconductors, insulators, metals;
reconstructions, adsorptions;
• solid-solid interfaces
• nanowires, nanotubes, nanorods; chains; polymers
• dots, clusters; organic molecules

Properties
• lattice structure, at equilibrium, and with varying pressure and
temperature; lattice parameters and bulk modulus
• adhesion energy, chemical potential
• vibrational properties
• magnetic momenta, spin polarized, noncollinear
• adsorption/desorption energy
• surface/interface formation energy
• surface reconstruction
•
•
•
•

density of states, resolved per momentum and per atom
electronic band structure
band offset, energy levels alignement
workfuntion

semiconductors
One-electron band structure: dispersion of energy levels n as function of k in BZ
The Kohn-Sham eigenvalues and eigenstates are not one-electron energy states
However, it is common to interpret the solutions of Kohn-Sham equations as one-electron
states: the result is often a good representation, especially concerning band dispersion.
Gap problem: the KS band structure underestimates systematically
the band gap (often by more than 50%)

Ge optical absorption, D. Brust et al., Phys. Rev. Lett. 9, 94 (1962)

bulk phases of TiO2

A. Iacomino, L. Chiodo, to be published

bulk Copper band structure and optical
absorption

LDA calculations vs experiments

A. Marini, PRB 64, 195125 (2001)

Energetic of Surfaces
2σ = E tot ( slab ) − nCo ⋅ µ Co − n Pt ⋅ µ Pt
surface energy is a GS property and can be correctly evaluated from DFT
the same holds for adsorption energy of atoms and molecule

E ads = [Etot ( Au) + Etot (CoPt3 slab)] − Etot

Copper (001) band structure

sp vs d states
number of bands: artifact of calculations
surface vs bulk states

C. Baldacchini, et al, PRB 68, 195109 (2003)

adsorbates on metal surfaces
electronic wavefuntions (KS wfs)

density of states and band structure

L. Chiodo, PRB 75, 075404 2007

hybrid organic-metal interfaces
•for organics, due to inhomogenous density, hybrids work better

workfunction calculation
(for semiconductors, bandoffset)

D. Fragouli, Langmuir 2007, 23, 6156-6162

MBO on Copper
Density of States
3.0

S p(2x2)/Cu(001)
[Monachesi et al.,
Phys. Rev. B 69, 165404 (2004)]

2.5

[Mariani et al.,
Phys. Rev. B 66,
115407 (2002)]
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CH3S on Copper

Partial d-PDOS/atom for the Cu surface
layer of CH3S/Cu110 (black solid line, light
shaded), p-PDOS of sulfur (red solid line) and
p-PDOS of carbon (blue dashed line).
S. D’Agostino, PRB 75, 195444 2007

Charge-density differences,, for a) physisorption b)
physisorption with CH3SH normal to the surface, and
c) chemisorption state. Regions of electron
accumulation and depletion are displayed in red and
blue, respectively.

weak interaction
pyrrole/Al(001)

adsorption geometry

charge density redistribution

A. Ruocco et al., to be published on JPCA, 2009

Semiconductor and Metal Interfaces
interface energy
bandoffset alignement

Etot (slab ) − N Au Etot ( Au ) − nCo ⋅ µ Co − n Pt ⋅ µ Pt
γ=
2A

L. Chiodo et al., J. Phys.: Condens. Matt. 21 015001 (2009)

nanowires, nanotubes
DFT can give structures of
Si, C, Ge 1D structures
the quantization effects on gap are
correctly predicted

ZnO

Nanocrystals

Si35H36

Si87H76

Si147H100

Nanostructures need to be doped to build functional devices for
optoelectronics and Nanophotonics applications
Where are the dopants ?
Formation energy and structural properties

•
•
•
•

Spherical Si nanoclusters: Si29H36 , Si35H36 , Si87H76 , Si147H100 , Si293H172
Diameter from 1.04 to 2.24 nm
B & P impurities in substitutional sites, just below the nanocrystal surface
Formation energy
F. Iori et al., PRB 76, 085302 (2007)

shift of electronic and optical absorption gap to lower
energy on increasing the distance between impurities
intensity is also affected by the impurity distance
predictivity….

Codes and Implementations
• All Electron vs Pseudopotential methods
• Plane Waves vs Localized Basis Sets (we have basis of plane waves,
atomic orbitals, gaussians, LAPW, real space grid,..)
DFT calculation = find total energy for trial orbitals
For plane waves, due to computational convenience:
• kinetic energy, Hartree potential in reciprocal space
• Vxc potential, external potential in real space
• use of FFTs
• Sum over states = BZ integration for solids: special k-points
• Iterate or minimize to self-consistency
codes:
• Q-Espresso, Abinit, Vasp, FP-LMTO, …….

Pseudopotentials
chemically intert core electrons are frozen in their atomic
configuration and their effect on chemically active
valence electrons is incorporated in an effective potential

• pseudopotential is not unique
• several methods of generation
• requirements:
1 pseudo-electron eigenvalues must be the same as the valence
eigenvalues obtained from the atomic wavefunctions
2 pseudo-wavefunctions must match the all-electron wavefunctions
outside the core (plus continuity conditions)
3 core charge produced by the pseudo-wavefunctions must be the
same as that produced by the atomic wavefunctions (for
norm-conserving pseudopotentials)
4 logaritmic derivatives and their first derivatives with respect to
the energy must match outside the core radius (scattering properties)
5 more additional criteria for different recipes

Pseudopotentials
more requirements
Transferability: ability to describe the valence electrons in different chemical and
phase environments
Efficiency: softness – few plane waves basis functions
 compromise
which states should be included in the valence and which states in the core?
problem of semicore states
solution depends on the element
advantages: computational less demanding
disadvantages: for some elements, pseudopotentials are not a good choice

DFT: conclusions
is WIDELY used, for all classes of materials and systems,
in solid state physics and quantum chemistry
systems that are not well described: strongly correlated, or with weak interactions as
Van der Waals and hydrogen bonds
ground state properties are quite well described, taking into account the proper XC
functional (more or less homogeneous)
DFT is used, even without a formal justification, to describe excited state properties:
density of states, electronic band structure, optical absorption spectra
in some cases this gives reasonable results, even not quantitative agreement;
in other cases, results are also qualitatively wrong
let’s see more in the following lecture

Self-Assembled Molecules
with S-Headgroups
Mercaptobenzoxazole (C7H5NOS)

MBO/Cu(001) p(2x2)

Methanethiol (CH3-SH)
H

C
S

CH3S/Cu(001) p(2x2)
c(2x2)
c(2x6) (distorted c(2x2))

DOS: S/Cu(001)
slab calculation
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S-S orthorhombic: 10.4 Å
S-S p(2x2): 5.1 Å
S-S c(2x2): 3.6 Å

CH3S on Copper
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