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structural and mechanical properties
- nanocrystal shape: Wulff construction
- elasticity, Young modulus
- melting
- friction laws

LECTURES OUTLINE



Equilibrium Shape
problem: 
determine the equilibrium shape of a droplet or crystal of fixed
volume inside a separate phase

1878 Gibbs: droplet or crystal arrange itself such that its Gibbs 
free energy is minimized by assuming a configuration of low 
surface energy

Gi = energy associated with the surface. 
equilibrium shape of the crystal: minimize the value of Gi
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in general the surfaces stresses and tensions can have 
a directional dependence (for different crystallographic 
directions), and are isotropic for liquids
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Equilibrium Shape

1901 Wulff: the length of a vector drawn normal to a crystal 
face hj is proportional to its surface energy γj: hj = λγj. 
(Gibbs-Wulff theorem)

among all bodies of fixed volume, the shape given by 
Wulff's construction has the least surface free energy

the equilibrium shape of crystals is anisotropic 
the total surface free energy of a crystal with fixed volume V 
has to be minimized:
∫γdΑ = min



1953 Herring: proof of the theorem and method for determining 
the equilibrium shape of a crystal

- polar plot of surface energy as a function of orientation is made 
(gamma plot)

- Wulff construction: gamma plot is used to determine graphically 
which crystal faces will be present.



Wulff Construction
The Wulff Construction – Crystal Shapes
The shape a crystal adopts during (equilibrium) growth is
determined by the directional dependence of the surface
tension.
The Wulff construction provides a geometrical route for determining 
the expected crystal shape. It effectively maps the shape of a crystal that 
gives the minimum energy surface.
1. Draw a group of vectors from a common origin whose length is
proportional to the surface tension of the crystal face (the direction is
perpendicular the face)
2. Draw at the end of each vector a plane perpendicular to the vector
direction. The shape enclosed by the planes gives the equilibrium shape 
of the crystal.



interior envelope= minimizing shape in two dimensions.



Equilibrium Shape

surface energies for crystal faces with Miller indices (hkl) �
crystal shape. 

first-principles calculations: accurate surface and interfacial 
energies. 

surface energy depends on composition and coverage of 
adsorbed species

thermodynamic treatments + Wulff theorem: 
equilibrium particle shapes and surface chemistries in different
environments



Wulff Construction

shape of a catalytic platinum nanoparticle, as determined with a
combination of first-principles calculations and classical 
thermodynamic optimizations (Wulff constructions).



Vicinal Surfaces



equilibrium crystal shapes of PbTe embedded in CdTe matrix, 
with different interface energies ( 0-20-0.22 J /m2)



the Young modulus YM is a measure of intrinsic elasticity
(stiffness, resistance to deformation) intrinsic of a material

modeling chemical bonds with springs: 
YM measure how hard is to stretch the spring

Hooke law
F=-kx (oscillator)
T=2m/k
elastic properties are due to atomic arrangment and
nature of chemical bonds
all materials present a certain degree of elasticity

ELASTICITY



load L applied to the road
the length h changes by dh
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Young Modulus

stress (applied)

h

dh=ε strain (effect)
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The Young's modulus is the ratio of the stress to the strain 
as a material is stretched
conventional mechanics: it should be a material constant, 
independent of scale 
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at the nanoscale the surface area to volume ratio becomes large, 
and surfaces make a scale dependent contribution to the Young's
modulus YM so it is not constant

Nanostructure Elastic Properties

YM of rods and nanotubes
660 109N/m2 SiC NTs

1200 109N/m2 C NTs



Force Modulation Atomic Force Microscopy

Force-Deflection Spectroscopy: A New Method to
Determine the Young's Modulus of Nanofilaments

measure force versus deflection (F-D) 
curves of nanofilaments that bridge a 
trench patterned in a Si substrate

Young’s modulus for rectangular
cross section ZnS nanobelts is 52 ±
7.0 GPa, about 30% smaller than that 
reported for the bulk





Measuring the Size Dependence of Young’s Modulus of 
SAMs Using Force Modulation Atomic Force Microscopy

The apparent Young’s 
modulus is found to decrease 
nonlinearly with the decreasing 
size of these nanostructures 
(size dependence of elasticity 
in the nanoregime)

Young’s modulus as a function 
of size of the nanostructures,
(a) against the area of the 
nanostructure (b) and
the mass of the nanostructure





Recovery of Young’s modulus upon annealing
of nanostructured niobium produced
through plastic deformation: defects and grain boundaries

Geometry-dependent nonlinear decrease of the effective 
Young's modulus of single-walled Carbon nanotubes 
submitted to large tensile loads

Local nanostructure of single carbon fibres
during bending deformation

Some Examples



Young’s modulus measurements of silicon
nanostructures using a scanning probe system

Tailoring mechanical properties at the nanoscale: 
the dependence of Young's modulus of nanowires
on the shape and axial orientation

nanostructured Pd films
115 GPa, 7% lower than the bulk value

interfacial structure and Young’s modulus of peptide films 
having switchable mechanical properties



Deformation mechanisms in free-standing nanoscale
thin films: A quantitative in situ transmission electron
microscope study

stress–strain response of several nanoscale free-standing aluminum 
and gold films subjected to several loading and unloading cycles
- low elastic modulus 
- nonlinear elasticity 
- lack of work hardening
when the average grain size is 50 nm or less

grain-boundary-based mechanism as a dominant contributing factor
in nanoscale metal deformation; when grain size is larger, the
same metals regain their macroscopic behavior



amyloid fibrils studied by atomic force microscopy and spectroscopy 

self-assembling materials, formed from the protein insulin,
have a strength of 0.6-0.4 GPa, comparable to that of steel (0.6 –1.8 GPa), 
and a mechanical stiffness, as measured by Young’s modulus, 
of 3.3 - 0.4 GPa, comparable to that of silk (1–10 GPa) 

technological applications



Tin oxide nanowires (NWs) 

Young’s modulus was calculated by bending individual NWs
and measuring the force exerted on the AFM tip during force–
displacement measurements. with radial dimensions below 45 
nm and length up to 1.2 µm
the average value is 100 ± 20 GPa, which is below the 
theoretical predictions calculated for different SnO2 single 
crystal orientations, yet consistent with the indentation moduli
of nanobelts. 



the cooling rate and heat treatment dependence of Young’s modulus for 
Ti-base multicomponent nanostructure–dendrite composites exhibits a very 
different response compared with the monolithic nanostructured or normal 
grain-sized Ti alloys

with increasing cooling rate, the decrease in the volume fraction of the 
micrometer-sized b-phase dendrites induces a significant increase in Young’s 
modulus for most of these composites. This increase can cover the decrease 
in Young’s modulus induced by the reduction of grain size of the 
nanostructured matrix. Heat treatment induces a significant increase in 
Young’s modulus due to the precipitation of intermetallics and/or a-phase in 
the nanostructured matrix.



MEMS and NEMS

* Inkjet printers
* Accelerometers in modern cars 
* Accelerometers in consumer electronics devices such as 

game controllers, personal media players / cell phones and 
digital cameras

* Silicon pressure sensors e.g. car tire pressure sensors, and 
disposable blood pressure sensors.

* Displays
* Optical switching technology 
* Bio-MEMS applications in medical and health related 

technologies (biosensor, chemisensor).


