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Change in analytic structure of first-order density matrix as
a functional of electron density due to inter-particle correlation:

a two-electron model example
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Abstract

Density matrix functional theory is currently attracting a good deal of attention because of its potential for quantum chemistry.

Here we focus on the correlated first-order density matrix c(r,r 0), which is known, of course formally in general, to be a functional of

the electron density q(r) = c(r,r). By explicit construction, we show that the functional derivative dc(r1,r2)/dq(r) has its analytical

structure crucially changed by inter-particle correlation in the solvable two-electron spin-compensated ground-state of the model

proposed by Moshinsky in 1968. Here, there is both harmonic confinement to the nucleus of the two electrons with opposed spins,

as well as Hookean inter-particle interaction. Provided one retains harmonic confinement, some more modest progress is possible

for a general inter-particle force law.

� 2004 Published by Elsevier B.V.
1. Introduction and basic model

Very recent theoretical work by Howard and March

[1] has led to an explicit expression for the functional

derivative dq1(r1,r2)/dq(r) of the idempotent Dirac den-

sity matrix q1(r1,r2) with respect to the ground-state den-

sity q(r) = q1(r,r). However, their expression [1] involves

the inverse of the linear response function v0 as well as
the single-particle Green function. As these authors

pointed out, for a single level occupied the result has

the simple form

dq1ðr1; r2Þ
dqðrÞ ¼ 1

2

dðr1 � rÞ
qðr1Þ

q1ðr1; r2Þ þ
1

2

dðr2 � rÞ
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where in this independent-particle case with idempotent

Dirac first-order density matrix one has the explicit for-

mula for q1(r1,r2) as a function of the ground-state den-

sity q(r):

q1ðr1; r2Þ ¼ qðr1Þ1=2qðr2Þ1=2: ð2Þ
Following, for example, the work in [2–4] on density

matrix functional theory, we now consider the same

spin-compensated two-electron case but for a specific

model atom proposed by Moshinsky [5] where the in-

ter-particle interaction is given by the Hooke�s law:
1
2
Kr212, while the external potential confining the elec-

trons is taken to be simply 1
2
r2.

The symmetrical spatial part of the ground-state

wave function, denoted by W(r1,r2), is then

Wðr1; r2Þ ¼ N exp½�kr212 � ðr21 þ r22Þ=2�; ð3Þ
where N is a normalization constant and k ¼
1
4
½ð1þ 2KÞ1=2 � 1� (atomic units are used throughout).
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A considerable merit of this admittedly simplistic model

is that the effect of the inter-particle interaction can be

followed by varying the Hookean constant K. It follows

by an elementary calculation from Eq. (3) that the

electron density q(r) normalized to two electrons is

given by:

qðrÞ ¼ 2
b
p

� �3=2

expð�br2Þ; ð4Þ

while the ground-state energy E has the form

E ¼ 3bþ 3
ða� 1Þ2

a
: ð5Þ

The definitions of b and a appearing in Eqs. (4)

and (5) are such that a ¼ 1
2
½1þ ð1þ 2KÞ1=2� and

b = (2a�1)/a. If we switch off the inter-particle interac-

tion by setting K = 0, we see that a tends to unity. This

result will be employed later.

From the correlated wavefunction (3) we obtain the
(no longer idempotent) spin-less first-order density ma-

trix written as c(r1,r2) to distinguish it from the inde-

pendent-particle Dirac form used above, as

cðr1; r2Þ ¼ 2

Z
Wðr1; r0ÞWðr0; r2Þ dr0: ð6Þ

Introducing the center-of-mass coordinate R ¼ r1þr2
2

in the Moshinsky model as [6]

cðr1; r2Þ ¼ qðRÞð1�a2=ð2a�1ÞÞq
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr21 þ r22Þ=2

q� �a2=ð2a�1Þ

: ð7Þ

One regains the Dirac form (2) for single level occu-

pancy from Eq. (7) when one switches off the inter-par-

ticle interaction by setting a = 1, recourse being made to

the Gaussian form of the density in Eq. (4) with b = 1.

This form (7), as emphasized in [6], shows that, for the
Moshinsky model, the density matrix functional ap-

proach can be reduced exactly to density functional

theory.
2. Results

Our focus below, generalizing the single determinant
study in [1] to the correlated Moshinsky model, is on the

functional derivative dc(r1,r2)/dq(r). It is a fairly straight-
forward matter to calculate this from the exact formula

(7), the result being:

dcðr1; r2Þ
dqðrÞ ¼ 1� a2

2a� 1

� �
qðRÞ�

a2
2a�1q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr21 þ r22Þ

2

r ! a2
2a�1

� dqðRÞ
dqðrÞ þ qðRÞ 1� a2

2a�1

� �

� a2

2a� 1
q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr21 þ r22Þ

2

r ! a2
2a�1

�1

dqðÞ ð8Þ
It is now relevant to add some motivation for Eq. (8).

We note that the Moshinsky atom considered through-

out is characterized most fundamentally by the fact that

the one-body potential of density functional theory is it-

self harmonic, with strength determined, of course, by

the magnitude of the inter-particle interaction. This
characterization is equivalent to the statement that the

ground-state density is of Gaussian form. The proposal

in Eq. (8) depends crucially on the Gaussian density,

plus the related exponential shape of the density matrix.

But dqðRÞ
dqðrÞ entering Eq. (8) is immediately given by d(R�r),

and thus it remains to calculate the functional derivative

in the last term of Eq. (8). Again, to do this, one utilizes

the simplicity of the Gaussian density q(r) in Eq. (4),
which allows one to write the equality

q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr21 þ r22Þ

2

r !
¼ qðr1Þ1=2qðr2Þ1=2 ð9Þ

and hence once can perform the desired functional dif-

ferentiation to find

dq
ffiffiffiffiffiffiffiffiffiffiffi
ðr2

1
þr2Þ
2

q� �
dqðrÞ ¼ 1

2
qðr1Þ�1=2qðr2Þ1=2dðr1 � rÞ

þ 1

2
qðr1Þ1=2qðr2Þ�1=2dðr2 � rÞ: ð10Þ

From Eqs. (8) and (10) the central result of this Letter

follows as

dcðr1; r2Þ
dqðrÞ ¼ 1� a2

2a� 1

� �
qðRÞ�

a2
2a�1q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr21 þ r22Þ

2

r ! a2
2a�1

dðR� rÞ

þ 1

2
qðRÞð1�

a2
2a�1

Þ a2

2a� 1
q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr21 þ r22Þ

2

r ! a2
2a�1

�1

� ½qðr1Þ�1=2qðr2Þ1=2dðr1 � rÞ
þ qðr1Þ1=2qðr2Þ�1=2dðr2 � rÞ�: ð11Þ

One immediate test of Eq. (11) is to set a = 1 corre-
sponding to the non-interacting limit K = 0. Then the

first term on the rhs of Eq. (11) is zero, and one regains

the independent-particle result of Eq. (1) after using Eq.

(2) in this non-interacting example. A further test now,

corresponds to K 6¼ 0, dc(r1,r2)/dq(r) tends to d(r1�r)

in the limit r2!r1, which is another exact limit following

from Eq. (11).

While the two delta functions d(r1�r) and d(r2�r)
enter the analytic structure of both the independent-

particle result of Eq. (1), and the interacting result for

the Moshinsky two-electron model atom, the form of

the first term in Eq. (11), which as already noted tends

to zero as a tends to unity, or equivalently K ! 0, has

a different structure. This is due to the presence of the

delta function term d(R�r). Thus, correlation effects

due to the inter-particle Hookean interaction crucially
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Fig. 1. Plot of the strength of the delta function term d(R�r) displayed analytically in Eq. (11) for r1 ¼
ffiffiffi
3

p
r2 as a function of r2. Upper panel

corresponds to attractive inter-particle interactions whereas the lower panel corresponds to repulsive interactions (see text for details)
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alter the analytic structure of dc(r1,r2)/dq(r) from the

non-interacting result in Eqs. (1) and (2).

We show in Fig. 1 the strength of the delta function

term d(R�r) displayed analytically in Eq. (11). For con-

venience of graphical display we have chosen r1 ¼
ffiffiffi
3

p
r2.

We note that attractive inter-particle interaction corre-
sponds to K > 0 and in the units employed we plot the

strength of d(R�r) for K = 1/2 and 1 in the upper panel

of Fig. 1. As already stressed, the strength reduces to

zero when K! 0. For repulsive interaction correspond-

ing to �1/2<K < 0 we have chosen K = �0.2 and �0.4 in

the lower panel of this Figure.

It would be a simple matter to display graphically the

strengths of the delta functions d(r1�r) and d(r2�r) also
recorded in Eq. (11). Since, however, these strengths are

already non-zero in the independent-particle limit, and

are simply given in Eqs. (1) and (2) we shall omit such

plots and further discussion.
3. Discussion

While these exact results for the two-electron spin-

compensated model atom, and the above conclusion

about the change in analytic structure due to the reten-

tion of non-zero particle interaction, represent the core

of the achievement reported in this Letter, we wish to

note that Holas et al. [7] have introduced a general in-

ter-particle potential u(r12) replacing the Moshinsky

form. Again exploiting the center-of-mass separation,
they expose that the wavefunction of the relative motion
(RM) denoted by WRM in [7], affords a common build-

ing block between the electron density q(r) (their eqn.

(14)) and the correlated first-order density matrix

c(r1,r2) (their eqn. (20)). While we can calculate explicitly

the functional derivative dq(r1)/dW
RM(r) from their re-

sults, we have not to date been successful in combining
it with the more complex task of performing the func-

tional differentiation of their result (their eqn. (20)) for

c(r1,r2) with respect to WRM(r). However, we believe that

this is a direction in which further progress may prove

possible in the future.

From a pure mathematical point of view, the referee

has kindly draw our attention to the fact two possible

ways of relaxing the constraints stressed above in reach-
ing Eq. (8), are to assume either a length scaling or by

asserting a functional dependence on the particle density

of the parameter a. It is encouraging that these general-

izations support out proposal (8) in the sense that both

have the same two limiting behaviors of Eq. (8) shown

above.

Our final comment concerns the question as to future

contact that may prove possible between the functional
derivative dc(r1,r2)/dq(r) considered here and experi-

ment. The quantity rather directly connected with

c(r1,r2) is the momentum density n(p) given by

nðPÞ /
Z

cðr1; r2Þ expðip:ðr1 � r2ÞÞ dr1 dr2: ð12Þ

So, in qualitative terms, the above functional deriva-

tive may be said to relate to a change in momentum den-
sity induced by a change in electron density q(r). Both
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n(p) and q(r) are directly accessible to experiment, the

former by Compton scattering or an e–2e investigation,

while q(r)is amenable to electron or X-ray diffraction.

Comparison of the He atom with other two-electron

positive ions comes to mind, though of course changing

atomic number is hardly a small perturbation on q(r)
until one reaches, says a Xenon positive ion stripped

of all but two electrons. More directly related to the har-

monic confinement assumed in the present Letter would

be quantum dots with two electrons, but all this possible

contact with experiment is very much a matter for the

future.
Acknowledgements

A.R. acknowledges support from the European Com-

munity Research Training Network NANOPHASE

(HPRN-CT-2000-00167), Network of Excellence

NANOQUANTA (NOE 500198-2), Spanish MCyT-

(MAT2001-0946) and the University of the Basque
Country (9/UPV 00206.215-13639/2001). N.H.M.

wishes to thank Prof. P.M. Echenique for generous hos-

pitality during his visit to DIPC in 2004, when the con-

tribution to this study was carried out. Valuable

discussions on the general area embraced by the present

article with Dr. C. Amovilli, Prof. A. Holas and Prof.
I.A. Howard are gratefully acknowledged. Thanks are

due to the referee both for the interest he has displayed

in our proposal in Eq. (8) and for additional construc-

tive comments.
References

[1] I.A. Howard, N.H. March, Phys. Rev. A, 2004 (in press).

[2] S. Goedecker, C.J. Umrigar, Phys. Rev. Lett. 81 (1998) 8661.

[3] A. Holas, Phys. Rev. A 59 (1999) 3454.

[4] J. Cioslowski, M. Buchowiecki, P. Ziesche, J. Chem. Phys. 119

(2003) 11570.

[5] M. Moshinsky, Am. J. Phys. 36 (1968) 52.

[6] N.H. March, Phys. Lett. A 306 (2002) 63.

[7] A. Holas, I.A. Howard, N.H. March, Phys. Lett. A 310 (2003) 451.


	Change in analytic structure of first-order density matrix as a functional of electron density due to inter-particle correlation: a two-electron model example
	Introduction and basic model
	Results
	Discussion
	Acknowledgements
	References


