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Introduction

Surface science´s aim is to study the structural, electronic and optical properties of
surfaces. In general, the properties related to the surface are different from those related
to the bulk. This is due to the breaking of some of the simmetries that are inside
the solid. In the case of crystals, the sudden interruption of the 3D periodicity of the
crystal bulk causes a change in the environment around the atoms near the surface.
This change is related to the charge density re-distribution in the near-surface region
and the formation of specific electronic states, also named surface states. Igor Tamm
was the first, in 1932, to indicate the existence of specific electron states localized near
the crystal boundary.

Surfaces are the boundaries between the different phases of matter and they are also
the meeting places for a host of phenomena and processes. Since the arrival in the 60´s
of ultra-high vacuum systems, surfaces can be studied experimentally. UHV is extremely
important to perform a surface experiment.

The interest of the behaviour of electrons at solid surfaces has grown in the last time.
The most important motivations in surface science are:

• Understand of heterogeneous catalysis1.

In the 19th century it was discovered that the presence of a solid could accelerate
a chemical reaction without changing the solid. Surface science approach gives
information about some fundamental processes in catalysis.

• Semiconductor industry and Nanotechnology.

Nowadays a new field, the nano field, is becoming very important. Very small
devices are built, of the order of nanometer. These devices and new materials
have many applications, for example in medicine, electronics, energy production...
Obviously, one of the consequences of having small structures is that the relative
importance of surfaces is increasing.

• Study of two-dimensional systems.

Surfaces allow us to study two-dimensional electronic systems. For example we
can study the quantum Hall effect in a 2 DEG2 created in a semiconductor het-
erostructure.

Now there are high sensitivity techniques to study surfaces and new theoretical mod-
els, which make it possible to calculate electronic and vribrational properties of surfaces.

Basic Theory

I am going to look at surfaces as the termination of the periodic lattice of an infinite
crystal by a cleavage plane. The description of a real surface is quite complicated, so

1It is a process in which the rate of a chemical reaction is increased by the presence of a substance,
known as catalyst.

2Two-Dimensional electron gas.
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what it is done is to use idealized models. We can use the most simple model (Kronig-
Penney) or the most complicated one using ab initio calculations. First, I will explain
briefly how electrons are described in infinite crystals. To describe the behaviour of
electrons in a crystal, we should solve the Schrödinger equation for all the e− in the
solid (around 1023 per cm3). Actually, we are able to solve exactly only the Schrödinger
equation for one e−. Taking into account the complex geometry of real crystals and the
complicated potential field of real atoms, we see how difficult would it be to solve such
a system of Schrödinger equations. To make this problem more tractable, we need to
simplify through approximations. Our goal is to calculate the energy band structure3 of
an e− moving in a crystal. In this case we use two approximations:

• Adiabatic Approximation4. The electronic and nuclear motions can be separated.

• One electron approximation. Each e− moves under the influence of a periodic
potential due to the positive inmobile ions and a field which includes the effect of
all the other e−.

Thus, to obtain the band structure in this case, we only have to solve the one e−

Schrödinger equation with a periodic potential,

∇2ψ + V (~r)ψ = Eψ (1)

where the potential is periodic with the lattice V (~r) = V (~r + ~an).
Bloch´s Theorem states that the solution for 1 with a periodic potential has the

following form,

ψk(r) = uk(r)eikr (2)

where k is the wave vector and uk(r) is a function with the periodicity of the crystal
lattice.

3The relation between the electron energy and the electron wave vector is called the band structire
of a solid.

4This approximation was made by Born and Oppenheimer in 1927
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Kronig-Penney Model

This model was first developed by Kronig and Penney in 1932 and tries to explain
the behaviour of an e− propagating in a crystal in a very simplified way. The crystal
potential is represented by an array of rectangular barriers.

Figure 1: KPM: Rectangular potential barriers.

The KPM can be solved and in fact, part of the Tamm work in surface states is based
on this model. It can be solved using the direct matching procedure.

• Direct matching procedure. We solve directly the Schrödinger equation for the
following periodic potential:

V = 0→ 0 < x < a

V = V0 → −b < x < 0
(3)

Then, we match the solutions on the boundaries, and finally we make the barrier
so narrow til a Dirac´s delta. What is obtained (as we know from exercise 2.2) is
that the energy values, which an e− moving through the lattice may have, form a
spectrum consisting of solid lines separated by infinite intervals. We arrive to this
equation, that tells us that we can only have a solution when,

(mV0bc)
h2k1c

sin(k1c) + cos(k1c) = cos(kc) ≤ 1 (4)

This means, we will have allowed energy bands and forbidden energy gaps.

Figure 2: Band structure obtained by applying the KP model.
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Electrons at surfaces

ciclico.pdf

Figure 3: Cyclic crystal of
N atoms.

Real crystals are finite, they are limited by surfaces. The
difference between an infinite and a finite crystal comes from
how is the energy spectrum of an electron propagating in
these crystals. In 1912 a trick solution was proposed. If we
have a finite chain of N atoms, we assume a cyclic crystal
by joining the ends to form a circle5.

In this case, what happens is that the previous contin-
uous allowed band becomes a sequence of N discrete levels.
But if N is very large, it is not a big change. Another con-
sequence of having surfaces is that discrete energy levels
appear in the energy gaps regions. This is not possible for
electrons in infinite crystals. Igor E. Tamm showed first
the existence of these surface states in 1932. He used the
Kronig-Penney model with a termination.

Bloch´s Theorem tell us that the wave number k is determined by the boundary
conditions. For example, in the case we have a infinite crystal, k must be real to keep
finite the wave function. But what happens if our crystal is finite? In this case we could
also have complex k. I am going to explain shortly what happens in finite crystals.

Assume a one dimensional crystal, with a as a lattice constant. We have to solve the
following Schrödinger equation,

[− d2

dz2
+ V (z)]ψ = Eψ (5)

Inside the Crystal

Figure 4: One-dimensional semi-infinite lattice model potential.

The potential V(z) has to be periodic with the lattice. Generally such a potential
can be written as,

V (z) =
∑
G

VGe
iGz

5This condition is known as Born- Von Karman boundary conditions.
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where G = n2π
a are the reciprocal lattice vectors.

In this case, the effect of the screened ion cores can be modelled using the following
weak pseudopotential,

V (z) = −V0 + 2Vgcosgz (6)

On the other hand, the wave functions are usually written,

ψ =
∑
G

AGe
i(k−G)z

For our case it is enough to use this wavefunction as trial;

ψk(z) = Aeikz +Bei(k−G)z (7)

Substituting 7 in 5, we obtain an equation which can be written in a matrix form,[
k2 − V0 − E Vg

Vg (k − g)2 − V0 − E

] [
A
B

]
= 0

The eigenvalues and eigenfunctions of this systems are:

E = −V0 + (
1
2
g)2 + (κ2 ± (g2κ2) + V 2

g )
1
2 (8)

ψk = eiκzcos(
1
2
gz + δ) (9)

where k = g
2 + κ and e2iδ = (E−k2)

Vg
.

Depending on the sign of Vg the lowest energy solution is even (Vg < 0) or odd
(Vg > 0).

Figure 5: Wave function matching at z = a
2 (a)Vg < 0 and (b)Vg > 0. The dashed curves

represent different δ.

If we plot the energy as a function of κ2, we see the usual gap that appears because of
the weak potential at the Brillouin zone boundary (k = g

2 , κ = 0). However if one allows
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κ to be complex, we will obtain that the E is a continuous function of κ2. This means,
we also have valid solutions for imaginary values of κ. In the bulk this solutions are not
possible because they become infinitely large as x → ∞. However, in the semi-infinite
problem the solutions are valid, because the solution that grows for positive x will be
matched at x = a

2 with a function which describes the decay of the wave function in the
vacuum. The wave functions for such a level are monotonically damped in the direction
of the vacuum, and inside the crystal they are damped in an oscillatory way. For this
reason, an e− in such a level is localized near the crystal surface. Therefore, the energy
levels which are in the gaps, are known as surface states.

Figure 6: Energy as a function of κ2 in our semi-infinite model with a weak pseudopo-
tential.

In the vacuum
The Schrödinger equation we have to solve is,

∇2ψ + V0ψ = Eψ (10)

the solution, keeping it finite at x→∞,

ψv(z) = De−k0z (11)

where k0 = (V0 − E)
1
2 .

Summarizing, what Tamm did, was to match the wave function and its derivative in
the vacuum region to those inside the crystal.

ψ(x) = eikzcos(
1
2
gz + δ) (12)

ψ(z) = e−k0z (13)
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If we match the solutions 12 and 13 and its derivative at x = a
2 , we see there is a

solution localized at the surface only when Vg > 0. The energy of this state lies in the
bulk energy gap. This solution is often called a Shockley state.

Tamm States
The Tamm states are surface states which are obtained using the tight-binding model.

This model assumes that the wave functions are built as linear combinations of atomic
orbitals. For example, if we have p orbitals, inside the crystal they will overlape, but in
the vacuum they will have enough space, they will be greater. This change a little bit
the energy, it becomes a little bit lower. Thus, we will have Tamm states near the bulk
band.

In this picture we see experimentally both types of surface states.

Figure 7: Experimental dispersion of Cu(1 1 1) surface states. (a) Shockley state. (b)
Tamm state.
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Density Functional Theory

This is an extremely succesful approach to characterize the electronic structure of a
solid. It is based on the Hohenberg-Kohn Theorem which states that the total energy of
a system is a unique functional of the electron density ρ(r̃) of its ground state.

The energy can be written as a function of the density,

E(ρ(r̃)) = T + U + Exc (14)

where T is the kinetik energy of a non-interacting inhomogeneous electron gas in its
ground state, U , the Coulomb term, is a classical term which describes the electrostatic
energy coming from the coulomb interaction between the valence electrons and the ion
cores, the repulsion between the electrons and the repulsion between the ion cores,

U = Uec + Uee + Ucc (15)

Uec = −e2
∑
R

Z

∫
n(r)
|r−R|

dr (16)

Uee =
1
2
e2
∫ ∫

n(r′n(r)
|r− r′|

dr′dr (17)

Ucc = e2
∑
RR′

Z

|R−R′|
(18)

And finally Exc, the exchange-correlation term, which takes into account many-body
quantum mechanical effects. The most important contribution to this term is given by
the exchange term related to the action of the Pauli exclusion principle. In real space,
electrons of the same spin tend to avoid each other, consequently, the electron-electron
Coulomb repulsion is reduced. This energy increase is known as exchange energy. The
terms which describe the interaction between electrons of opposite spin are related to
the correlation energy. Usually T and U are of the same order of magnitude, while Exc
is 10 times smaller.

The energy of the ground state is found by looking for the ρ(r̃) which minimizes the
energy functional E(ρ(r̃)). This density is found by a self-consistent solution of a set of
Schrödinger monoelectronic equations, known as Kohn-Sham equation,

− }2

2m
∇2ψi(r) + veff (r)ψi(r) = εiψi(r) (19)

where veff is the effective potential for one electron, and it is defined as,

veff (r) = −e2
∑
R

Z

|r−R|
+ e2

∫
n(r′)
|r− r′|

dr′ + vxc[n(r)] (20)

The density we are looking for is generated from monoelectronic wave functions as,

ρ(r) =
∑
|ψi(r)|2 (21)
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The problem is that the exchange-correlation energy is unknown. Hence, we have to
make an approximation. One of the most succesful approximation is the local density
approximation (LDA), which assumes that the exchange-correlarion energy density at
the local electron density of the inhomogeneous electron distribution is approximated
by the value for the homogeneous electron gas with the same electron density. Another
problem of the DFT is that the extension of the theory to excited states is not trivial,
sometimes is enough but other times it does not work sufficiently well. One of the main
advantages of DFT is that instead of having 3N variables (as we will have using the wave
function of N electrons), we have only 3 associated to the density.

The DFT has been used for years to investigate the ground state properties of solids,
bulk and surface.

Jellium Model
We can use the DFT with jellium model, where the positive charges of the solid

(metal in this case) are replaced by a uniform charge background density. The electro-
static potential created by this charge distribution assumes the role of the ion-electron
interaction potential.

The density can be written as,

n+(r) = n̂→ z ≤ 0
0→ z > 0

(22)

where z is the direction normal to the surface. We can write the positive background
charge density as a function of the volume that occupies an electron,

1
n̂

=
4

3π
r3s (23)

The ground state electron density profile for a semi-infinite jellium model was calcu-
lated by Lang and Kohn6, using the DFT-LDA approach.

We see how the density variation perpendicular to the surface, shows two main
features.

• The electrons spill out into the vacuum, falling to zero at 1 − 3Å away from the
surface. This spill out generates a disproportion of positive and negative charge,
creating a dipole layer at the surface. This layer modifies the effective potential.

• The density (n(z)) oscillates as it approaches an asympthotic value that exactly
compensates the uniform bulk background charge. These are called Friedel Os-
cillations and their period is π

kF
, where kF = (3πn̂)

1
3 . These oscillations appear

as an answer of the electron gas to the abrupt change in the positive background
distribution.

The jellium model is a good approximation for situations where the electrons are
weakily scattered by the screnned ion cores. However, it is unsatisfactory to describe
the surface energy of high-density metals.

6Physical Review, Theory of Metal Surfaces: Charge Density and Surface Energy. N.D.Lang and
W.Kohn, 15 June 1970.
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Figure 8: Self-consistent electron density profile near the metal surface for two back-
ground densities rs = 2 (Al) and rs = 5 (Cs). The distance is given in Fermi wavelength
units, 2π

kF
.

Experimental Techniques

The development of new techniques, that make possible to control the surface structures
in the atomic scale, has opened the doors to study surfaces experimentally. If we want
to study the electronic and atomic structure of a surface, it must be clean long enough
to do some experiments (minutes-hours). To keep clean the surface, ultra-high-vacuum
is required.

First, we have to make a bake-out (heating the system at least to 100-200oC for a
day or so) and then, using a combination of rotatory, turbomolecular, ionic...pumps, we
can achieve pressures lower than 10−9mbar, thus, keeping our sample clean. For typical
UHV pressures the mean free path of the molecules is many meters. Furthermore, if we
want our sample to be clean we have to prepare it in-situ and then keep it clean. To
prepare it, we use a sputter gun to extract impurities with Ar+ bombardment, and after
this, we use an annealing system to heat our sample, recovering the thermodinamically
stable crystal structure.

Surface characterization

There are different techniques to characterize a surface. Among others we have the
STM7 and the LEED8. STM is a microscopic technique which makes possible a real space
atomic scale view on most surfaces. On the other hand, LEED works in the reciprocal
space and the information which is obtained is at a scale of hundreds of microns.

7Scanning Tunneling Microscope.
8Low Energy electron diffraction.
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Scanning Tunneling Microscope

The STM is a very sensitive technique for viewing surfaces at the atomic level. It was
invented in 1981 by G.Binning and H.Rohrer, who won for this development the Nobel
prize in physics in 1986. An STM requires extremly clean surfaces and sharp tips.

It is based on the quantum mechanical effect of tunnelling. It is possible to have
a tunnelling current through a potential barrier, although the electrons energy is lower
than the height of the barrier. The electron´s wave penetrate into the barrier and the
e−, exponentionally damped, can pass through it. The tunnelling current is proportional
to the width of the barrier,

I ≈ e−ikz (24)

An STM can only scan conducting surfaces.
An STM system consists on two electrodes and a current between them. One elec-

trode is the sample and the other electrode is an atomically sharp tip very close to the
sample (the shape of the tip is very important, because the tunnelling current is very
sensitive to the tip-sample distance). To make the current flow between the two elec-
trodes, we apply a bias between them. This way, filled states at one electrode can find
empty states at the other one.

Figure 9: A basic STM. What is measured is the tunneling current between the conducting
substrate and the metallic scanning tip. Using a computer controlled feed-back loop and a piezo-
element the height over the substrate is controlled. Scanning across the surface is controlled by
the piezo transducers. The feed-back voltage is used as output.

The tip can be moved with high precission in the three spatial directions using
piezoelectric transducers. The tip-sample separation can be controlled very exactly.
The tunnelling current is only carried by the outermost tip atom. The atoms that are in
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second position carry only a negligible amount of the current. This means, the sample
surface is scanned by a single atom.

Some of STM´s order of magnitude,

• Tunnelling Voltage: mV to V

• Tunnelling current: 0.5− 5 nA

• Tip-Sample distance Å

• The usual resolution of an STM is of the order of 0.1Å.

The STM can work in two different modes:

Constant height mode

We measure the current keeping the vertical direction (z) constant, this means,
keeping the gap constant. The tip moves only in the X,Y directions, therefore,
this mode is quite fast. The changes in the current reflect the electronic topology
of the surface. This mode can be dangerous, because if there are unexpected high
regions on the surface the tip will bump into them, and it will be damaged.

Constant current mode

The current is maintained constant, by the piezos and the feed-back mechanism
which change the gap distance to hold the current constant while scanning. This
mode is the most used one, and although it is slower than the other mode, it is
safer.

Actually what STM meassures, is the electronic structure of surfaces. If we change
the voltage, we change the available states of the tip and the sample. And at the same
time the tunnelling current is proportional to these states. Hence, by changing the
voltage we obtain different images. Here we see two images of the same semiconductor
surface with different applied bias:

Figure 10: STM image of Ag rows on vicinal Si(111). a)Empty states (Utip = −1V ), b)Filled
States(Utip = 1.5V )

We realize that the STM measures the electronic topology of a surface. To understand
this, we have to introduce the concept of the local electronic density of states d(r, ε).

13



The density of state function contains information about how many quantum states of
energy ε are available in the neighborhood of the point r on the surface. Thus, the
tunnelling current when the tip is placed at r must be modified,

I ≈ e−ikzd(r, ε) (25)

Therefore one has to be very careful iterpreting STM pictures.

Low Energy Electron Diffraction

The first LEED experiment was made by Davison and Germer in 1927. Low-energy
electrons are for surface structure what x-rays are for the bulk. The mean free path
of low-energy e− is short, thus, they are surface sensitive. If the electron´s de Broglie
wavelength is comparable to the interatomic distance, we will expect diffraction. How-
ever, in contrast to x-rays, the electrons interact strongly with matter, this means, we
will have to take into account problems like the multiple scattering.

LEED has two major applications. With the evaluation of the surface diffrection
pattern obtained by LEED, we can obtain inmediately qualitative information about
the surface order (simmetry and periodicities) and quality. To obtain quantitative in-
formation, one has to measure the diffraction intensities as a function of the incidence
electron energy. Then, compare them using multiple scattering calculations for a model
system. But this is quite complicated.

A LEED system usually consists of an electron gun to produce a monochromatic
beam of electrons and a detector system to detect elastically scattered electrons.

To explain a diffraction pattern we work in reciprocal space. The diffraction condi-
tions for a surface (two-dimensional lattice) are given by the Laue conditions,

(~ki − ~kf ) ~a1 = 2πh (26)

(~ki − ~kf ) ~a2 = 2πk (27)

These conditions are satisfied by any vector of the reciprocal lattice ~gi. Therefore, the
diffraction condition for the momentum transfer parallel to the surface is given by

∆ ~k|| = h~g1 + k ~g2 (28)

This is not true for the vertical momentum since it does not have to be conserved.
On the other hand, the energy conservation implies,

| ~kf | = |~ki| (29)

We can verify 28 and 29 by changing the Ewald sphere for x-rays to our surface case.
In our case we have a two dimensional lattice. In the third dimension the real-space
periodicity is infinite, this means, in the reciprocal-space the lattice points have to be
infinitely close. Therefore, we don´t have points in our reciprocal lattice, but rods.

We draw a circle of radius |~ki| around a starting point of the vector, where ~ki has a
length and a direction according to the experimental setup. The intersection between
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Figure 11: Ewald construction for the surface case

the circle and the lattice rods, give us the possible ~kf where the scattering is maximum.
Obviously, we will have more spots in the diffraction pattern in the surface case, than
in the x-rays case, because it is easier to intersect rods rather than points.

Figure 12: Diffraction pattern for Si (1 1 1)

Electronic structure

Figure 13: φ work function

In a photoemission process, electrons loose energy as they
cross the surface. This is because due to the existence of
the material´s work function, if you want to extract an elec-
tron from a solid, you have to pay some energy. The work
function is the difference between the Fermi level9 and the
vacuum. It is the minimum energy you need to remove an
electron from a solid.

If we consider the work function of a metal, it is very
close to EF , but it is not the same due to the surface effect of

9The highest occupied energy level at zero temperature
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real solids. An ideal infinite crystal (infinite primitive cells)
will have an homogeneous charge distribution. However,
the existence of a surface distorted the charge distribution
in cells near the surface, resulting in an effective surface dipole distribution, as we have
seen previously. This causes a potential difference across the surface.

We can write the workfunction as being made of two parts, the bulk and the surface
contribution,

φ = ∆φ− µ̂ (30)

where ∆φ represents the surface part of the work function. If there is any change in the
surface morphology, or adsorption the work function will also change. The typical work
function values for a metal go from 1.5 eV to 5.5 eV.

There are many different techniques to study the electronic structure of solids, but I
am going to focus on the angle-resolved photoemission spectroscopy (ARPES).

Angle-resolved photoemission sprectroscopy

ARPES is one of the most powerful methods to study the electronic structure of solids.
With this technique we can calculate the velocity and the direction of the electrons in
the solid, by measuring the energy and the angular distribution of the photoemitted
electrons, due to the effect of emitted light in a sample. Many properties of solid are
determined by the electrons near the fermi energy. This means, that if we want to study
these properties we should only study around the fermi energy.

This technique is based on the photoelectric effect10. When a solid is exposed to
electromagnetic radiation above a certain threshold frequency, the light is absorbed by
the solid and electrons are emitted. If an electron absorbs the energy of a photon (hν),
and then, it has more energy than the work function (φ) of the material, it is removed
from the material with a certain kinetik energy (Ekin). The sample is lightened with
monochromatic light. Then, because of the photoelectric effect, electrons are emitted in
all directions. If we put a detector in a given direction, we will know the Ekin of the
electrons emitted in this special direction. This way, the momentum of those electrons
is totally determined. If we know the energy and the wave vector (~k = ~p

h2π ), we can
determine the dispersion relation of the electrons in vacuum E(~k). And from here we can
obtain the relation between the binding energy and the momentum of electrons inside the
solid, using some conservation laws. We are going to consider the independent electron
approximation11.

10It was discovered by Hertz in 1887 and explained by A.Einstein in 1905.
11There is no interaction between electrons
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Energy conservation

Figure 14: Energy conservation.

Momentum Conservation

Figure 15: Momentum conservation.

The momentum, the energy and the wave vector of the incident photon are given by,

p = }k =
h

λ

E = hν =
hc

lambda

k = 2π
E

hc
= 0.01− 0.05Å−1

for E = 20 to 100 eV. Photons give a little momentum in the photoemission process,
this is the reason for not having photoemission of free electrons. The momentum con-
servation requires vertical transitions. If we have an ideal surface, we can consider the
potential to be constant in that surface (xy plane), so that the momentum along this
direction will be conserved. Therefore, the potential only change in the perpendicular
direction (z direction). Obviously the perpendicular component of the momentum won´t

17



be conserved in the photoemission process due to the refraction of the photoelectron by
the surface.

The idea is that we can obtain the band structure directly with this system.

Figure 16: Band structure obtained by ARPES.

Conclusions

God made solids, but surfaces were the work of devil.

18



References

[1] Solid State Physics, Aschcroft & Mermin

[2] Physics at surfaces, A.Zangwill

[3] Basic Theory of Surface States, Sydney G. Davison & Maria Steslicka.

[4] Lecture Notes on Surface Science, P.Hofmann (2005)

[5] Electronic Structure of low-dimensional systems analized by ARPES, Aitor Mugarza
(Doctoral thesis)

[6] Introduction to nanotechnology, Henrik Bruus

[7] www.physinet.uni-hamburg.de

[8] www.nanoed.org

[9] www.wikipedia.org, Green Function / Fourier Transform / STM /Nanotubes /
Nanoshells

[10] Estructura electrónica de superficies: estados de superficie, H.Herrera & C.Mora.

[11] Surface Science, K.Oura & Co.

[12] http://newton.ex.ac.uk/research/qsystems/people/jenkins/mbody.html

[13] www.unc.edu/shubin/dft.html

19


