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Abstract. - We have calculated the one-electron energy eigenvalues (E) and the ionization 
potentials (IP) of closed-shell Na, and K, clusters (n = 2, 8, 18,20) within the framework of 
density functional theory, using the jellium model for the ionic background and the weighted- 
density approximation for exchange and correlation effects. When care is taken to construct the 
exchange-correlation potential with the proper asymptotic behaviour, then, first of all, I P  is in 
very good agreement with experiment and, second, the ionization potential theorem (€HOMO = 
= - IP, where €HOMO is the eigenvalue of the highest occupied molecular orbital) is satisfied 
rather well. Problems with the two-electron case (dimer) are discussed. 

1. Introduction. 

Density functional theory (DFT) [ l ,  21 has been applied with success to atoms, molecules 
and solids [3-61. One of the weak points in the practical applications of DFT concerns the 
exchange correlation energy, E,,[nl, which is known only approximately as a functional of 
the density, and the corresponding exchange correlation potential V,,(P), which appears in 
the Kohn-Sham equations 121. This potential is the functional derivative of E,,[nl: 

Even if the exact exchange-correlation potential were used, there would be no justification 
for the Kohn-Sham one-electron eigenvalues to be used as quasi-particle energies, except for 
the eigenvalue of the highest-occupied state. As shown by Almbladh and von Barth [71 the 
eigenvalue of the highest occupied state in <<exact, DFT gives the ionization potential (IP) of 
the system. This is the ionization potential theorem. Most DFT calculations use the local 
density approximation (LDA) for exchange and correlation. Although LDA ionization 
potentials of atoms, molecules and clusters, obtained by subtracting total energies of neutral 
and ionized systems are, in general, of good quality, the highest occupied LDA eigenvalue is 
less negative (about one-half) than the calculated ionization potentials [81. Improved 
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descriptions of exchange-correlation effects have been proposed [3-61 and one criterion for 
testing their accuracy can be checking to what extent the ionization potential theorem is 
satisfied. 

Concerning other one-electron eigenvalues little is known about how well these 
eigenvalues approximate quasi-particle energies. In a recent paper Saito et al. [9] have 
calculated quasi-particle energies of sodium and potassium clusters using Hedin’s GW 
approximation [lo] for the self-energies of the valence electrons. The spherical jellium model 
for the positive ion cores [lll was employed in those calculations. Since the quasi-particle 
energies calculated by Saito and coworkers have the physical meaning of removal energies, 
these can serve as a testing ground for improved DFT descriptions of exchange and 
correlation effects. In this paper we perform such a test for the nonlocal weighted density 
approximation (WDA) [12,13]. 

2. The weighted density approximation. 

In DFT the exchange-correlation energy of the electrons can be exactly expressed as 
(using atomic units) 

1 %(e’) G(F, F’) 
E,, = 5 1 d3r n(F) I d3r‘ IF-4’1 ’ 

where G(F, F’) is the pair correlation function and n(F’)G(F, e’) is the exchange correlation 
hole around an electron placed at F. From eqs. (1) and (2) the exchange correlation potential 
becomes 

VXC(t)  = VI@) + VZ(F) + V3(F), 

where 

n(?) 
Vz(F) = 1. j - G(F’, t) day’ , 2 I F - t ’ I  

(3) 

The exact pair correlation function is symmetric, that is, G(F, F’) = G(F’, F). This leads to  
VI(?) = Vz(t), and then 

The asymptotic behaviour of this potential for a neutral finite system (atom, molecule or 
cluster) is -Yr. 

The nonlocal WDA approximation makes the ansatz 

GwDA(t, e’) = G( I F - t’ I ; f i ( F ) )  , (6) 

where G(lF - F’ I; fi(t)) is the pair correlation function in a homogeneous electron gas of 
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.constant>) density n = fi(Q). The effective density a(?), which is different from the local 
density n(Q), is fixed at  each point Q by requiring the normalization of the exchange 
correlation hole charge 

fd3r’ n(Q’)G(/Q-Q’I;fi(Q.)) = - 1. (7) 

Using now GWDA in eqs. (2) and (4) one obtains EEDA and VEDA, respectively. The asymptotic 
behaviour of V p A  in a neutral finite system is - 1/2r, which differs from the exact one by 
only the factor 1/2, and it is a substantial improvement over the exponential decay of V,“,“”. 
The spurious factor of 1/2 arises from the fact that GWDA(Q, e’) is nonsymmetric in Q, ?’. To 
correct for this deficiency we follow the idea of Przybylski and Borstel[14], which amounts 
to apply the WDA prescription after eq. (5 ) ,  that is 

This ensures the proper asymptotic behaviour of V::. 
What we propose to show here is that V:: is a very good approximation to the exact 

exchange correlation potential of the density functional theory. We conclude this by 
analysing the results of a calculation of the electronic structure of simple metal clusters in 
the jellium model. Since the pair correlation function of a homogeneous electron gas is one of 
the ingredients needed in our calculation, we have used the parametrized form of Chacon 
and Tarazona [E]. 

3. Results and discussion. 

The success of the jellium model in the description of the electronic properties of simple 
metal clusters is well established [U]. Using this model we have performed calculations for 
several sodium and potassium clusters with closed electronic shells: Na, and KN with N = 2, 
8, 18 and 20. The reason for restricting to closed-shell clusters is that those are expected to 
be spherical[ll] (except, evidently, Na, or K,) and the spherical jellium is then an 
appropriate model. Open-shell clusters, on the other hand, are not spherical. The absolute 
value of the energy of the highest occupied cluster orbital, 1 EHOMO 1 ,  is plotted in fig. 1 and 2 
for Na and K clusters, respectively. Diamonds correspond to results using VEF and crosses 
to an LDA calculation (with the usual Dirac exchange and Wigner correlation; see ref. [3] for 
details). The jellium parameter r, (radius per electron) in these calculations was r, = 4 a.u. 
for sodium and r, = 4.86 a.u. for potassium. In addition, the absolute values of the highest- 
occupied quasi-particle energies calculated by Saito et al. [9] are represented by stars and 
the experimental ionization potentials by squares. The nonlocal PB eigenvalues are closer to 
the experimental IPS than those from the other approximations tested here, except in the 
case of dimers. The failure for the dimers could be expected as long as the form of the pair 
correlation function in eq. (6) is taken from the theory of the interacting homogeneous 
electron gas. In the dimer, the valence electrons form a two-electron system, which departs 
strongly from that limit. This point is discussed in detail below. 

In table I we give I €HOMO I and IP, for the same clusters, calculated within the LDA and 
WDA-PB approximations. The IPS were obtained by subtracting the total energies of 
neutral (X,) and ionized (XA) clusters, In the WDA case, energies are calculated from the 
usual WDA functional, but with the wave functions and densities obtained using VE:. This 
ad hoc procedure is not completely self-consistent, since the functional derivative of EgDA is 
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Fig. 1. - Comparison of the experimental ionization potentials of closed-shell sodium clusters [ll, 161 
(squares) and several theoretical estimates. These are the absolute values of the highest occupied 
quasi-particle energies in the GW approximation (stars), the highest occupied one-electron WDA-PB 
energy eigenvalues (diamonds), and the highest occupied one-electron LDA eigenvalues (crosses). 
Additionally, for Naz we also give the highest occupied one-electron WDA-PB energy eigenvalue 
obtained with only exchange (filled circle). 

Fig. 2. - Comparison of the experimental ionization potentials of closed-shell potassium 
clusters [ l l ,  171 and several theoretical estimates. Symbols as in fig. 1. 

not V:: (see ref. [18] for details). Except for the dimers (see discussion below), the 
agreement between I €HOMO I and IP is rather good for the WDA calculations, becoming better 
for larger sizes. This indicates that the ionization potential theorem is satisfied to a large 
extent, and this is so despite of the self-consistency problem inherent in the combined use of 
VE: and EFA. It is also striking that / E ~ ~ ~ ~ /  is closer to the experimental IP than IP(WDA). 
Our conclusion is that V:: approximates rather closely to the exact Vxc. This is, evidently, 
not the case for the LDA, where l ~ ~ ~ ~ ~ l  differs substantially from IP(LDA). 

We now turn to discuss the problems with the dimers. In a system with a finite number, 
N ,  of electrons, the exact pair correlation function has the following limiting property [19]: 

lim G(P, F') = - 11N. 
/ i -  i' 1 -  m 

This limit gives - 1/2 for the two-electron case and zero for the infinite system. We then see 
the large error we are making by modelling Gdher by that of an infinite system. This explains 
why our results are bad for N+ and K2 but rapidly improve as N increases. 

To substantiate this argument we now repeat the nonlocal calculation for the dimers, but 
with exchange only, that is, neglecting correlation. At the Hartree-Fock (HF), or exchange- 
only, level, the exchange energy of a two-electron system in its ground state is the negative 
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TABLE I. - Highest occupied orbital eigenvalue 1 EHOMOJ and ionization potential, IP, of sodium and 
potassium clusters (in eV) from two density functional calculations: LDA and nonlocal WDA. 
Experimental IPS are also given [ll, 16,171. Values in brackets are for an exchange-only calculation. 

N Sodium 

LDA WDA Exp. 

1 EHOMO 1 1P I €HOMO I IP IP 

2 3.35 5.77 3.48 5.43 4.87 

8 3.37 4.88 4.04 4.69 4.22 
18 3.24 4.41 4.02 4.29 3.83 
20 2.87 4.03 3.72 3.97 3.76 

(4.86) 

N Potassium 

LDA WDA Exp. 

I EHOMO 1 IP 1 EHOMO I IP IP 

2 

8 
18 
20 

2.90 4.93 2.98 4.55 4.07 
(4.12) 

2.96 4.21 3.50 4.01 3.35 
2.85 3.83 3.47 3.68 3.09 
2.52 3.50 3.24 3.32 3.02 

of the self-interaction part of the classical Coulomb energy, that is 

1 n(F) n(F’) 
4 [ F - F q  * 

E, = - Esev = - - d3r/ d3rr 

By comparison with eq. (2) we observe that, in this case, GHF(F, F’) = - 112. We trivially 
notice that GHF has the exact limiting behaviour of eq. (9). One can then expect that an 
exchange-only theory can give good results for a two-electron system. This expectation can 
be verified, for instance, by the HF calculations of Clementi and Roetti for the helium 
atom [20]. The ionization potential and l ~ ~ ~ ~ ~ l  are 23.45 eV and 24.98 eV, respectively. 
These values compare very well with experimental IP (24.48 eV) [21]. 

On the other hand, in the exchange-only WDA[12] 

where kF = [3n2 ri(F)]1’3, and j,(x) is the usual first-order spherical Bessel function. The only 
value of the parameter ri for which the sum rule (7) is fulfilled when (11) is inserted is ri = 0, 
which leads to GFDA(F, F r )  = - 112. We then conclude, first of all, that the WDA gives the 
exact exchange-only pair correlation function for the two-electron system, and second that 
<(in this casew we expect G,WDA(F, F r )  to be a better representation of the exact G,, than GEDA. 
A WDA exchange-only calculation gives, for the eigenvalue of the highest occupied 
molecular orbital of Naz and K2 the values 4.86 eV and 4.12 eV, respectively; these are in 
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very good agreement with the experimental ionization potentials of these two clusters (see 
table I). 

DFT eigenvalues other than those for the highest-occupied orbital have no physical 
meaning. However in earlier work [22] using also VE: we have compared the eigenvalues of 
other occupied orbitals with experimental removal energies for noble gas atoms, obtaining 
an excellent agreement. In table I1 we compare the WDA-PB eigenvalues of occupied 
orbitals for Nazo with the quasi-particle energies calculated by Saito et al. [91 and with LDA 
eigenvalues. The WDA-PB eigenvalues are very close to the quasi-particle energies. 
Although this remains an empirical observation, the good description of the cluster 
eigenvalues gives motivation for the study of the response properties of metallic clusters 
within the same scheme[231. 

TABLE 11. - WDA and LDA one-electron energy eigenvalues of Naeo and quasi-particle energies 
calculated by Saito et al. [9] (eV). 

Present WDA-PB LDA[9] Quasi-particle 
energies [91 

Els - 5.84 - 5.1 - 5.8 k 0.4 
- 5.14 - 4.4 - 5.2 i 0.4 E l P  

E28 - 3.72 - 2.9 - 3.8 k 0.05 
Eld - 4.23 - 3.5 - 4.4 f 0.1 

4. Conclusions. 

The nonlocal exchange-correlation potential of Przybylski and Borstel[141, within the 
context of the weighted density approximation, leads to an eigenvalue of the highest 
occupied orbital in good agreement with the measured ionization potential for the case of 
closed-shell clusters. This is a consequence of the correct asymptotic behaviour of Vz:. The 
ionization potential theorem (cHOMO = - IP(calcu1ated)) is satisfied to a large extent, much 
better, in fact, than in the LDA. These two facts indicate that V,p” provides a very good 
approximation to the exact V,, of DFT. However, clusters with only two valence electrons 
(Naz, K2) are an exception, the reason being that the homogeneous gas pair correlation 
function used in the WDA is not a good one for the two-electron system. For this case we 
have found that an exchange-only WDA calculation is a much better alternative. 
Comparison with quasi-particle energies from GW-type calculations [9] indicates that not 
only the highest occupied orbital eigenvalue but the whole set of occupied orbital 
eigenvalues are well predicted by the PB potential. This good description of the occupied 
energy spectrum should be valuable in the calculation of the response properties of alkaline 
clusters [23]. 
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