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We present a theory of magnetic response in finite-size two-dimensional superconductors with Rashba spinorbit coupling. The interplay between the latter and an in-plane Zeeman field leads on the one hand to an out-ofplane spin polarization which accumulates at the edges of the sample over the superconducting coherence length,
and on the other hand, to circulating supercurrents decaying away from the edge over a macroscopic scale. In a
long finite stripe of width W , both the spin polarization and the currents contribute to the total magnetic moment
induced at the stripe ends. These two contributions scale with powers of W such that for sufficiently large samples
it can be detected by current magnetometry techniques.
DOI: 10.1103/PhysRevB.102.060506

Superconductivity in two-dimensional (2D) and quasi-2D
systems has been attracting a great deal of attention over past
decades [1,2]. Examples of such systems range from ultrathin
metallic films, heavy fermion superlattices, and interfacial
superconductors to atomic layers of metal dichalcogenides,
and organic conductors.
Most 2D superconductors exhibit large spin-orbit coupling
(SOC) because of broken space inversion symmetry. In this
regard two types of 2D superconductors can be distinguished:
Those exhibiting SOC of Rashba type due to a broken updown (out-of-plane) mirror symmetry, denoted here as Rashba
superconductors, and those in which a 2D in-plane inversion
symmetry is broken due to a noncentrosymmetric crystal
structure. The latter are exemplified by 2D transition metal
dichalcogenides [3,4]. To the first group, on which we focus
here, belong, for example, ultrathin superconducting metallic
films [5–7].
Over the past years Rashba superconductors have been intensively studied as paradigmatic systems where pair correlations coexist with strong intrinsic SOC [8–20]. Because of the
interplay between SOC and a Zeeman field they demonstrate
highly unusual properties, such as the appearance of an inhomogeneous superconducting phase [15,17], magnetoelectric
effects [9,11,20], and anisotropic magnetic susceptibility [12].
With few exceptions, as, for example, Refs. [18,19,21], most
of these works focused on infinite 2D systems.
In this Rapid Communication we demonstrate that finite size effects drastically modify the magnetic response of
Rashba superconductors leading to hitherto unknown phenomena. Our main findings are the following: (i) In a response
to a Zeeman field the system exhibits a spin texture [Fig. 1(a)]
with a transverse component of the spin localized near
the edge on the scale of superconducting coherence length.
(ii) Because of the spin-charge coupling mediated by the SOC,
a nonhomogenous charge current appears in the system with a
2469-9950/2020/102(6)/060506(5)

spatial distribution that depends on the direction of the applied
field and geometry of the system [Fig. 1(b)]. (iii) In particular,
for a finite stripe oriented along the field, macroscopic current
loops appear at the stripe ends [Fig. 1(c)]. Both the transverse
spin and the edge currents contribute to the total magnetic moment which can be detected by state-of-the-art magnetometry
techniques.
These findings can be qualitatively understood recalling the
concepts of spin currents and spin galvanic effect (see Fig. 1).
The key feature of 2D materials without up-down mirror
symmetry is the Rashba SOC, HR = α(ez × v) · σ. Here ez is
a vector normal to the 2D plane, v = p/2m is the quasiparticle
velocity, m its effective mass, σ is the vector of Pauli matrices,
and α is the SOC constant [22]. The SOC acts as an effective
p-dependent spin splitting field. Let us assume that the system
is subject to an external Zeeman field B, and for some reason
the induced spin polarization S differs from the equilibrium
Pauli response χP B, where χP is the Pauli paramagnetic polarizability. Then the excess spin δS = S − χP B will experience
an inhomogeneous precession in the effective Rashba field,
generating a momentum anisotropy of the density matrix. In
the presence of disorder the precession rate R̂ = i[HR , δS · σ]
is balanced by the momentum relaxation, which results in
a
=
a steady spin current in the bulk of the system Jbulk,k
a
z
k
−τ trvk σ R̂ = αD(δS δka − δS δaz ), where τ is the momentum relaxation time, and D = τ vF2 /2 is the diffusion
coefficient. Under equilibrium conditions δS = 0 in normal
systems, but in superconductors pair correlations modify the
Pauli response leading to a finite δS [12,23]. This leads to
finite equilibrium spin currents in Rashba superconductors
generated by the Zeeman field. For example, a field applied
in the x direction in a bulk superconductor produces a spin
z
= −αDδS x .
current with an out-of-plane polarization, Jbulk,x
Due to the spin-Hall magnetoelectric coupling in Rashba
materials the bulk spin current generates a transverse charge

060506-1

©2020 American Physical Society

F. SEBASTIÁN BERGERET AND ILYA V. TOKATLY

PHYSICAL REVIEW B 102, 060506(R) (2020)

and Rashba SOC reads [27–29]

spin

D∇˜ k (ǧ∇˜ k ǧ) − [(ω + ih · σ)τ3 +

B

interfacial current

bulk anomalous current

angular momentum

FIG. 1. Schematic description of the magnetic response in finitesize superconductors in the presence of an in-plane field B. (a) Black
arrows represent the deviation of the spin density, δS, from the
Pauli spin. Because of the SOC and the finite size of the sample
a transverse component of δS is generated. (b) The spin-charge
coupling due to the SOC induces bulk (red arrows) and edge (green
arrows) charge supercurrents. (c) Due to the finite size of the sample
the edge currents flow in close loops (blue), inducing an out-of-plane
angular momentum (black arrows).

z
current according to jbulk,y ∝ α 2 Jbulk,x
= α 3 DδS x , which is
nothing, but the anomalous supercurrent well known for bulk
superconductors with SOC [8,11,17].
In a finite system currents must vanish at the edges of the
sample. This condition can be fulfilled only if the distribution
of the excess spin δS(r) is inhomogeneous near the edge, so
a
= −D∂k δS a compensates
that the diffusion spin current Jdiff,k
the bulk contribution. For concreteness, if we assume a boundary with vacuum at x = 0, the zero spin-current condition
z
for a field applied in the x direction reads D∂x δS z = Jbulk,x
,
z
which implies that a finite component δS (x) transverse to
the field is induced at the edges of the sample. In this case
the spin density exhibits a texture as sketched in Fig. 1(a)
[24]. In the presence of SOC both the edge and the bulk spin
currents are converted into a charge current flowing parallel
to the boundary, via the spin-galvanic effect, Fig. 1(b). In a
realistic finite system currents must vanish at all edges. The
anomalous charge currents at the boundaries should then be
compensated by supercurrents which stem from a gradient
of the superconducting phase. As a consequence, in a stripe
geometry, an in-plane field induces current loops at the edges
as shown in Fig. 1(c). The magnetic moment induced by
these currents and by the transverse spin can in principle be
measured to directly detect the effects we predict here. In the
rest of the Rapid Communication we provide a quantitative
derivation of these effects, calculate the induced magnetic
moment, and propose materials in which our predictions can
be verified.
Specifically, we consider a 2D disordered superconductor with Rashba SOC. We assume that the Fermi energy
corresponds to the largest energy scale, so that spectral and
transport properties can be accurately described by the quasiclassical Green’s functions (GFs) [25,26]. In the diffusive
limit these functions are isotropic in momentum and they obey
the Usadel equation which in the presence of a Zeeman field

τ2 , ǧ] = 0.

(1)

Here h = μB B, σ = (σ , σ , σ ), τ2,3 are Pauli matrices spanning spin and Nambu space, respectively, ω is the Matsubara
frequency,
is the superconducting order parameter, and
SOC enters via the covariant derivative ∇˜ k ǧ = ∂k ǧ − i[Âk , ǧ],
where Âk = α(δkx σ y − δky σ x ), summation over repeated indices is implied, and k = x, y [30]. The quasiclassical GF ǧ
in Eq. (1) is a 4 × 4 matrix in the Nambu-spin space, which
satisfies the normalization condition ǧ2 = 1. In the absence
of spin-dependent
fields it reads ǧ0 = (ω/E )τ3 + ( /E )τ2 ,
√
where E = ω2 + 2 . It is easy to check by substitution into
Eq. (1), that in the absence of Zeeman field ǧ0 is also the
solution of the Usadel equation for arbitrary Âk .
To compute the response to an external magnetic field we
linearize Eq. (1) with respect to h and write the solution
as ǧ ≈ ǧ0 + δ ǧ. It is convenient to define δ ǧ ≡ iǧ0 [τ3 , ǧ0 ]Q̂,
where Q̂ is a matrix in spin space that satisfies the following
equation [31]:
x

y

z

D∇˜ k2 Q̂ − 2E Q̂ = h · σ.
The excess spin density δS is then determined by [32]
2

δS a = −2π T NF
Tr σ 2 [σ a Q̂].
E
ω

(2)

a

(3)

For a homogeneous infinite 2D superconductor, the solution
Q̂b = Qba σ a of Eq. (2) reads
Qbz = −hz [2E + 8Dα 2 ]−1 ,

(4)

Qbx,y = −hx,y [2E + 4Dα 2 ]−1 .

(5)

Equations (3)–(5) reproduce the bulk spin response of Rashba
superconductors [12,14], which is finite even at T = 0 and
depends on the direction of the applied field.
This situation changes drastically in a finite system. First,
we assume that the system is infinite in the y direction,
and bounded to the region |x| < L/2 in the x direction. The
solution to Eq. (2) can be written as the sum of the bulk
contribution and a contribution from the sample edges, Q̂ =
Q̂b + δ Q̂(x). According to Eq. (2) the latter satisfies
2
δQx − (4Dα 2 + 2E )δQx + 4Dα∂x δQz = 0,
D∂xx

(6)

2
D∂xx
δQz − (8Dα 2 + 2E )δQz − 4Dα∂x δQx = 0.

(7)

The last terms in these equations describe precession of the
excess spin, caused by SOC. Importantly, the precession terms
are finite only for inhomogeneous systems. The boundary
conditions to the above equations are obtained by imposing
zero current at the edges, x = ±L/2 [28,33]:
∂x δ Q̂ − iα[σ y , δ Q̂]|x=±L/2 = iα[σ y , Q̂b ].

(8)

Here the left-hand side is proportional to the inhomogeneous
spectral spin current which cancels the bulk one in the righthand side. The boundary problem of Eqs. (7) and (8) has a
nontrivial solution only if the right-hand side in Eq. (8), that
is, the bulk spin current, is finite. According to Eqs. (4) and
(5), this is the case when the magnetic field has either z or x
components. How to obtain the solution for δQa is discussed
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FIG. 2. Spin density [panels (a) and (c)], and charge current
density [panels (b) and (d)], induced by an in-plane (a), (b) and out-of
plane (c), (d) field, for αξ0 = 0.2, L = 10ξ0 . The middle panels show
schematically the corresponding bulk (red arrows) and edge currents
(green arrows).

in the Supplemental Material [42]. Here we present the spatial
dependence of the induced spin obtained from Eq. (3) and
plotted in Figs. 2(a) and 2(c). Both for in-plane (B ex ), and
for out-of-plane (B ez ) fields, in addition to the longitudinal
spin, a transverse component of the spin density is generated.
The latter is localized at the edges of the sample with opposite
sign on opposite sides and decays into the bulk over the
coherence length ξs . These results generalize the theory of
magnetic response for Rashba superconductors [12,14] to the
case of finite samples.
In addition to the finite spin response at T = 0, the SOC
in superconductors also leads to the spin-galvanic effect,
that is, a creation of charge currents by a Zeeman field
[11,17,20,34]. In the stripe geometry (see middle panels of
Fig. 2) the so-called anomalous charge current is induced
in the y direction, jyan = (θ /m)(∂x δS z − 2αδS x ) [33], where
θ = 2Dτ α 2 is a dimensionless parameter which in normal
systems describes the spin-charge conversion [35]. Within
the diffusive approximation it is a small parameter which we
treat perturbatively. Here δS a is obtained by substituting the
solution of Eqs. (6) and (7) into Eq. (3). This results in
jyan = −4π θ


T NF  2 
∂x δQz − 2αδQx − 2αQbx
m ω E2

an
≡ jedge
(x) + jban .

(9)

In the second line we identify two contributions to the anomalous current: The bulk contribution jban , widely studied in
homogeneous superconductors [9,11,17,20] and given by the
last term within brackets in the first line (red arrows in the
an
,
middle panels in Fig. 2), and the boundary contribution jedge
determined by the first two terms. The latter are localized at
the edges of the sample within the scale of superconducting
coherence length (green arrows in middle panels of Fig. 2). In
the geometry under consideration, the “bulk” contribution to
the current is finite only for fields applied across the stripe (x
direction).
The spatial dependence of the charge current density is
shown in Figs. 2(b) and 2(d) for fields in the x and z

FIG. 3. The current flow in a finite 2D superconductor with
SOC when the field is applied in the x direction. The green arrows
represent the edge contributions to the anomalous current. The color
scale shows the decay of the current amplitude away from the
interface.

direction, respectively. Because of the zero spin-current condition, Eq. (8), the charge current of Eq. (9) also vanishes at
the boundaries. When the field is applied in the x direction,
Fig. 2(b), both the bulk and the edge contributions are finite.
The maximal value of the total current is the bulk value
reached deeply inside the sample, away from the edges. The
spatial distribution of the current is symmetric and the net
current through the stripe is nonzero. In contrast, if the field
is applied in the z direction [Fig. 2(d)], there is no bulk
contribution, because Qbz does not contribute to the current
[see Eq. (9)]. Only edge currents, opposite on opposite sides,
appear. Clearly in this case the total charge current vanishes.
The above results apply for an infinite superconducting
stripe, and whether the obtained currents may exist in real
finite systems depends on transverse boundary conditions.
For example, if a finite stripe is wrapped in a cylinder, periodic boundary conditions indeed allow for the above current
patterns when the field is applied along the cylinder axis
[17]. Here we consider a more experimentally relevant situation: A finite 2D superconductor of rectangular shape, which
occupies the region |x| < L/2 and |y| < W/2 (see Fig. 3). The
charge current through all boundaries must vanish. For the
out-of-plane field this condition is trivially satisfied by closing
the boundary streamlines, which generates a circulating edge
current. More interesting is the case of the in-plane field. In
this case the anomalous current has the same direction at both
edges [Fig. 2(b)], and as sketched in Fig. 2(c) one expects a
generation of closed streamlines at each edge.
Specifically, the total charge current in the superconductor
reads




ens
e
an
j = δ(z)
∇ϕ − A + j (x)ŷ ,
(10)
2m
c
where ns is the superfluid density in the 2D strip. The superconducting phase ϕ(x, y) and the vector potential A(r) are
determined, respectively, by the continuity equation and the
Maxwell equation,
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which should be solved with the zero-current condition at
the edges, n · j|edge = 0, where n is a unit vector normal to
the edges of the sample. We assume that ns is homogeneous
within the stripe. Then, by choosing the gauge with ∇ · A = 0,
the continuity equation is reduced to the 2D Laplace equation
for the phase, ∇ 2 ϕ = 0.
In the problem defined by Eqs. (10) and (11) one identifies
three length scales: (i) a mesoscopic scale of the order of
the coherence length ξs , over which the anomalous current
j an (x) decays away from the edges, (ii) the Pearl length  =
mc2 /4π e2 ns that is the scale controlling the Meissner effect in
2D superconductors [36], and (iii) the sample geometry scales
W, L. In the following we consider the typical situation when
ξs
, W, L and analyze the current distribution in a narrow
strip with W
L. In this case the anomalous current in
Eq. (10) can be written as j an (x) = Iyedge [δ(x + L/2) + δ(x −
L/2)], and the currents near opposite edges at x = ±L/2 can
be treated independently.
The current streamlines are sketched in Fig. 3. Whereas the
anomalous current is strongly localized at the edges (green
arrows in Fig. 3), the counterflow supercurrent compensating
the anomalous one, decays over a macroscopic scale determined by the width of the sample and/or the Pearl length .
If W
, one can neglect A in Eq. (10) and the problem can
be solved using the procedure described in Refs. [35,37]. In
this limit the counterflow decays exponentially over the scale
W , and sufficiently far from the edges it takes the form
πy
πy
e−[(π|x±L/2)|/2W ]
sin
, cos
. (12)
W
2W
2W
In the opposite limit of W
 one can neglect the corner
effects and apply the method of images and conformal mapping [38,39] to compute screening supercurrents induced by
an external current filament at the edge of the 2D superconducting half-plane. This gives a power-law asymptotic decay
of the counterflow supercurrent,
√
jy ∝ Iyedge |x ± L/2|−3/2 .
(13)
( jx , jy ) ∝ Iyedge

The total current generates a finite orbital angular momentum Lz at each edge [see Fig. 1(c)], which is computed
from the general definition Lz = m dx dy(x jy − y jx )/2
and Eqs. (12) and (13),

the edge is obtained by integrating the z component of the
0
spin, Eq. (3), Sz = −L/2 δS z (x)dx. Analytical expressions for
both spin and orbital angular momenta at T = 0 can be found
in two cases [42]:
Sz ∝ −NF hxW ξ0

ξ0 α,
(αξ0 )−3 ,

for ξ0 α
for ξ0 α

1
1

(15)

and
Lz ∝ −NF hx θ f (W )

ξ0 α,
(ξ0 α)−4 ln(ξ0 α),

for ξ0 α
for ξ0 α

1
1

(16)

√
with ξ0 = D/2 . Both contributions have the same sign.
The spin angular momentum scales with W , while Lz scales
with W 2 or W 3/2 depending on the ratio W/, and therefore
dominates in macroscopic samples.
In conclusion, we present the theory of the magnetic response of finite-size Rashba superconductors. When the field
is applied in-plane, on the one hand, a finite out-of-plane
spin polarization localized at the edge of the sample on the
scale of superconducting coherence length appears. On the
other hand, the SOC also leads to supercurrents circulating
in the sample. Both the spin and the orbital momentum of
supercurrents contribute to the total magnetic moment, which
is induced at the edges and can be measured by state-ofthe-art magnetic sensors [43,44]. Whereas the contribution
from the spin angular momentum scales with the width W
of a rectangular stripe, the contribution from the currents
scales with W γ , with γ > 1 and therefore dominates in large
samples. There are several superconducting materials with
Rashba SOC in which our findings can be verified. These
range from Pb and Tl-Pb monolayers [6,45–47], to thin MoS2 ,
NbRe, β-Bi2 Pd films [48–50], and 2D superconductivity at
the LaAlO3 /SrTiO3 interface [51–54]. A particular interesting
system has been studied recently [55]. It consists of EuS
grown on top of a Au(111) surface which is proximitized
by an adjacent superconductor. According to our theory, the
exchange field induced by EuS, together with the large Rashba
SOC in the Au 2D interface band, should lead to the transverse edge magnetization and edge supercurrents even in the
absence of an external applied field.

where√ f (W ) = W 2 in the limit W
 and f (W ) =
W 3/2  when W
 [40]. The total magnetic moment is
given by Mz = μB (Lz /h̄ + Sz ), where μB is the Bohr magneton [41]. The total spin angular momentum accumulated at
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