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Abstract. The electronic structure constitutes the fundamentals on which a re-
liable quantitative knowledge of the electrical properties of materials should be
based. Here, we first present an overview of the methods employed to elucidate the
ground-state electronic properties, with an emphasis on the results of Density Func-
tional Theory (DFT) calculations on selected cases of (bio)molecular nanostructures
that are currently exploited as potential candidates for devices. In particular, we
show applications to carbon nanotubes and assemblies of DNA-based homoguanine
stacks. Then, to move ahead from the electronic properties to the computation of
measurable features in the operation of nanodevices (e.g., transport characteristics,
optical yield), we proceed along two different lines to address two non-negligible
issues: the role of excitations and the role of contacts. On one hand, for an accurate
simulation of charge transport, as well as of optoelectronic features, the ground
state is not sufficient and one needs to take into account the excited states of the
system: to this aim, we introduce Time-Dependent DFT (TDDFT), we describe
the TDDFT frameworks and their relation to the optical properties of materials.
We present the application of TDDFT to compute the optical absorption spectra
of fluorescent proteins and of DNA bases. On the other hand, the details of the
conductor-leads interfaces are of crucial importance to determine the current un-
der applied voltage, and one should compute the transport properties for a device
geometry that mimics the experimental setup: to this aim, we introduce a novel
development based on Wannier functions. The method, which is a framework for
both an in-depth analysis of the electronic states and the plug-in of tight-binding
parameters into the Green’s function, is described with the aid of examples on
nanostructures potentially relevant for device applications.

3.1 Electronic Structure of Nanomolecular Systems

The methods commonly adopted for large scale calculations of the electronic
properties of molecular nanostructures were mostly adapted from the theo-
ries available for materials at the macro- and mesoscopic scales. Such compu-
tational schemes are based on the solution of the many-body Schrödinger
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equation. While the problem is completely defined in terms of the total
number of particles N and the external potential v(r), its solution depends on
3N coordinates. This makes the direct search for either exact or approximate
solutions to the many-body problem a task of rapidly increasing complexity.

The non-relativistic time-independent Schrödinger equation for the sys-
tem is

ĤΦ(r1, ..., rN ) = EΦ(r1, ..., rN ) (3.1)

where the Hamiltonian operator is (atomic units � = e = me = 4πε0 = 1 are
used throughout, unless explicitly stated)

Ĥ = T̂0 + V̂e−i + Ûe−e + Ûi−i . (3.2)

T̂0 is the kinetic energy of the electrons, V̂e−i is the potential energy of the
electrons in the field of the α nuclei of charge Zα, Ûe−e (Ûi−i) is the electron-
electron (ion-ion) electrostatic energy. Equation (3.1) is an eigenvalue equa-
tion for the N-electron many-body wave-function Φ, where Ĥ is hermitian.
In this time-independent formulation, the Schrödinger equation (3.1) for the
Hamiltonian Ĥ is equivalent to the variational principle δE[Φ] = 0. The
well-known Hartree and Hartree-Fock methods correspond to searching for
solutions of δE[Φ] = 0 in the subspace of the products of single-particle
orbitals and in the subspace of antisymmetrized products of single-particle
orbitals (Slater determinants).

The Hartree-Fock theory (HF) [1] is obtained by considering the wave-
function to be a single Slater determinant: thus, the N -body problem is
reduced to N one-body problems with a self-consistent requirement due to
the dependence of the HF effective potential on the wave-functions. By the
variational theorem, the HF total energy is a variational upper bound of the
ground-state energy for its particular symmetry. The HF eigenvalues are esti-
mates of the true excitation energies: the assumption made in this statement
is that the one-electron wave function of any electron in any energy level is
the same in the N and (N − 1) systems (Koopman’s theorem), e.g., the re-
laxation of the system upon a change in the number of particles is neglected.
A better procedure to estimate the excitation energies is to perform self-
consistent calculations for the N and (N − 1) states and subtract the total
energies (this is called is the “self-consistent method” for excitation energies,
which has also been used in other theoretical frameworks, as DFT). Note
that for extended systems this scheme gives the same result as the Koop-
man’s theorem, and more refined methods should be implemented to address
the problem of excitation energies (quasi-particles, QPs) in solids as well as
in nanostructures. The HF theory is far from being exact, because the wave-
function of the system cannot be written as a single determinant: MBPT
is then required to obtain reliable energies and electronic spectra [1, 2]. HF
is often used in conjunction with perturbation theory in the Møller-Plesset
(MP) formalism to solve nanomolecular problems. Šponer and coworkers ex-
tensively applied these combined methodologies (2nd order MP, also referred
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to as MP2) to aggregates of DNA bases [3, 4]: a discussion of the theoreti-
cal framework and of its efficiency to deal with biomolecular systems where
non-chemical bonding plays a strong role, can be found in their works and in
the references therein. This kind of studies (HF+MP), based on the explicit
knowledge of the many-body wave-function in (3.1), are still too computa-
tionally cumbersome for reasonable applications to molecular nanostructures.
The alternative DFT formulation [5–11], based on the particle density rather
than on the many-body wave-function, is instead feasible and has been rather
successful [12].

Nanomolecular systems are interesting on one hand to study genuine fun-
damental quantum mechanical effects: Kondo and Coulomb blockade behav-
iors have been observed in aromatic molecules containing a redox center, as
well as in carbon nanotubes [13–16]. On the other hand, they have a huge
potential for applications in electronics and optoelectronics, in view of device
miniaturization and intelligent fabrication [17, 18] based on recognition and
self-assembly (supramolecular chemistry [19, 20]). In both respects, research
efforts aim at unraveling their transport and optical excitation properties,
which for a theoretical approach require the full accurate account of many-
body electronic correlations to compute the electronic structure. However, it
is possible to gain a deep knowledge of the system already at the ground-
state level, and then use it as the starting point for many-body perturbation
theory (MBPT). Thus, in the following we first exemplify the computation
of ground-state electronic properties by Density Functional Theory (DFT)
(Sect. 3.2). In the second part we describe selected approaches for the theoret-
ical investigation of excited-state optical (Sect. 3.3) and transport (Sect. 3.4)
features.

3.2 Selected Applications of Ground-State Electronic
Structure Calculations by DFT

Within DFT, the ground-state energy of an interacting system of electrons
in an external potential can be written as a functional of the ground-state
electronic density [5–8]. When comparing to standard quantum chemistry
methods, this approach is particularly appealing, because it does not rely
on the complete knowledge of the N -electron wave-function, but only on the
electronic density. However, although the theory is exact, the energy func-
tional contains an unknown quantity called the exchange-correlation energy,
Exc[n], that must be approximated in practical implementations. Although
failures of DFT are known, its use continues to increase due to the better
scaling with the number of atoms and the fact that failures are connected
with a particular choice of the local-functional, with the possibility of im-
proving the accuracy as more and more sophisticated exchange-correlation
functionals are generated.
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Since excellent presentations of DFT are available in the existing liter-
ature, in both the static and dynamical formulations, we completely skip
here the formal treatment. The computer packages [21–26]3 employed for the
different examples are explicitly cited below.

We present few illustrative examples based on the experience of the au-
thors. (i) In carbon nanotubes (CNTs), where all the bonds imply reactive
chemistry (e.g., the formation of orbitals filled with electrons shared by dif-
ferent atoms), the structure and relative energetics between different confor-
mations are well reproduced at the DFT level. (ii) In DNA base assemblies
instead, where interactions that do not imply making or breaking of bonds
(e.g., H-bonding, Van der Waals) play a role, correlations beyond DFT are
important already at the ground-state level to predict the structure, whereas
their effect on the electronic spectrum has not yet been assessed. However,
we show here what can be learnt at the ground-state level if one gives up
predicting the structure and energetics.

3.2.1 Carbon Nanotubes

Nanotubes are of both fundamental and technological importance: being
quasi-one-dimensional (1D) structures, they possess a number of exceptional
properties. While the peculiar electronic structure – metallic versus semicon-
ducting behavior – of CNTs depends sensitively on the diameter and the
chirality [27, 28], boron nitride (BN) tubes display a more uniform behavior
with a wide band-gap (larger than 4 eV), almost independent of diameter and
chirality [29,30]. The potential applications of nanotubes in nano-technology
are numerous [31–33], ranging from (opto)electronic to mechanical devices.

Given their importance and their broad range of electronic characteristics,
CNTs have been an ideal playground for DFT simulations to investigate a
number of features. Scanning tunnelling microscopy (STM) and spectroscopy
(STS) have been among the most powerful experimental techniques to study
and manipulate nanotubes. STM is a local probe that allows to extract infor-
mation about the spatial localization. First-principle DFT simulations enable
the computation of STM images of nanostructures, starting from the knowl-
edge of their ground-state electronic structure. In the following, we focus on
the DFT-based simulation of STM images of selected CNTs, according to a
basic formalism presented elsewhere [34]. We focus on the role of the local
environment in the electronic properties of CNTs.

We do not discuss here the effect of tube-substrate coupling [35]. As a first
issue, we show how tube-tube interactions modify the electronic structure. In
Fig. 3.1 we present the calculated STM/STS image obtained for an external
voltage of +0.5 eV for a bundle made of three (8,8) nanotubes, and compare
the electronic structure to that of an isolated (8,8) tube. The STM image

3Several other DFT software packages, besides those cited here, are distributed.
Most of them are publicly available on the world wide web for academic institutions.
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is quite different from the typical patterns of isolated tubes [35]. The inter-
tube coupling clearly modifies the spectral features (right panel of Fig. 3.1).
There are two main effects. (i) The presence of tube-tube interaction opens a
“pseudogap” close to the Fermi level (see the well at E = 0), as already pre-
dicted for randomly oriented nanotube ropes [36] (pseudogap of ∼ 0.1 eV).
The bundle remains metallic. We remark that such predictions found ex-
perimental demonstration in low-temperature STM measurements [37], for
metallic tubes and ropes similar to that shown in Fig. 3.1. (ii) The interac-
tion between different tubes in a bundle makes the electron-hole asymmetry
in the DOS more accentuated. The spike structure of the van Hove singulari-
ties is smoothed out. The fact that the position in energy of the peaks is not
strongly modified explains the success of using isolated single-wall nanotube
(SWNT) spectra to describe the experimental data, even though most exper-
iments are performed on bundles. However, Fig. 3.1 also shows that the shape
of the spectra (relative intensities) is significantly different for bundles with
respect to isolated tubes. Therefore, care must be adopted in quantitative
comparisons.

Fig. 3.1. STM image (left) and DOS (right) for a small carbon nanotube-rope
formed by three (8,8) SWNTs (with 1.09 nm diameter) packed in a triangular lat-
tice, with an inter-tube distance of 0.345 nm. The DOS plot clearly shows the open-
ing of a “pseudogap” of about ∼ 0.1 eV around the Fermi level. The DOS of the
nanotube rope is compared in the same plot to the DOS of an isolated (8,8) SWNT
[Adapted from [38] with permission; Copyright 1999 by Springer-Verlag]

As a second issue, we address the role of topological defects [39], focus-
ing on Stone-Wales (SW) defects [40, 41]. STM images for an applied bias
potential of ±1.5 eV are presented in Fig. 3.2 for a (10,10) CNT (a) and for
a zig-zag (6,0) BNT (b). Such images illustrate that the SW deformation
creates a very localized modification of the STM pattern as compared to a
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V=+1.5 eVV=-1.5 eV

(a)

(b)

Fig. 3.2. Simulated constant current STM images for a C(10,10) (a) and a BN(6,0)
(b) nanotube with a single SW defect for applied external tip-sample bias of
±1.5 eV. The orientation of the centered bond joining the two pentagons of the
SW defect is set to π/4 degrees to the tube axis in the case of the carbon nanotube
and perpendicular to the tube axis in the case of the BN nanotube. SW-defect states
in the BN band-gap are clearly seen (with N-N π and B-B π* character for negative
and positive bias, respectively) (From [39] with permission; Copyright 2004 by the
American Physical Society)

perfect tube (the decay length of the perturbation is very short, few unit
cells). The symmetry of the image corresponding to occupied/unoccupied
states is completely different. The calculations clearly indicate that the SW
defect can be, indeed, experimentally accessible by STM measurements.

We conclude this brief section by highlighting again how the ground-
state electronic structure computed by DFT may be exploited for advanced
applications, such as the simulation of scanning probe experiments, both
by advancing predictions that may later find experimental validation, and
by interpreting already available data. In the field of nanotubes, the close
synergy between theory and experiment has been extremely valuable in the
latest years.
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3.2.2 Model and Realistic DNA-Base Stacks

DNA is the very representative example of a molecular motif which has al-
ways been retained a big challenge for the performance of density functional
theory. In fact, whereas the intra-base coupling is dictated by covalent bonds,
the basic features of intrinsic self-assembly, which are hydrogen-bonding and
inter-planar stacking, have a non-covalent origin founded on long-range tails
of the Coulomb interaction. Such terms are well known to be lacking in
the DFT treatment. Therefore, the ab-initio computation of both the struc-
tural [3,4] and electronic [42]4 properties of various DNA molecules and frag-
ments was traditionally the reign of quantum chemistry investigations that
applied wave-function-based methods, mostly HF with accurate basis sets
or HF+MP2. Such studies revealed that the energetics of π-stacked base
pairs in a variety of conformations intimately depends on correlation forces
and is therefore beyond the DFT range [3, 4]. Therefore, for a long time ab-
initio DNA simulations remained limited to base pairs, whereas only classical
molecular dynamics methods with parametrized force fields where applied to
inquire about the overall helical assembly. Although the current situation,
even with the most accurate exchange-correlation functionals does not al-
low for structural predictions, we will show here the great power of the DFT
framework to learn the very deep features of the electronic structure of model
systems or even of real complex systems [42–46] for which the structure is
independently available.

The prompt for investigating the electronic properties of DNA rose from
the evidence that DNA molecules in solution are able to propagate over long
distances an oxidative charge (hole) injected at a controlled point along the
sequence [42, 47, 48]. The early studies by Barton and coworkers stimulated
several other scientists to investigate the solution chemistry of DNA charge
migration [49–51]. Simultaneously, the measurement of high charge transfer
rates also generated the question whether DNA molecules could support an
electric current in a nanotechnology setup: therefore, physicists became inter-
ested in probing the electrical properties of DNA single molecules, bundles,
and networks, by direct conductivity measurements [43,52–55], which are re-
viewed in Chap. 15 of this volume [56]. Such a great wealth of experimental
activity in turn stimulated theoretical efforts towards bandstructure analysis.
For a long time the efficiency of charge migration in DNA was cast in terms of
the charge transfer rate kda between a donor d and an acceptor a, each with
a discrete number of localized vibronic states. kda is the main quantity in the
Marcus-Hush-Jortner theory [57, 58]. The basic ingredients of the Marcus’s
formula, (3.3), are the electronic coupling Vda and the reorganization energy
λ contained in the nuclear factor FC (the latter accounts for vibronic effects)

kda =
2π
�

|Vda|2 (FC) . (3.3)

4Contribution by N. Rösch and A. Voityuk in volume II.
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With the advent of direct conductivity measurements, the quest for the-
orists was instead the computation and interpretation of the quantum con-
ductance

G =
2e2

h
T , (3.4)

where T is the transmission function (or transmittance). The quantum con-
ductance G is an index of the efficiency with which mobile charges are
transmitted through a bridge connecting two metal pads. The similarity,
differences, and quantitative mutual relations between charge transfer in a
donor-acceptor system (applied to study DNA solution chemistry) and charge
transport in a molecular nano-junction (applied to interpret conductivity
measurements in DNA) were recently reported by Nitzan [59, 60] and are
also summarized in Chap. 1 of this volume [61]. Here we simply show what
can be learnt about the suitability of DNA molecules as conductive bridges
by computing the electronic structure of guanine stacks [62].

Model guanine stacks. Justified by the good performance of plane-wave
DFT on isolated guanines [62], model periodic stacked configurations of gua-
nines were investigated with the particular aim to detect the geometrical con-
ditions conducive to the establishment of strong inter-plane coupling and a
dispersive bandstructure. The focus on guanine rather than on the other bases
was motivated on one hand by its low oxidation potential, which makes it the
most suitable among the nucleo-bases to mediate hole transfer [49,63,64], and
on the other hand by the existence of G-rich structures in several different
conformations including double [43,44,54] and quadruple [65,66] helices. The
bandstructure of the model stacks was computed [62] for the model assem-
blies of Fig. 3.3(a,b) along the periodicity axis. The amount of band dispersion
for the HOMO- and LUMO-derived bands was characterized as a function
of the rotation angle between G molecules in adjacent stacked planes. Fig-
ure 3.3(c,d) summarizes the results for the most relevant geometries: it shows
that the dispersion of such bands is maximum for eclipsed stacks, whereas it
is vanishing for guanines rotated by 36 degrees as in B-DNA. The eclipsed
stack exhibits orbital delocalization through the stacking axis (Fig. 3.3c).
Only when the angle Θ is very small the degree of overlap between neighbor-
ing π wave-functions is enough to guarantee orbital delocalization along the
stacking. Instead, for angles typical of the natural DNA motifs (close to 36
degrees) the vanishing coupling is incompatible with band-like charge mobil-
ity. In the latter case, other mediating factors such as small polarons [67] may
be invoked to explain charge propagation. Although the study reported here
was limited to model configurations not representative of any real molecule
employed in experiments, the results provide a useful framework to interpret
the effects of geometry-dependent electronic structure on the efficiency for
charge mobility.

DNA derivatives: the G4 quadruple helix. The ideas that stimulated the
exploitation of G4-DNA [68] in DNA-based technology, as an alternative
to the poorly conductive [42, 69] double helical DNA, are: (i) the sequence
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(a) (b) (c)

(d) (e)

Fig. 3.3. (a,b) Top-view images of the periodic columnar guanine stacks in which
the bases on adjacent planes are eclipsed (a) and rotated by 36◦ (b). The graphics
show only the two G molecules in the unit supercell. Spheres of different gray inten-
sity are used to identify atoms on two different planes. The white sticks represent H
atoms protruding outside the rings. (c) Isosurface plot of the HOMO of the eclipsed
stack. No nodal plane between consecutive guanines exists. (d) HOMO-band dis-
persion along the periodicity axis. The bending of the HOMO band for the eclipsed
system from Γ to A is 0.65 eV downwards, equivalent to an effective mass for holes
mh = 1.04m0 (m0 is the free electron mass). (e) LUMO-band dispersion along the
periodicity axis. The bending of the LUMO band for the eclipsed system from Γ
to A is 0.52 eV upwards, equivalent to an effective mass for electrons me = 1.41m0.
Such effective masses are typical of wide-bandgap semiconductors. The A point is
the edge of the 1-dimensional BZ. The principal bandgap depends on the geometry:
its DFT value (with typical DFT underestimation [8]) is 2.97 eV for Θ = 0◦, 3.55 eV
for Θ = 36◦

uniformity (G4 quadruple helices are made of the guanine base alone); (ii)
the larger inter-planar overlap than in B-DNA; (iii) the stronger H-bonding
coupling (8 instead of 2 or 3 H-bonds per plane) and consequent higher stiff-
ness; (iv) the stability in the presence of metals (metal centers may hybridize
electronically with guanine giving alternative channels for charge migration).

K(I)-G4 quadruple helices (containing potassium ions each with a for-
mal charge 1+) from X-ray data [65] were simulated [46, 70] in the effort
towards studying the electronic properties of realistic nucleotide-based struc-
tures, with particular emphasis on the role of electronic coupling and or-
bital hybridization between the different components (i.e., the metals and
the nucleo-bases). Technical details of the simulations may be found in the
original papers [46,70]. Figure 3.4 defines the structure of short G4 molecules,
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Fig. 3.4. (a) Ball-and-stick representation of the X-ray crystal structure for G4
quadruple helical molecules [65]. The crystals are formed by short molecules of 8
stacked tetrads. The crystallized molecules are stabilized with Na(I) ions (large
spheres). (b) The four guanine molecules in each plane, connected by 8 H-bonds
forming two concentric rings in a square-like symmetry. (c) Scheme of the 8-fold
coordination of each metal cation with the neighboring O atoms. (d) The relaxed
atomic structure of the unit simulation supercell, constituted of only 3 planes and
containing potassium instead of sodium ions. The simulated infinite wires were ob-
tained by applying periodic boundary conditions along the stacking axis. The peri-
odic unit was obtained by noting that the 30◦ inter-planar rotation makes the fourth
plane equivalent to the first, and by neglecting the backbone. (e) Schematic repre-
sentation of the square symmetry underlying the quadruplex motif. [(a-c) Adapted
from [46] with permission; Copyright 2004 by the American Chemical Society). (d-
e) Adapted from [70] with permission; Copyright 2002 by the American Institute
of Physics]

some geometrical details, and the construction of the periodic supercell for
the PW-DFT calculations.

The bandstructure, the DOS, and a contour-plot of the system are shown
in Fig. 3.5. For the G stacks presented in the previous example, π-π coupling
may give rise to delocalized Bloch orbitals, whose band dispersion depends
on the relative rotation angle between nucleo-bases in adjacent planes. In the
guanine quadruplexes, which are the object of this example, the C4 square
symmetry enhances the spatial π-π overlap with respect to a segment of
G-rich double helical DNA. Hence, one may expect an improvement of the
band-like behavior. Instead, Fig. 3.5a shows that the G4 wires are charac-
terized by multiplets of 12 flat bands5. This evidence implies that coherent

5The modulo-12 multiplicity of such multiplets stems from the number of gua-
nine molecules in the supercell [46, 70]. The highest occupied multiplet is due to
the π-like guanine HOMO.
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band-like transport for quadruple helices that resemble the crystallized mole-
cules is not predicted6. However, our results suggest a possible alternative
mechanism for charge migration, by virtue of which effective dispersive bands
are formed. By a combined inspection of the bandstructure (Fig. 3.5a) and
the DOS (Fig. 3.5b), one may point out the following facts: (i) the energy
levels in each multiplet are very close to each other, separated by an average
energy difference of about 20 meV, which is less than room temperature; (ii)
the DOS, obtained with gaussian spreading of the computed energy levels,
shows that indeed the multiplet splitting and its total amplitude induce the
formation of dispersive energy peaks. In practice, the Density of States re-
sembles that of a wide-bandgap semiconductor, with a valence band (peaks
a-e) separated from the conduction band by an energy gap (the DFT value
is 3.5 eV). The small amplitude of peak a and the fact that another energy
gap divides it from peak b make it not a very appealing semiconductor from
the point of view of efficient charge migration through the guanine stack. A
wide band in a continuous energy range would be desirable. Yet, the exis-
tence of DOS peaks with a non-vanishing amplitude means a high number of
electron states in the same energy range, easily accessible to charge carriers.
Moreover, the presence of several similar orbitals (the HOMO of guanine)
in a restricted space, make electronic coupling between consecutive planes
easy, justifying the interpretation of the HOMO-derived band (around the
energy origin in Fig. 3.5) in terms of the convolution of the 12 electron states
in the multiplet. A contour-plot of this convolution is shown in Fig. 3.5c: it
highlights the presence of continuous channels available for mobile charges
through the stacked bases. No effective metal-base hybridization is revealed.

Further studies on guanine quadruplexes are currently ongoing to eluci-
date several open issues, that ultimately may be solved through a synergy
between PW-DFT simulations and experimental studies on the same mole-
cules. (i) Are other metals, e.g. transition metals with different viable oxi-
dation states, more suitable for chemical hybridization with guanine? Can
they give alternative charge transport/transfer mechanisms? (ii) Which are
the effects of structural deformations on the electronic properties? Axial and
lateral conformational changes may occur when the molecules are coupled to
the inorganic world, and the consequences on the electronic properties are
still questioned. (iii) Which are the effects of the counter-ions present outside
the helices in solution and probably remaining in the first hydration shell
upon drying in the nano-technological setup?

6Unfortunately, so far there is no experimental demonstration of whether and
how the structure of G4-DNA is modified when the molecules are employed in a
device setup, deposited on and/or between inorganic materials and in a dry envi-
ronment. If the structure is strongly compromised in nano-devices, the electronic
properties may be also altered.



88 R.D. Felice et al.

Fig. 3.5. (a) Bandstructure of the simulated periodic G4 wire shown in Fig. 3.4.
The A point on the horizontal axis is the edge of the one-dimensional BZ along
the stacking axis. (b) Total DOS of the G4 wire. The letters a-e label the highest
occupied DOS peaks. Each peak is formed by 12 electron states with the same
character of charge distribution. Peak a stems from the HOMO of guanine. The π-
versus σ character is also reported in the figure. (c) Contour plot of the convolution
of 12 highest occupied electron states: a continuous charge channels through the
outer part of the helix is evidenced [Adapted from [70] with permission; Copyright
2004 by the American Institute of Physics]

3.3 Linear Response by TDDFT

The original formulation of the Hohenberg-Kohn-Sham DFT [6–8] is not, in
general, applicable to excited states or to problems involving time-dependent
external fields, thus excluding the calculation of optical response properties,
electronic spectra, QPs, photochemistry. However, theorems have now been
proved for time-dependent density functional theory (TDDFT) which extend
the applicability of the original theory. In this section we briefly present the
foundations of TDDFT and refer the reader to exhaustive reviews [71–73,76]
for a deeper discussion of TDDFT and its applications [77].

TDDFT is based on the Runge-Gross theorem [78]: given a system of elec-
trons prepared in an initial state |Φ(t0)〉, there is a one-to-one correspondence
between the external time-dependent potential vext and the time-dependent
electron density n(r, t). This is a generalization to time-dependent potentials
and densities of the stationary DFT one-to-one correspondence:

n(r, t) ↔ v(r, t) . (3.5)

Note that in this case: (i) Two potentials are considered equivalent if they
differ by any purely time-dependent function, instead of a constant as in
ordinary DFT. In fact, two such potentials produce wave-functions which
are equal up to a purely time-dependent phase, which is cancelled when
any observable is calculated from them. (ii) There is a dependence on the
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initial quantum state of the system [79]. (iii) Contrary to intuition, the v-
representability problem (the problem of the existence of a potential that
produces a given density) is milder in the time-dependent case, and has
been solved by van Leeuwen [80,81], as an extension of theRunge-Gross the-
orem [78].

As in the static case, a time-dependent KS scheme can be introduced by
considering a non-interacting system that reproduces the exact interacting
density n(r, t). The time-dependent Kohn-Sham equations read

[
−1

2
∇2 + veff(r, t)

]
ϕi(r, t) = i

∂

∂t
ϕi(r, t) , (3.6)

where veff(r, t) = vH(r, t)+vxc(r, t)+vext(r, t) is the effective time dependent
potential felt by the electrons. It consists of the sum of the external time-
dependent applied field, the time-dependent Hartree term, and the exchange-
correlation potential. The time-dependent density can be easily evaluated
from the Kohn-Sham eigenfunctions n(r, t) =

∑N
i=1 |ϕi(r, t)|2. The initial

state |Φ(t0)〉 should be representable by an initial Slater determinant built
with the set of one-electron orbitals {Φj0}N

j=1.

3.3.1 Excitation Energies in TDDFT

The response of the system to an external perturbation is directly related
to the excited states of the N -particle system. The linear response of the
system can be determined from the density-density response function χ,
that is defined by δn(r, ω) =

∫
d3r′ χ(r, r′;ω)δvext(r′, ω), where δn is the

density variation induced by the perturbing potential δvext. The same in-
duced density can be calculated in the Kohn-Sham system δn(r, ω) =∫

d3r′ χ0(r, r′;ω)δveff(r′, ω) where δveff includes the external field plus the in-
duced Hartree and exchange-correlation potentials (δveff(r, ω) = δvext(r, ω)+∫
d3r′ δn(r′)

|r−r′| +
∫
d3r′ δVxc(r)

δn(r′) δn(r
′)). The Kohn-Sham response function χ0 de-

scribes the response of non-interacting electrons, and can be written in terms
of the ground-state Kohn-Sham eigenvalues εi and eigenfunctions ψi

χ0(r, r′;ω) =
∑
ij

(fi − fj)
ψi(r)ψ∗

j (r)ψj(r′)ψ∗
i (r′)

ω − ωij + iη
(3.7)

where ωij = (εj −εi) and fi’s are Fermi occupation numbers. Now it is simple
to derive a Dyson-like equation for the interacting response function. For a
spin-unpolarized system it reads [82,83]

χ(r, r′;ω) = χ0(r, r′;ω) +
∫

d3r1

∫
d3r2 χ0(r, r1;ω)

×
[

1
|r1 − r2|

+ fxc(r1, r2, ω)
]
χ(r2, r

′;ω) , (3.8)
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where we have introduced the so-called time-dependent exchange-correlation
kernel fxc(r, r′, ω) = δvxc[n(r,ω)]

δn(r′,ω)

∣∣∣
δvext=0

. Looking at the analytical structure

of the interacting linear response function for a finite system, it is easy to
show that χ has poles at ω = Ω, where Ω are the excitation energies of the
system [82,83]. On the other hand, χ0 has poles at the Kohn-Sham eigenvalue
differences εi − εj . By exploiting these facts, one can derive an eigenvalue
equation for the exact eigenmodes and eigenfrequencies of the system [82,83]:

∫
d3r′Ξ(r, r′, ω)ξ(r′, ω) = λ(ω)ξ(r, ω) , (3.9)

where the function Ξ is defined by

Ξ(r, r′, ω) = δ(r−r′)−
∫

d3xχ0(r,x, ω)
[

1
|x − r′| + fxc(x, r′, ω)

]
. (3.10)

This is a rigorous statement, that allows the determination of the excita-
tion energies of the system from the knowledge of χ0 and fxc. To solve the
eigenvalue equation one can expand ξ(r, ω) in an appropriate basis and solve
numerically the resulting matrix-eigenvalue equation. The matrix equation
to be solved is (in a quadratic form more familiar in the quantum-chemistry
community)

∑
a′i′σ′

[
δσσ′δaa′δii′(εa′σ′− εi′σ′)2+ 2

√
(fiσ − faσ)Kaiσ,a′i′σ′(Ω)

√
(fiσ′− fa′σ′)

]

× βa′i′σ′ = Ω2βaiσ , (3.11)

with

Kjkσ,j′k′σ′(ω) =
∫

d3r

∫
d3r′ ψ∗

jσ(r)ψkσ(r)

×
[

1
|r − r′| + fxc σσ′(r, r′, ω)

]
ψj′σ′(r′)ψ∗

k′σ′(r′) .(3.12)

If the excitation is well described by one single-particle transition between
an occupied and a virtual state, one can neglect the off-diagonal terms of
Kjkσ,j′k′σ′ to obtain the single-pole approximation (SPA) to the excitation
energies [82, 83]. For a spin-unpolarized system this approximation is cast
into the following equality:

Ω = ω12 + Re [K12↑,12↑ ±K12↑,12↓] , (3.13)

where Re indicates the real part of the expression in parentheses. This
approximation can be viewed as an attempt to correct the Kohn-Sham
excitation energies individually, without including collective electronic ef-
fects. Note that, apart from the truncation of the expansions, two main
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approximations are necessary to calculate the excitation energies: (i) the
static Kohn-Sham orbitals have to be calculated with an approximate sta-
tic exchange-correlation potential; (ii) the frequency-dependent exchange-
correlation kernel fxc σσ′(r, r′, ω) has to be approximated. Equation (3.13)
describes properly the spin-multiplet structure of otherwise spin-unpolarized
ground states through the spin-dependence of fxc: by performing the trans-
formation f (1)

xc = (fxc↑↑ + fxc↑↓) /2 and f (2)
xc = (fxc↑↑ − fxc↑↓) /2, one gets

ωsinglet = ω12 + 2R
∫

d3r

∫
d3r′ ψ∗

1(r)ψ2(r)

×
[

1
|r − r′| + f (1)

xc (r, r′, ω)
]
ψ1(r′)ψ∗

2(r′)

ωtriplet = ω12 + 2R
∫

d3r

∫
d3r′ ψ∗

1(r)ψ2(r)

×f (2)
xc (r, r′, ω)ψ1(r′)ψ∗

2(r′) (3.14)

Several calculations for the lowest excitation energies of atoms and molecules
have been performed with these formulas with very promising results [71,72,
82–86].

Full solution of the TDDFT-Kohn-Sham equations. Another very efficient
method to calculate the optical spectrum of finite systems is based on solving
directly the time-dependent Kohn-Sham equations in response to an external
electromagnetic field. This method, originally used for the study of nuclear
reactions [87], was later applied to clusters [88, 89] and biomolecules [90].
All those studies are now being performed under the octopus project [91]
and can address not only linear-response for optical properties, but also non-
linear response and nuclear dynamics. A time-evolution scheme has also been
recently implemented to solve the spectral function of the Bethe-Salpeter
equation (BSE) [92].

The starting point for the time-dependent simulations is the Kohn-Sham
ground state of the electronic system in the nuclear equilibrium configuration.
To obtain the linear optical absorption spectrum one excites all frequencies
of the system by applying the electric field δvext(r, t) = −κzδ(t). This is
equivalent to giving a small momentum κ to the electrons [87–89, 91]. The
KS wave-functions at time δt are simply

ϕi(r, δt) = eiκzϕi(r, 0) . (3.15)

These orbitals are then propagated in time

ϕi(r, t+∆t) = T̂
(
e−i

∫ t+∆t
t

dt ĤKS(t)
)
ϕi(r, t) . (3.16)

In this method, only occupied states need to be propagated. The spectrum
can then be obtained from the induced dipole moments, and from the per-
turbation δvext.
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One of the major advantages of this framework is that it can be trivially
extended to handle non-linear response and nuclear dynamics. The possibil-
ity of performing combined electronic and nuclear optimizations within the
TDDFT framework, practically brings this scheme to the same level of other
methods that allow for simultaneous prediction of the atomic configuration
and of the quantum mechanical electronic structure [21–23,26,74,93,94].

3.3.2 Comments

As discussed above, one of the main ingredients in TDDFT is the exchange-
correlation kernel. This is a complex quantity that includes all the non-trivial
many-body effects. Approximate kernels have been proposed over the past
years and we only mention here some of the most widely used [71–73,77].

The simplest approximation for vxc(r, t) is the adiabatic LDA (ALDA)
in which the static LDA exchange-correlation potential is used in the time-
dependent Kohn-Sham equations, but evaluated with the static ground state
density. Following the same reasoning, it is straightforward to construct adi-
abatic generalized-gradient approximation (AGGA) potentials [75]. Unfortu-
nately, the onset of absorption in optical spectra calculated either with the
ALDA or with most AGGA functionals is typically below the observed ones
(by several eV’s in the case of atoms). This problem is caused by the wrong
asymptotic behavior of the LDA and GGA potentials: as the exchange term
does not cancel exactly the self-interaction part of the Hartree potential, the
potentials go exponentially to zero instead of having the correct −1/r be-
havior for neutral systems. To overcome some of the shortcomings of explicit
density functionals, orbital-dependent xc-functionals can be used [95,96].

In spite of its success in several cases, TDDFT has a number of com-
monly invoked failures that still undermine the confidence of the scientific
community in its accuracy and validity. One is the severe underestimation of
high-lying excitation energies in molecules when simple exchange and corre-
lation functionals are employed. The most spectacular failure of the TDLDA
is in the calculation of the photo-absorption spectrum of non-metallic solids,
especially in systems like wide band-gap semiconductors. In fact, the LDA
fails to give a significant correction to the simple RPA results. The reason
is the following. For infinite systems, the Coulomb potential is 4π/q2. It is
hence clear that, if fxc must be able to correct the RPA response for q → 0,
it should behave asymptotically like 1/q2 when q → 0. This is not the case
for the local or gradient-corrected approximations.

Several attempts have been made to correct this problem within TDDFT.
(i) One path was started by Reining and collaborators [97], who derived

the frequency-dependent kernel by imposing the TDDFT kernel to be static
and equal, in the Bloch representation, to the screened Coulomb interac-
tion [77, 97]. In this approach the KS wave-functions are assumed to coin-
cide with the QP ones. Important excitonic effects for semiconductors are
already obtained by using only the static long-range term ∆fxc(q,G,G′) =
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−δG,G′α/|q +G|2, where α is a numerical constant [97] (α ≈ 0.2 for Si, and
GaAs). On similar grounds, the work by Marini et al. [98] has developed a
robust and efficient frequency dependent and non-local fxc that takes into
account local field effects, by imposing TDDFT to reproduce the many-body
diagrammatic expansion of the BSE polarization function. The results are
encouraging [98]. What remains to be characterized is the class of systems
for which this successful approach is feasible and yields accurate results.

(ii) Kim and Görling extracted the photo-absorption spectrum of silicon
from TDDFT simulations, by using the EXX approximation both in the cal-
culation of the ground-state and for fxc [100]. They found that the spectrum
collapsed due to the long-range nature of the Coulomb interaction. How-
ever, by cutting off the interaction, they were able to recover agreement with
experiments.

(iii) In any finite system subject to an electric field, there is accumulation
of charge at the surface, which will induce a counter-field inside the sample.
It is not possible for any local (or semi-local) functional of the density to
describe the counter-field produced by the macroscopic polarization of the
system [101, 102]. To circumvent this problem, it has been proposed to use
as an extra dynamical variable the surface charge, or equivalently the macro-
scopic field produced by that charge [103]. Another way to take into account
the macroscopic polarization is by the current response of the system within
a time-dependent current-density functional formalism [104].

A general TDDFT is well suited to handle electron correlations and
current-induced forces in molecular devices: Work along these lines is
in progress. However, the non-adiabaticity is far from being solved. The
Ehrenfest-path non-adiabatic TDDFT-based Molecular Dynamics is one pos-
sibility. In fact, it is difficult to believe that any method based on the full
classical limit for the ions is able to describe intrinsically non-adiabatic phe-
nomena, such as e.g. current-induced isomerization processes in molecular
devices. Multi-component TDDFT may be a suitable extension for this pur-
pose [105,106].

3.3.3 Selected Applications of TDDFT

Biomolecular Photoreceptors

On one hand, spectacular advances were achieved over the last years in the
characterization of the structural and dynamical properties of biomolecules,
by a combination of quantum mechanical and classical molecular mechanics
methods. On the other hand, the theoretical understanding of the interaction
of those molecules with external time-dependent fields is still in its infancy,
in spite of the large amount of experimental work on photoactive molecules.
A photoactive molecule is usually constituted of a relatively small active cen-
ter (chromophore) and of its surrounding medium (rest of the molecule plus
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environment). Optical processes related, for instance, to vision and photosyn-
thesis, rely on a subtle interplay between optical absorption in the photoactive
center and its decaying mechanism through coupling to the vibrational modes
of the molecule.

An appealing photoactive molecule is the green fluorescent protein (GFP).
The measured optical absorption spectrum of the wild type (wt) GFP shows
two main resonances at 2.63 and 3.05 eV [109, 110] (see Fig. 3.6), that are
attributed to two different thermodynamically stable protonation states of
the chromophore (neutral and negative chromophore, respectively). So far,
ab-initio quantum chemistry has not been able to provide satisfactory agree-
ment with the spectroscopic data, and thus has not contributed too much to
confirm or rule out various possible scenarios of photodynamics in the GFP.
A good description of the optical properties of the GFP photoreceptor has
been achieved [90] by using an approach that combines a QM/MM method
to obtain the structure with TDDFT to treat the electronic excitations. The
structures were optimized using a hybrid QM/MM method [111–113] with a
semiempirical hamiltonian [114] to describe the quantum subsystem. The QM
region included a sequence of three amino-acids that form the chromophore:
Ser65, Tyr66 and Gly67. The optimized structure of the chromophore, with
the most important neighbor residues, is shown in Fig. 3.6. On the other
hand, the anionic form of the chromophore was obtained by deprotonation
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Fig. 3.6. Left panel: Optimized structure of the neutral chromophore and its
closest charged residues inside the GFP: His148, Arg96 (positive) and Glu222 (neg-
ative). Right panel: Computed photoabsorption cross section of the neutral (dashed
line) and anionic (dotted line) chromophores. For comparative purposes the an-
ionic results have been divided by 4. Experimental results at 1.6 K (dark thin solid
lines) [109] and room temperature (light thick solid line) [110] are also given. The
inset shows a decomposition of the calculated spectrum of the neutral chromophore
in the three directions, showing the inherent anisotropy of the green fluorescent pro-
tein molecule [Adapted from [90] with permission; Copyright 2003 by the American
Physical Society]
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of Tyr66 and protonation of Glu222. The computed photoabsorption spec-
tra of the GFP neutral and anionic chromophores, shown in Fig. 3.6, are
in excellent agreement with experiment assuming the presence of the two
forms of the photo-receptor, protonated and deprotonated respectively, in an
approximatly 4:1 ratio. Furthermore, it can be seen in the inset of Fig. 3.6
that light polarized along the x-direction is responsible for the lowest optical
transition in the neutral chromophore. The molecule is nearly transparent to
visible light polarized along the other two orthogonal directions. The GFP
turns out to be a rather anisotropic molecule in the visible region, a property
that could be used to enhance the photo-dynamical processes in well oriented
GFP samples for opto-electronic devices.

The above example shows that the novel approach based on TDDFT,
developed for the computation of optical spectra of finite systems, holds great
promise for future applications in biochemistry and biophysics. It is able to
handle not only the optical response but also ultrashort femtosecond electron-
ion dynamics.

Optical Response of DNA Bases and Base Pairs

Another example of biological interest, that has been studied by searching
for the full solution of the TDDFT-Kohn-Sham equations, is the calculation
of the optical properties of the DNA bases [115]. Here we present the optical
spectrum of adenine in the 9H-form, the only tautomer which is present in
the adenine nucleotide, the molecular building block of DNA and RNA poly-
mers. The calculation was performed for the isolated base in the gas phase,
i.e. without taking into account solvent effects. From experiments [116,117],
it is clear that the absorption spectra of the individual nucleobases are quite
complex: in the low energy region they are formed by several excitations of
π → π� character and a number of n→ π� transitions. The latter features are
difficult to characterize, because of their extremely weak oscillation strengths.
However, they are thought to play an important role for non-radiative decay
of the excited states [118, 119]. These experiments are made in different sol-
vent conditions, and for different adenine derivatives. Therefore, one should
be extremely careful in comparing the results of gas-phase calculations with
data from solution experiments.

The ground-state geometry was optimized without planar constraints, us-
ing the B3LYP potential [120]. The time-propagation of the KS equations was
performed using the LDA and GGA time-dependent xc functionals. These
different functionals yielded identical results. The geometry, the Kohn-Sham
HOMO and LUMO, and the calculated photoabsorption cross section, are
shown in Fig. 3.7.

The spectrum resolved in the three spatial directions clearly demonstrates
the anisotropy of the molecule. From this calculation the most bright exci-
tations are located at: 4.54, 4.88, 5.70, 6.21, 6.77, and 7.41 eV. Performing
linear response calculations in the frequency domain (3.11) it is possible to
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Fig. 3.7. Calculated photoabsorption cross section of adenine along the three
directions and averaged (black line). In the inset, the HOMO (π) and LUMO (π∗)
Kohn-Sham orbitals are shown: different colors indicate different sign of the wave-
functions. An experimental absorption spectra of deoxyadenosine 5’-phosphate in
solution is also shown (thin solid line) from [116]

unveil the character of such transitions [121], which turn out to be prevalently
π → π�. From the experiments cited above, one can distinguish the following
excitation energies: 4.9 (measured in vapor [117]), 5.7–6.1, 6.8, and 7.7 eV.
Apart from the last excitation where the sugar and phosphate may play an
important role, and the first one that is not measured in these experiments,
we find a satisfactory agreement with an accuracy of 0.1 eV. A recent review
presents a critical collection of the latest ab-initio calculations [122]. Early
calculations are reviewed separately [123].

It is also possible within a time-evolution scheme to calculate circular
dichroism (CD) [89], which is a very powerful tool used in the characteriza-
tion of biomolecules. In particular, the complex rotatory strength function
R(ω) = Rx(ω) + Ry(ω) + Rz(ω) is given in terms of the Fourier trans-
form of the time evolution of the angular momentum operator Lz(t) =∑occ

i 〈ϕi| − i(r×∇)z|ϕi〉. Early results for the CD spectra of DNA bases are
encouraging [115]. Because the CD technique is routinely used along with
chemical synthesis to characterize the obtained molecules, the successful ab-
initio computation of CD spectra will represent in the near future a powerful
tool for the interpretation of experimental data, as well as for the prediction
of novel molecules suitably designed for a precise purpose.
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3.4 Wannier Functions for Electronic
Structure Calculations

The electronic structure in periodic solids is conventionally described in terms
of extended Bloch functions (BFs) ψkn(r): n and k label the band number
and the wave vector respectively. In fact, by virtue of the Bloch theorem,
the Hamiltonian Ĥ commutes with the lattice-translation operator T̂R (R
is a vector of the crystal lattice), leading to a set of eigenstates (the Bloch
states) for the Hilbert space. This property restricts the crystal problem to a
single unit cell. The properties of the infinite solid are then recovered with an
integral over the BZ, in the reciprocal space. An alternative description for the
electronic ground state can be derived in terms of localized Wannier functions
wn(r−R) [124], that constitute a site(R)- and band(n)-dependent orthogonal
basis set for the tight-binding form of the wave-function. Being related by
a unitary transformation, the two representations (Bloch and Wannier) are
mathematically equivalent. However, because of their localized character, the
WFs are particulary suited to the treatment of localized phenomena. For
instance, WFs yield a localized picture of chemical bonding (Lewis-like) [125,
126].

WFs are attracting an increasing interest for their possible application
to a wide range of (i) physical problems (e.g., the modern theory of bulk
polarization [102, 127], the development of linear scaling order-N and ab-
initio molecular dynamics approaches [128–131], the calculation of quantum
electronic transport [132], the study of magnetic properties and strongly-
correlated electrons [133–135]) and of (ii) physical systems (e.g., crystal and
amorphous semiconductors [136–138], ferroelectric perovskites [139], transi-
tion metals [140, 141], metal-oxides [142], photonic lattices [143–145], high-
pressure hydrogen and liquid water [146–148], SWNTs and 1-dimensional
nanostructures [132,149], metallic interfaces [150]).

The major obstacle to the construction of the Wannier functions in prac-
tical calculations is their non-uniqueness: They are gauge dependent, namely
infinite sets of WFs, with different properties, may be defined for the same
physical system. This non-uniqueness arises from the freedom in the choice
of the phase factor of the electronic wave-function, that is not assigned by
the Schrödinger equation. Additional complications concern the difficulties in
dealing with degeneracies among the energy bands in the Brillouin zone. This
extends the arbitrariness related to freedom of the phase factor to a gauge
transformation (U(k)) that mixes bands among themselves at each k-point
of the BZ. A different gauge transformation does not translate into a simple
change of the overall phases of the WFs, but affects their shape, analytic
behavior and localization properties.

Among the different methods presented so far, we adopted a localization
algorithm that allows to transform a set of BFs – calculated by means of
ab-initio approaches [23,26] – into a unique set of Maximally localized Wan-
nier functions (MLWFs) [151, 152]. The formulation of the minimum-spread
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criterion extends the concept of localized molecular orbitals, proposed by
Boys [126] for molecules, to the solid-state case. We apply this algorithm
to study the electronic properties of selected nanostructures, and to develop
a novel implementation of quantum conductance calculations [153].

3.4.1 Selected Applications of Wannier
Computation in Nanostructures

Analysis of the Chemical Bonding: C Chains

Traditional chemistry is based on local concepts. For instance, covalently
bonded materials are described in terms of bonds and electron pairs, where
the bonding properties are determined by the closest atomic neighborhood.
Thus, the characteristics of a bond (distance, angles, strength, character, etc.)
essentially depends on the coordination number of each atom, while the
second-nearest neighbors and more distant atoms give only weaker contribu-
tions. This is the typical case of molecules or insulating materials. However,
even in metallic systems where this simple bond concept is no longer valid,
locality still exists and manifests fundamental aspects.

The standard electronic structure calculations typically do not bring a
deep insight into the localization properties of matter: the Bloch states, for
instance, describe the electronic states of the overall crystal and not the
individual chemical bonds. On the contrary, a set of maximally localized
orbitals may give an insightful picture of the bonding properties [154].

These issues are best illustrated by nano-sized Carbon systems [132].
We focus on an allotrope, known as carbyne, based on a linear chain of
sp-hybridized carbon atoms in two possible forms: isomeric polyethynylene
diylidene (polycumulene, or simply cumulene) and polyethynylene (polyyne).
The cumulene form is characterized by an equidistant arrangement of C atoms
with double sp-bonds (= C = C =)n, while the polyyne form is a dimerized
linear chain with alternating single-triple bonds (−C ≡ C−)n.

The calculated MLWFs allow us to investigate the effects of structural re-
laxation on the electronic properties of infinite carbon chains [132]. To obtain
the WFs, we first relaxed both the atomic and the electronic structure of the
C-chain by employing a standard ab-initio DFT plane-wave pseudopotential
code [23]. Then, by using the WanT code [153], we transformed the resulting
Bloch eigenstates into a set of maximally localized WFs. Results are sum-
marized in Fig. 3.8. Cumulene (Fig. 3.8, left) is characterized by symmetric
sp-bonds, uniformly distributed along the chain. σ states (Fig. 3.8a) are local-
ized in the middle of C = C bonds, whereas π states (Fig. 3.8b) are centered
around C atoms. In polyyne (Fig. 3.8, right), σ orbitals are localized both on
single C−C and on triple C ≡ C bonds, with a σ state in the middle of each
bond (Fig. 3.8a’). The π orbitals (Fig. 3.8b’) are localized only on the C ≡ C
bonds: there are two of these π orbitals in the middle of each triple bond,
but no one around the single bonds. The distribution of the WFs reproduces
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Fig. 3.8. Isosurfaceplots of (a,a’) σ and (b,b’) π WFs, for the cumulene (left) and
polyyne (right) forms of carbyne [Adapted from [132] with permission; Copyright
2004 by the American Physical Society]

the alternation of single-triple bonds in polyyne, otherwise not accessible in
the delocalized Bloch scheme.

Heuristically, we may relate the electrical properties of the chains to the
geometrical properties of the WFs. The symmetric cumulene chain with all
identical bonds presents a metallic behavior. On the contrary, polyyne is a
semiconductor: the relaxation of the carbon-carbon distances into inequiva-
lent alternating bonds induces a Peierls-type distortion, which stabilizes the
structure and generates energy gaps at the edges of the BZ. The metallic
behavior of cumulene is in qualitative agreement with the geometrical prop-
erties of the WF’s. While the σ states (Fig. 3.8a,a’) are centred in the middle
of the C − C bonds for both structures, the π orbitals (Fig. 3.8b,b’), which
stem from the bands near the Fermi level, are centred in the middle of the
bond in polyyne and on top of atoms in cumulene. The displacement of π
Wannier functions from the center of the bonds to the atoms is the expression
of the near-free character (delocalization) of the cumulene electrons, within
a localized basis set picture. This result confirms the suitability of MLWFs
for treating both localized and nearly-free electron systems, and for discrim-
inating non uniform bonding patterns.

Spontaneous Polarization in Boron Nitride Nanotubes

The macroscopic polarization of a dielectric has a well known phenomeno-
logical definition in classical physics, but a microscopic description cannot
be obtained in standard quantum mechanical treatments. The longitudinal
polarization (PL) of a finite material is related to the dipole per unit volume,
and manifests itself when the bulk periodicity is broken, e.g. as a screening
field due to the charge accumulation at the sample surfaces. PL is experi-
mentally accessible but its direct calculation is impractical. The problem lies
in the attempt to calculate the dipole moment for a bulk infinite solid. Since
Born-von-Karman boundary conditions are used to recover the thermody-
namic limit, the dipole moment (i.e., the position operator), which depends
on the truncation of the unitary cell, is ill defined. The so called Modern



100 R.D. Felice et al.

theory of polarization [102,127] gives a rigorous definition of the polarization
in a periodic system: the term accessible from a theoretical point of view is
the variation of the transverse polarization ∆P(λ), that is a gauge-invariant
Berry’s phase of the Bloch orbitals, with respect to two reference states, re-
lated by an adiabatic transformation λ. The transverse polarization has no
relation with the charge density of the sample, and it is related to the measur-
able polarization through the relation ∆P = ε0PL, where ε0 is the dielectric
tensor.

P(λ) can be split into an ionic P(λ)
ion contribution and an electronic P(λ)

el one
[155]. The ionic part P(λ)

ion = e
V

∑
I Z

(λ)
I R

(λ)
I is straightforwardly calculated

from the spatial displacements of the ionic charges ZI . The electronic part is
given by

P(λ)
el = − 2ie

(2π)3
∑

n

∫
BZ

d3k〈ukn|∇2
k|ukn〉 , (3.17)

where ukn is the periodic part of the occupied Bloch states of the system.
The Berry’s phase (modulo 2π) is defined as

φ(λ)
α = VGα · P(λ)

el /e , (3.18)

where V is the volume of the unit cell and Gα is the reciprocal lattice vector
along the α direction. The integrand in (3.17) is the expectation value of
the position operator r, which in turn is related to the definition of the
MLWFs [151]. It turns out that an alternative formulation of the electronic
polarization may be expressed in terms of the center of charge of the Wannier
functions of the occupied bands 〈r〉n (a detailed formulation is given elsewhere
[102,127])

P(λ)
el = −2e

V

∑
n

〈r〉n . (3.19)

The Wannier centers provide an intuitive correspondence with the classical
concept of electron localization, that is used in the classical definition of the
macroscopic polarization.

We illustrate the outlined framework by computing the spontaneous po-
larization in boron nitride nanotubes (BNNTs) [149], which are among the
broad variety of candidates for nano-junctions. Unlike carbon nanotubes
(CNTs), most BN structures are non-centrosymmetric and polar, which may
suggest the existence of a non-zero spontaneous polarization. As mentioned
before, although the transverse polarization P itself is not a physical observ-
able, the difference between two crystal states can indeed be measured and
calculated. In this case we assume as reference states a polar BNNT and a
non polar CNT with the same geometry. The adiabatic transformation is de-
fined by a virtual crystal procedure that uniformly transforms the non polar
CNT into the corresponding BNNT, substituting carbon atoms with boron
and nitrogen atoms [149]. The electronic contribution to the polarization is
given by
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∆P(BN)
el = −2e

V

∑
i

(r(BN)
i − r(C)

i ) , (3.20)

which is directly proportional to the shift of the Wannier centers. The results
for C and BN zigzag nanotubes of arbitrary diameter are reported in Fig. 3.9.
The σ WFs are centered in the middle of C-C bonds in CNTs, while they are
shifted towards the more electronegative cations (N) in BNNTs. However,
since the shifts of the centers from C to BN (black arrows in the Fig. 3.9)
have the same magnitude along each bond, the effects compensate, giving a
zero contribution to the electronic polarization. On the contrary, the π states
are centered on the cations in BNNTs, while they show a characteristic V-
shape in CNTs. The difference between the two states gives rise to a non
vanishing electronic polarization along the axis of the BN nanotubes. Thus,
this real-space description gives a simple but quantitative description of the
electronic part of the spontaneous polarization.

Incidentally, note that the total spontaneous polarization is zero for BN-
NTs, due to an exact cancellation of the ionic and electronic contributions.
The results suggest that, in spite of the different electronegativity of the their
constituents, BNNTs are non-polar nanostructures [149].

Fig. 3.9. Upper panels: Isosurfaces of the σ and π WFs for C (left) and BN (right)
nanotubes. Lower panel : schematic position of the Wannier centers in C and BN
hexagons, and the projections of the π states onto the nanotube axes. The centers
of σ (π) states are represented with circles (squares). See text for further details
[Adapted from [149] with permission; Copyright 2003 by the American Physical
Society]
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Electronic Transport in Nanostructures

We consider the exploitation of the MLWFs as a minimal basis set for the
computation of the ballistic electronic transport in nanostructures [132,150].

The standard approaches to electronic transport in semiconductors are
based on the semiclassical Boltzmann’s theory. The dynamics of the charge
carriers and the response to external fields follow the classical equations of
motion, whereas the scattering events are included in a perturbative ap-
proach, via the quantum mechanical Fermi’s Golden Rule. However, this
semiclassical description is unsuitable for nanodevices where the tiny size
requires a fully quantum mechanical theory [156] for a reliable quantitative
treatment.

The quantum description of the electronic conductance is a complicated
non-equilibrium problem. Here we focus on the ballistic transport regime. In
this case the electronic conduction is characterized by the scattering proper-
ties of the system, i.e. by the probability that a charge carrier might travel
from one lead to the other through a conductor region. This approach neglects
the non-equilibrium effects (e.g., external bias) and the incoherent scattering
processes, such as the electron-phonon or the electron-electron interactions.

The Landauer formalism and some implementations of it are already re-
ported in Chaps. 4–6 of this collection [157–159], and in several basic refer-
ences cited therein. Here, we focus on few principles necessary to introduce
our particular implementation through the MLWFs. Let us consider a system
composed of a conductor, C, connected to two semi-infinite leads7, L and R,
as in Fig. 3.10. The conductance through a region of interacting electrons
(the C region in Fig. 3.10) is related to the scattering properties of the re-
gion itself via the Landauer formula [156], (3.4). The transmission function
can be easily expressed as [160]

Fig. 3.10. Geometry of a typical conductance calculation. The nanodevice is mod-
eled as a nanoconductor (C) that bridges two metallic leads (L and R) (From [132]
by permission; Copyright 2004 by the American Physical Society)

7In the application of the Landauer formula, it is customary to compute the
transmission probability assuming that each lead is connected to a reflection-less
contact whose electron energy distribution is known [156].
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T = Tr(ΓLG
r
CΓRG

a
C) , (3.21)

where G{r,a}
C are the retarded and advanced lattice Green’s functions of the

conductor, and Γ{L,R} are functions that describe the coupling of the con-
ductor to the leads.

The effect of the semi-infinite leads on the conductor can be described
by means of finite-dimension operators known as the self-energies ΣL,R. The
self-energy terms can be viewed as effective Hamiltonians that account for
the coupling of the conductor with the leads. The Green’s function GC and
the coupling functions Γ{L,R} of (3.21) are explicitly obtained from the self-
energies as

GC = (ε−HC −ΣL −ΣR)−1 , (3.22)

Γ{L,R} = i[Σr
{L,R} −Σa

{L,R}] . (3.23)

HC is the Hamiltonian matrix of the conductor, calculated with respect to a
localized real-space basis set.

The expressions for the self-energies can be deduced along the lines traced
by Buongiorno Nardelli [161] using the formalism of principal layers [162] in
the framework of the surface Green’s function matching theory. We obtain

ΣL = H†
LC(ε−HL

00 − (HL
01)

†TL)−1HLC ,

ΣR = HCR(ε−HR
00 −HR

01TR)−1H†
CR ,

(3.24)

where HL,R
nm are the matrix elements of the Hamiltonian between the layer

orbitals of the left and the right leads, respectively, and TL,R and TL,R are
the appropriate transfer matrices, easily computable from the Hamiltonian
matrix elements via an interactive procedure [163].

The only required inputs are the matrix elements of the Hamiltonian,
(e.g. H00 and H01), expanded within a localized-orbital basis. The accuracy
of the results directly depends on two main features: (i) the accuracy in the
description of the electronic structure of the system (an ab-initio scheme is
desirable), and (ii) the condition that principal layers do not couple beyond
nearest neighbors, which means that the basis for the computation of the
Hamiltonian terms in (3.24) is well localized. By choosing the maximally-
localized WFs representation, we devise a scheme that allows us to connect
an accurate first principle description of the ground state through plane-
wave pseudopotential DFT calculations, familiar to the electronic structure
community active in condensed matter physics, to a local picture suitable to
plug into (3.24), thus satisfying the two above requirements8.

8A solution which is alternative to our formulation, and was already imple-
mented by other scientists, relies on computing the ground-state electronic prop-
erties of the system from first principles directly on a localized basis set, such as
atomic orbitals [22, 164] or gaussians [165], instead of plane waves. See also Chaps. 4
and 5 in this book.
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The matrix elements of the Hamiltonian in the MLWF basis may be easily
calculated using the same unitary matrix U (k) obtained in the localization
procedure [151]. By means of the ab-initio energy eigenvalues (ε̃mk), we write
down the Hamiltonian matrix H̃mn(k) = ε̃mkδm,n, which is diagonal in the
basis of the Bloch eigenstates. We calculate the matrix for the rotated states,

H(rot)(k) = (U (k))†H̃mn(k)U (k) . (3.25)

Next, we transform H(rot)(k) into a set of N Bravais lattice vectors R within
a Wigner-Seitz supercell centered around R=0:

H(rot)
mn (R) =

1
N

∑
k

e−ik·RH(rot)
mn (k) = 〈wm0|Ĥ|wnR〉 , (3.26)

where the factor 1
N stems from the folding of the uniform mesh of k-points

in the BZ. Thus, the term with R = 0 gives the on site matrix elements
H00 = 〈wm0|Ĥ|wn0〉, and the term R = 1 gives the coupling matrix elements
H01 = 〈wm0|Ĥ|wn1〉. These matrix elements are the necessary input for the
computation of the quantum conductance. We refer the reader to the original
paper [132] for the detailed description of the mathematical algorithms.

This multi-step method [153] operates as a postprocessing scheme after
ab-initio electronic structure calculations, without introducing external pa-
rameters. For what concerns algorithms, our localized-basis method can be
compared to a tight-binding approach: in both cases the elements of the
Hamiltonian matrix are built up using a few orbitals per site and this drasti-
cally reduces the computational effort in the determination of transport prop-
erties. The employment of semi-empirical methods requires a careful choice
of the parameters, which need to fit the characteristics of the simulated sys-
tem. On the contrary, this approach based on the evaluation of MLWFs may
exploit the transferability properties intrinsic in the ab-initio methods. To
compute the two-terminal conductance one needs, in principle, three sets of
calculations (two sets if the leads are of the same material): a bulk calculation
to describe each of the two infinite leads, and a supercell calculation which
includes the conductor and the interfaces with the leads (the central region
between the two dotted vertical lines in Fig. 3.10). The Hamiltonian matri-
ces HL,R

0,0 and HL,R
0,1 are obtained from the lead bulk calculations; the other

Hamiltonian matrices of (3.24) come instead from the supercell calculation.
The transfer matrix approach defined in (3.22–3.24) requires the matching
between the bulk-like and the supercell sub-systems. To obtain this matching,
it is necessary that the external part of the supercell exactly reproduces the
bulk properties of the leads. Hence: the supercell must be sufficiently thick.

It is worth spending some words to clarify what is the meaning of Wannier
functions for the conductor: as the WFs derive from Bloch states, they are
well defined for periodically repeated systems; on the contrary, in the frame-
work of Fig. 3.10, the conductor is finite. We can deal with the WFs of the
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conductor, because we are treating it in a supercell approach, where periodic
boundary conditions are applied. Indeed, from a mathematical point of view
one can calculate the Bloch functions of the whole supercell and the corre-
sponding Wannier functions are well defined. However, the supercell contains
both the finite conductor and a portion of the connected leads: thus, in prin-
ciple, one obtains the global WFs of the coupled system and not only for
the very conductor. The key point of this scheme is related to the localiza-
tion properties of the MLWFs: in fact, being the MLWFs strongly localized,
it is possible to distinguish between those centered on the conductor and
those centered on the leads. This feature allows us to define the WFs for the
conductor and the leads, and to compute the corresponding elements of the
Hamiltonian matrices.

This kind of approach brings two additional remarkable advantages. First,
the fact that the conductor/lead interfaces are treated in the same supercell
employed for the bridge, assures a detailed description of the contacts from a
microscopic point of view. Second, since WFs are related to chemical bonding,
one can unambiguously recognize a given lead WF from both the bulk lead
and the supercell calculations: they must be identical.

As a prototypical example of a two terminal device, we computed the
quantum conductance for a small zigzag (5,0) carbon nanotube in the pres-
ence of an isolated substitutional silicon defect. The conductor region is a
finite segment of nanotube which contains the defect, while the leads are
simulated by two semi-infinite ideal nanotubes. Figure 3.11a shows the iso-
furfaces of two calculated Wannier functions with a σ character. Far away
from the defect, the WF is symmetric and centered in the middle of the C-C
bond. On the contrary, near the Si atom the electronic orbital is polarized
and mainly localized around the nearest C atoms. The different electronega-
tivity between silicon and carbon favors the localization of electronic states
changing the conduction properties of the system.

Figure 3.11b displays the quantum conductance of the nanotube with
(C(5,0)/Si, solid line) and without (C(5,0), dashed line) the presence of the
defect. The conductance of the ideal (5,0) nanotube shows the typical step-
like shape and a metallic behavior, which is the result of the high curvature
of such a small radius nanotube [166]. Once a single Si defect is introduced,
the system maintains its metallic character but the overall spectrum changes
drastically. We observe a general reduction of the conductance across the
whole energy range, and the distortion of the step-like shape of the pure
nanotube. The appearance of dips, corresponding to the discontinuities in the
original step function, is a characteristic feature of nanotubes with defects
[167]: the backscattering of electrons reduces the quantum conductance.

The multi-step procedure [153] presented in this final section opens the
way to selectively describe the quantum conductance in terms of the relevant
one-electron states that contribute directly to the transport process [132,150].
Furthermore, by taking into account that the MLWFs constitute an analytical



106 R.D. Felice et al.

Fig. 3.11. (a) Isosurface of two σ WFs in a (5,0) carbon nanotube in the presence
of a substitutional Si defect (blue sphere). The polarization of the σ states is due to
the effect of the Si defect. (b) Quantum conductance plots for the (5,0) nanotube
with (solid line) and without (dashed line) the Si defect. The vertical dotted line
marks the Fermi Level [Adapted from [132] with permission; Copyright 2004 by the
American Physical Society]

basis set for the Hilbert space, it is straightforward to extend the concepts
of ballistic transport to more complex physical phenomena. For instance, the
method is suitable for extensions that introduce the effects of short range
electron-electron correlations [168], or for the inclusion of non-equilibrium
effects related to the presence of an external applied bias.
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E. K. U. Gross, X. López, E. San Sebastian, G. Onida, L. Reining, K. Yabana,
Y. Miyamoto, D. Tomanek and Ph. Lambin.

RDF and AC were supported by INFM through the Parallel Computing
Initiative. Additional funding was provided by MIUR-Italy through FIRB-
NOMADE. Computations were done at CINECA, Bologna, Italy. Anna
Garbesi, Elisa Molinari, Marco Buongiorno Nardelli, Carlo Cavazzoni, Nicola
Marzari, and Andrea Ferretti are gratefully acknowledged for collaborations
and discussions.

References

1. A. Szabo and N.S. Ostlund: Modern Quantum Chemistry. Introduction to
Advanced Electronic Structure Theory, (Dover Publications, Mineola NY 1996)

2. T. Helgaker, P. Jørgensen, and J. Olsen: Molecular Electronic-Structure The-
ory, (Wiley, Chechester 2000)

3. J. Šponer, J. Leszczynski, and P. Hobza: Structures and Energies of Hydrogen-
Bonded DNA Base Pairs. A Nonempirical Study with Inclusion of Electron
Correlation, J. Phys. Chem., 100, 1965 (1996)
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Charge Hopping in DNA, J. Phys. Chem., A 106, 7599 (2002)

65. K. Phillips, Z. Dauter, A.I.H. Murchie, D.M.J. Lilley, and B. Luisi: The crystal
structure of a parallel-stranded guanine tetraplex at 0.95 Åresolution, J. Mol.
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