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Nonlinear photoionization of dielectrics and semiconductors is widely treated in the frames of the
Keldysh theory whose validity is limited to small photon energies compared to the band gap and
relatively low laser intensities. The time-dependent density functional theory (TDDFT) simulations,
which are free of these limitations, enable to gain insight into non-equilibrium dynamics of the
electronic structure. Here we apply the TDDFT to investigate photoionization of silicon crystal
by ultrashort laser pulses in a wide range of laser wavelengths and intensities and compare the
results with predictions of the Keldysh theory. Photoionization rates derived from the simulations
considerably exceed the data obtained with the Keldysh theory within the validity range of the
latter. Possible reasons of the discrepancy are discussed and we provide fundamental data on the
photoionization rates beyond the limits of the Keldysh theory. By investigating the features of the
Stark shift as a function of photon energy and laser field strength, a manifestation of the transient
Wannier-Stark ladder states have been revealed which become blurred with increasing laser field
strength. Finally, it is shown that the TDDFT simulations can potentially provide reliable data on
the electron damping time that is of high importance for large-scale modeling.

The Keldysh photoionization theory for atoms and
solids published in 1964 [1] plays a vital role in interpreta-
tion of ultrafast laser-induced phenomena, the field which
continue to rapidly develop and influence our knowledge
about fundamental processes in physics, chemistry, and
biology. However, its applicability is limited by the re-
quirements of ’sufficiently small’ photon energy compared
to ionization potential (band gap in solids) [1, 2] and not
too strong laser fields [3]. For band-gap solids, the the-
ory [1] enables calculations of the number of electrons
excited from the valence to the conduction bands per
time unit, using a simplified description of the electronic
levels reduced to two bands. This simplification has be-
come commonly employed for qualitative simulations of
laser-induced materials damage [4–6] while experimental
observations indicate that the Keldysh theory can con-
siderably underestimate or overestimate photoionization
rates, depending on irradiation regime and kind of solid
[2, 7, 8]. Direct experimental investigations of multi-
photon inner excitation of band-gap materials was made
possible relatively recently [9–12]. Supported by compar-
isons with experimental data, several modifications of the
Keldysh model for solids were proposed to address dis-
crepancies between experiment and theory [3, 8, 13, 14].

An important feature of the original Keldysh theory
is the dependence of the effective ionization potential for
atoms and the effective band gap energy in the case of
crystals, Ueff, on the laser field intensity [1]. Although
the increase of the Ueff value with intensity was proven
experimentally for atomic gases [15, 16], an eventual in-
crease of the band gap energy in crystals [4, 17] irradi-

ated by linearly polarized light was, to our knowledge,
not observed for bulk materials. Recently, a clear shift
of the energy levels to higher values was found in mono-
layer WS2 [18] under irradiation by circularly polarized
femtosecond laser pulses while a replication of the elec-
tronic levels by laser dressing was well demonstrated in
GaAs [19]. Moreover, recent experimental studies per-
formed for Si and ZnO [20, 21] supported a reduction of
the band gap energy in the laser field. These findings are
consistent with the Keldysh theory where, in the multi-
photonic regime, Ueff increases with the field amplitude
(γ � 1 with γ to be the Keldysh adiabadicity parameter)
whereas in the tunneling regime the contribution of Ueff
fully fades out (γ � 1). Nevertheless, the interpretations
of γ and Ueff remain elusive, particularly for the cases of
the mixed regime (γ ∼ 1).

Keldysh [1] attributed the increase of Ueff to the Stark
effect. As a whole, the Stark shift can transiently af-
fect the band gap energy at high intensities while the
laser dressing may eventually close the band gap, e.g., in
regime when γ � 1 [22]. However, there is no clarity
of the manifestation and interplay of these effects at dif-
ferent irradiation regimes that is of high importance for
predicting the consequences of the action of ultrashort
laser pulses on band-gap materials under the real exper-
imental conditions [4–6]. There is a need to verify the
applicability of the Keldysh theory to bulk materials in
a wide range of the irradiation parameters and to find
ways of determining the photoionization rates beyond its
validity limits and beyond the perturbative regime [23].

In this Letter, we first confront the qualitative insights
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from the Keldysh theory with a Floquet model supported
by the density functional theory (DFT). Then, we per-
form a quantitative comparison of the photoionization
rates obtained in the frames of the Keldysh model and in
the simulations based on first-principles time-dependent
density functional theory (TDDFT) for a wide range of
laser intensities and photon energies for silicon as an ex-
ample. Finally, based on the TDDFT simulations, we
analyse the laser energy absorption and compare it with
predictions of the Drude model. Means to improve accu-
racy of the Drude model for macroscopic description of
materials optical response are discussed.

At the basis of the Keldysh photoionization model,
there is temporal averaging of a Hamiltonian which de-
scribes the interaction of the electromagnetic field with a
two-level system, representing an atom, a molecule or a
solid in a simplified manner [24]. When performing the
temporal averaging of electronic energy levels over one
laser cycle [25, 26], the so-called laser dressing manifests
as a replication of the energy levels spaced by the photon
energy. The discrete set of possible quasi-states appear-
ing transiently in the energy gap is usually referred as
the Wannier-Stark ladder (WSL), the effect which can
be described qualitatively using a Floquet model [27].

Figure 1(a) presents a schematics of the WSL quasi-
energy levels of silicon shifted by the laser field under
the combined action of laser dressing and the optical
Stark effect. The ground-state band structure shown on
the left was calculated using density functional theory
(DFT) (see Supplemental Material [28]). Depending on
the choice of laser polarization, wavelength and inten-
sity, the distances between the quasi-energy levels can
either increase or decrease in presence of the strong op-
tical field as schematically shown on the right part of
Fig. 1(a). Figure 1(b) shows the calculated energies
of the laser dressed states as a function of laser inten-
sity, obtained using the Floquet model for the m = 8
states at the Γ point of Si. Note that the dipolar matrix
elements [27] were computed using the DFT based on
the local-density approximation (LDA). With increasing
laser intensity, the number of replicas, which are associ-
ated with the increasing contribution of the anharmonic
motion of the electrons, also increases [26]. With n = 2
replicas per ground electronic state, the Floquet model
reveals multiple crossings (as well as anti-crossings, see
[29]) of the dressed electronic levels that may be mani-
fested as a transient metallization during the laser pulse
[29]. The latter effect gives birth to important applica-
tions in ultrafast optoelectronics [22, 30, 31].

Let us next consider the results of numerical simu-
lations for silicon irradiated by ultrashort laser pulses,
which have been obtained by solving the Kohn-Sham
(KS) equations using the time-dependent density func-
tional theory (TDDFT) [11, 32]. The laser field was in-
troduced in the form of a time-dependent vector potential
(velocity gauge). The crystal Si <100> is modeled by the

Figure 1. Schematics (a) and realistic simulation (b) of a
transient evolution of band structure in a band-gap solid on
the example of a silicon crystal. The electronic bands ((a),
left) are dressed by the laser field that results in replica bands
at multiples of the driving photon energy (WSL, (a), right).
With increasing laser intensity, a splitting of the electronic
levels is observed and the valence and conduction bands ex-
perience anticrossing (b) at intensity close to 1013 W/cm2

leading to transient metallization. See further details in the
text.

method of ab initio pseudo-potentials [33] (see details in
Supplemental Material [28]) involving periodic boundary
conditions. The band structure calculated based on the
LDA yields the direct band gap for Γ → Γ transition to
be equal to EΓ

g = 2.56 eV [34]. The approach enables to
account directly for the effects of the laser field on the
valence and conduction electrons from first principles, in
particular, at intensities where a perturbative approach
is not applicable [35] and with accounting for a realistic
band structure [12, 36, 37].

Using TDDFT, the number of electrons excited from
the valence to the conduction bands, nexc, was calculated
using [10]

nexc(t) =
1

V


Ntot −

∑

n,n′,k

∣∣∣∣
ˆ

d3r ψ
∗
n′,k(r, t)ψGS

n,k(r)

∣∣∣∣
2

 ,

(1)
where n and n′ are band indices, k indexes the electron
wave-vectors in 3 dimensions, ψGS

n,k(r) are the KS wave-
functions of the ground state, and ψ

∗
n′,k (r, t) are the KS

time- and space-dependent wave-functions, where ∗ indi-
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cates complex conjugation. V is the volume of the simu-
lation box (constant in this work), Ntot is the total num-
ber of electrons in the simulation volume, expressed by

Ntot =
∑

n,k

∣∣∣ψGS
n,k (r)

∣∣∣
2

. The summing is performed over
the occupied states in the valence bands. Note that in the
ground state, before the laser pulse action, the obtained
density of electrons in the conduction bands nexc (t = 0)
is zero. The gauge-related problems associated with the
virtual excitations were avoided by exploiting the simu-
lation results obtained shortly after the end of the laser
irradiation [10]. The KS equation was solved numerically
for a number of laser parameters by varying the photon
energy ~ω and the laser intensity I. Details of the nu-
merical approach are given in the Supplemental Material
[28].

Figure 2 presents the results of TDDFT simulations
for 10, 20 and 30 fs laser pulse durations (a "softened"
top-hat temporal shape, see details in the Supplemental
Material [28]) at the wavelength λ= 3200 nm (~ω = 0.387
eV). The number of photons per electron for crossing the
direct band gap can be estimated as n ∼ EΓ

g /~ω that
is 7 photons at this wavelength. Using the scaling law
nexc ∼ In [38], the slope of the function nexc(I) in Fig.
2(a) can be associated with 5 photons that are needed
to cross the band gap at relatively low intensities in the
range of 2× 1010− 1.5× 1011 W/cm2 (γ & 1) [39]. With
increasing the laser intensity, the simulations are consis-
tent with experimental trends of a decrease of the nexc(I)
slope [38], which can be conventionally fitted with the In
scaling law at lower n numbers. The corresponding in-
tensity ranges with different n are marked in Fig. 2(a)
and shadowed by colors. For each n-range of intensity,
an effective (pulse averaged) multiphoton ionization co-
efficient σn can be estimated using a simplified formula
∂nexc/∂t ≈ nexc(τp)/τp = σnI

n/n~ω where nexc(τp) is
the number of the electrons excited to the conduction
bands by the end of the laser pulse of duration τp. For
τp = 10 fs at λ = 3200 nm, the TDDFT results can be
fitted with σ1 = 2.93 × 106 m−1, σ2 = 2 × 10−10 m/W,
σ3 = 5.25 × 10−26 m3W−2, σ4 = 3.05 × 10−41 m5W−3,
and σ5 = 4.84× 10−56 m7W−4.

Note that in a purely multiphoton regime, the Keldysh
theory predicts increasing n with intensity (see Refs.
[1, 4, 17]) while the total photoionization rate can be
considered as a sum of n-photon processes with different
n [14]. Based on ab initio simulations, we interpret the
reduction of the photon number n necessary for transi-
tion across the band gap as a mutual contribution of laser
dressing of electronic states and tunneling that reduces
the effective band gap during the laser action. At high
intensities when γ < 0.1, the quantity of electrons ex-
cited to the conduction bands saturates to the number
of electrons available for ionizations (4 valence electrons
per atom in Si).

The corresponding excitation rates wTDDFT
PI are com-

pared with the Keldysh theory in Fig. 2(b). In both
approaches, the effective electron mass was taken from
the DFT calculations of Ref. [40] (m∗ = 0.2226me with
me to be the electron mass in vacuum). It should be
stressed that we use here the Keldysh theory for solids
corrected by Gruzdev [8] and referred further as the KG
model (black solid line in Fig. 2(b)). At laser intensi-
ties below 1013 W/cm2, the wTDDFT

PI values are consid-
erably larger than the KG photoionization rates. This is
in line with statements in [2, 8] where it was noticed that
the Keldysh theory may underestimate the photoioniza-
tion rate by order(s) of magnitude. At higher intensi-
ties, in the TDDFT simulations the saturation regime is
achieved, determined by the number of valence electrons
available for ionization. In this regime, the KG rate and
its tunneling limit (dashed line in Fig. 2(b) [41]) ap-
proach and finally exceed wTDDFT

PI .
The results for the original atomic Keldysh theory,

both its analytical expressions and numerical integration,
are also added in Fig. 2(b) (dash-dotted and dotted lines
respectively), obtained for a virtual atom with an effec-
tive ionization potential of 2.56 eV [28]. Surprisingly,
at intensities below 1011 W/cm2, the atomic theory fits
reasonably well the TDDFT results although at higher
intensities it deviates from the ab initio data. Important
is that replacing the saddle-point approximation in the
Keldysh theory by an exact integration has a minor ef-
fect, contrary to a conjecture in [2]. As noted in [42],
further advances of the Keldysh theory of photoinization
for solids can be seen in introducing the realistic band
gap structure. However, the rigorous TDDFT simula-
tions presented here represent a solid alternative, both
from fundamental and practical points of view. As an
illustration, the TDDFT results and their comparisons
with the Keldysh theory are given for λ = 1600 nm and
800 nm in the Supplemental Material [28].

Comparing wKG
PI (I) and wTDDFT

PI (I), one can notice
that the KG model yields oscillations of the multipho-
ton excitation rate with I while the TDDFT-calculated
rates demonstrate rather smooth intensity dependences
(Fig. 2(b)). This difference can also be explained by the
two-band approximation applied in the KG model, while
the TDDFT accounts for multiple bands. We note that
the zeros of nth order Bessel function correspond to a
regular suppression of the effective transition probability
called dynamical localization or destruction of tunneling
[43, 44]. In a two-band model, this effect manifests itself
as a swift decrease of the excitation rate at certain in-
tensities, whereas in the case of a multiband description,
the Bourget theorem secures that only a single transition
may be simultaneously disabled. As a result, the func-
tions wPI(I) provided by the TDDFT multiband simula-
tions are smoother than those obtained in the frames of
the KG model.

An important comment should be made on the excita-
tion rates derived from the TDDFT simulations and cal-
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Figure 2. Density of electrons excited to the conduction bands nexc by the end of the laser pulse (a) and the excitation rates
wPI (b) as a function of the laser intensity in the bulk of silicon irradiated at λ = 3200 nm. By dots, the results of the TDDFT
simulations based on the LDA functional are presented for laser pulses of a top-hat temporal shape with durations of 10, 20
and 30 fs. In (b), the results of the KG model (wKG

PI , black solid line) and the tunneling limit (wtunnel
PI , black dashed line) are

added for comparison. Also for illustration, the data according to the analytical expression for the excitation rate for atoms
[1], wat-anal

PI , and a more exact numerical calculations of integrals of the Keldysh theory wat-num
PI are shown (see Supplemental

Material [28]).

culated by the Keldysh theory for the saturation regime.
In the Keldysh approach, the ionization rate is calcu-
lated by averaging the probability over many laser cycles.
In our ab-initio numerical calculations, electron excita-
tion follows the instantaneous laser field and, hence, it
is strongly varying during the period of the electromag-
netic wave. Furthermore, valence electrons, which are
pushed out to the conduction bands at the first part of
the laser pulse, can partially return back to the valence
bands when the electric field of the wave changes direc-
tion [30, 45]. Our estimations of the excitation rates given
in Fig. 2(b) for three pulse durations correspond aver-
aging over one, two, and three laser periods (note that
one period for λ = 3200 nm is ∼ 10.7 fs). Thus, in the
saturation regime when all or almost all valence electrons
are excited to the conduction bands already during the
first cycle, the wTDDFT

PI value at 10 fs looks to be more
reliable although the excitation rates for all three pulse
durations give the same result, transfer of all valence elec-
trons to the conduction bands (Fig. 2(a)). Note that the
KG model does not account for decreasing the number of
valence electrons available for excitation into the conduc-
tion bands at high intensities and its direct use can lead
to unphysically large number of electrons in the conduc-
tion bands (Fig. 2(b)). When a considerable fraction of

valence electrons has been transferred to the conduction
bands by the front part of the laser pulse, the excitation
rate in the trailing edge of the pulse should naturally be
decreasing by the dynamic factor (1−nexcV/Ntot) (in our
notations; see, e.g., [46]). Further still, the validity range
of the KG theory is limited to single ionization per atom
while the TDDFT simulations are not subjected to this
limitation.

Analysis of the TDDFT-calculated excitation rates as
a function of the photon energy provides insights into
the WSL and the Stark shift in bulk crystals. Figure 3
presents the comparison of the excitation rates wPI cal-
culated by the KG model (Fig. 3(a)) and by the TDDFT
(Fig. 3(b)) for the Γ→ Γ transition in Si. The data are
given for the electric field amplitudes E of the electro-
magnetic wave from 0.5 V/nm to 5 V/nm (curves from
bottom to top). The corresponding intensity range is
3.32×1010 − 3.32 × 1012 W/cm2 with the maximum in-
tensity close to the saturation regime for λ = 3200 nm
(Fig. 2(a)).

At low electric fields, both the Keldysh formula and the
TDDFT simulations reveal regular drops of the electron
excitation at the photon energies close to resonances of
the band gap at rest (marked by dashed vertical lines
at EΓ

g /n with n = {2, 3, 4, 5, 6} in Fig. 3). For each n
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Figure 3. Excitation rates wPI as a function of photon energy
for E = 0.5, 0.75, 1.0, 1.5, 2, 3, 4, 5 V/nm (curves from
bottom to top), which correspond to I = 0.03, 0.08, 0.13,
0.3, 0.53, 1.2, 2.1, 3.3 TW/cm2, calculated using (a) the KG
model [8] and (b) the TDDFT (LDA functional, band gap of
Si is 2.56 eV, pulse duration τ = 20 fs). nPA stands for “n
photon absorption” where n is an integer. The inset in (a)
demonstrates the behaviour of the excitation rates when the
Stark shift in the KG theory is disregarded.

value in Fig. 3(a), the minima at different curves are
connected by grey solid lines, indicating the Stark shift
effect with increasing laser field strength (compare with
inset in the figure where the Stark shift in the KG theory
was disregarded). These grey lines are replicated to Fig.
3(b) to lead eyes, showing a similar Stark shift in TDDFT
simulations. However, the TDDFT minima sometimes
fall beyond the resonant photon energy (e.g. the minima
seen between 3PA and 4PA in Fig. 3(b)).

Another qualitative difference between wKG
PI (~ω) and

wTDDFT
PI (~ω) can be admitted for IR spectral range at

Figure 4. Energy absorbed by electrons as a function of pho-
ton energy for the laser field amplitudes of E = 0.5, 0.75, 1.0,
1.5, 2, 3, 4, 5 V/nm (curves from bottom to top) obtained in
the TDDFT simulations (solid lines), and using a macroscopic
Drude model for the densities of the excited electrons calcu-
lated by the TDDFT (dashed lines). The energy is given per
one atom of silicon crystal. All calculations were performed
for the top-hat temporal shape of laser pulses with duration
of 20 fs.

high excitation fields. In the TDDFT simulations the res-
onance drops are vanishing with increasing laser intensity
(Fig. 3(b)). This is explained by a gradual transition to
the tunneling ionization regime. In addition, as noticed
above, the KG model does not account for decreasing the
number of valence electrons available for excitation into
the conduction bands at high intensities that should con-
tribute to vanishing the wPI resonances. We also note
that coupling between moving charges in the valence and
conduction bands [47, 48] can influence the excitation.
The latter effect is not included in the Keldysh theory
but can be captured by other approaches [49].

In pump-probe and angle-resolved photo-emission ex-
periments [19, 50], the possibility to observe the effects of
quasi-energy levels (the WSL) in bulk band-gap crystals
was recently proven. Here, based on the TDDFT sim-
ulations of the laser energy absorbed by electrons (see
solid lines in Fig. 4 and Supplemental Material [28]), we
anticipate a possibility to directly observe the WSL by
measuring the change in time-integrated optical trans-
mission when accurately tuning the pump laser wave-
length, preferably in the IR spectral range. Another fun-
damental aspect, which is of high importance for multi-
physics large-scale modeling of the interaction of ultra-
short laser pulses with band-gap materials, is an adequate
description of dynamically changing reflectivity and ab-
sorptivity, which are usually treated in the frames of the
Drude model [51]. The TDDFT simulations give an ex-
cellent opportunity to verify on how accurate can be this
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simplest optical theory based on the classical equations
of electron motion in an optical electric field.

The TDDFT and the Drude model have been com-
pared based on calculations of the laser energy absorp-
tion at a wide range of laser parameters (Fig. 4). For this
aim, the TDDFT-calculated density of the laser-excited
electrons nTDDFT

exc was introduced into the Drude formal-
ism coupled with the energy balance equation for the
electrons absorbing laser radiation. The latter was in-
tegrated for 20-fs laser pulses of the same shape as in
the TDDFT simulations (see details in the Supplemental
Material [28]). By employing a Drude damping time of
τD = 6 fs for all tested wavelengths and field strengths,
it is possible to obtain a reasonable agreement with the
TDDFT results (Fig. 4). A discrepancy between the
Drude model and the TDDFT becomes pronounced for
longer wavelengths and stronger optical fields. This can
be attributed to the fact that τD is dependent on the
density of electrons, their energy, and laser wavelength
[51, 52]. Thus, the TDDFT simulations can provide a
possibility to derive the τD values for a wide range of
laser irradiation conditions and for different materials.

In conclusion, based on the TDDFT simulations we
have investigated photoionization of crystalline silicon by
ultrashort laser pulses in a wide range of laser intensi-
ties and for photon energies from UV to mid-IR spectral
range. The excitation rates have been derived and com-
pared with the Keldysh theory [1]. The photoionization
rates obtained within the the Keldysh approach in its va-
lidity range are smaller by more than order of magnitude
as compared with the TDDFT simulation results that is
in agreement with previous observations [2, 8] that can be
attributed to several factors, including simplification of
the band structure [42]. We anticipate that the TDDFT
predicts well the photoionization process both within and
beyond the limits of applicability of the Keldysh formal-
ism. The excitation rates obtained in the first principle
simulations represent valuable fundamental and practi-
cal information and, being tabulated in a wide range of
the irradiation parameters, can be directly used in mul-
tiphysics large-scale models, such as laser beam propaga-
tion in band-gap materials [53–55].

By calculating the non-linear absorption as a function
of photon energy for the Si crystal, we observed the quasi-
energy levels known as the Wannier-Stark ladder. The
energy of these laser-dressed states are shifted by the
Stark effect at high optical field strengths. With further
increasing field strength, these levels become less pro-
nounced and finally disappear in the TDDFT simulation
results. Finally, we have verified the Drude model based
on laser energy absorption calculated in the frames of
the TDDFT and a simplified energy balance equation,
thus showing that the TDDFT simulations can poten-
tially provide reliable data on the electron damping time
as a function of density and energy of electrons and laser
wavelength.

It should be underlined that the results of the present
work refer to pure photoionization-related processes in
spatially homogeneous optical fields (dipolar approxima-
tion) which are not masked by electron-phonon coupling.
For longer pulse durations than used here, the role of
phonons becomes important, leading to indirect transi-
tions, which are not accounted for in the present simula-
tions. Furthermore, at longer timescales, lattice desta-
bilization, non-thermal melting, Auger recombination,
transport of hot quasi-free charge carries and electron en-
ergy relaxation are important for silicon and other semi-
conductors [45, 51, 52, 56, 57], which are beyond the
scope of this paper.
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I. DETAILS OF THE NUMERICAL APPROACH

A. Time-dependent Kohn-Sham equation

The electrons in the crystal are modeled using the
Kohn-Sham (KS) auxiliary system that provides a one-
to-one correspondence of the total electron density
ne (r, t) of the N non-interacting electrons with the elec-
tron density of the many-body problem [1, 2]. We solve
the time-dependent KS equations for the diamond struc-
ture of Si crystal along with applying periodic boundary
conditions in all directions. The dynamics of the N elec-
trons in the crystal is described by solving a set of N KS
equations, expressed by [3]

[(
− i~

2me
∇r +

|e|
c
A (t)

)2

+ v̂ion (r) + v̂H [ne (r, t)] (r) +

(1)

+v̂xc [ne (r, t)] (r)]× ψn,k (r, t) = i~
∂

∂t
ψn,k (r, t)

where ∇r describes the real-space gradient operator, ~
is the reduced Planck constant, me is the bare electron
mass, |e| is the elementary charge, and c is the light ve-
locity in vacuum. Note that the non-local contribution of
the pseudo-potential to the external potential has been
omitted for simplicity. v̂ion is the ionic potential, v̂H is the
Hartree potential, ne (r, t) is the total density of electrons
(i.e., all electrons in the valence and conduction bands)
at the position r and instant t, and v̂xc is the exchange-
correlation potential. ψn,k (r, t) is the time-dependent
KS wave-function of an electron located in a band n with
a wave-vector k. The external vector field A (t) is intro-
duced in the velocity gauge and is taken homogeneous in
the simulation volume (dipolar approximation, see Ref.
[4]). The ground-state KS wave-function ψGS

n,k (r) is ob-
tained by solving self-consistently the static KS equations
[4]. The ground state band structure is given by the en-
ergy representation of the eigenvalues εn,k as a function
of k taken along the path of high-symmetry points for Si
crystal.

B. Calculations of the excited electron density

The excited electron density nexc (r, t) evolving in the
conduction bands can be evaluated by a projection of
the occupied time-evolved KS orbitals ψn′,k (r, t) on the
ground state KS orbitals ψGS

n,k (r) expressed by [5, 6]

nexc(t) =
1

V


Ntot −

occ.∑

n,n′,k

∣∣∣∣
∫
d3r ψ

∗
n′,k(r, t)ψGS

n,k(r)

∣∣∣∣
2

 .

(2)

V is the volume of the simulation box (constant in this
work). Ntot is the total number of electrons in the

simulation box, expressed by Ntot =
∑
n,k

∣∣∣ψGS
n,k (r)

∣∣∣
2

.
Note that initially electrons are absent in the conduction
bands.

C. TDDFT calculations of the excitation rates wPI

To avoid the gauge-dependence during the laser pulse,
we use the results obtained by the end of the laser pulse of
duration τp, and define a pulse-averaged excitation rate
wTDDFT
PI based on the density of excited electrons, ex-

pressed via

wTDDFT
PI =

nexc (t = τp)− nexc (t = 0)

τp
. (3)

nexc (t = 0) = 0 in our case.

D. Numerical details

The presented computation results were obtained for
a bulk Si sample. We employed the primitive cell of
Si composed of two atoms with an experimental lattice
constant, a0 = 5.431 Å. Non-orthogonal periodic bound-
ary conditions in all directions were used to describe the
bulk crystal. Calculations of the ground state Si were
performed using a real-space discretization (with grid
spacing of 0.227 Å) and converged using the local den-
sity approximation (LDA) for the exchange-correlation
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functional. Several TDDFT calculations were performed
using a more accurate but computationally demanding
TB09 meta-generalized gradient approximation for the
functional [7]. Assessment of the validity of the LDA and
TB09 functionals to describe the transient properties of
Si is provided in Refs. [8–13]. All calculations were car-
ried out using the open source code Octopus [14–16]. The
modeling of induced fields was disabled. The atomic po-
tential of Si is modeled using a norm-conserving pseudo-
potential [17]. The k-grid was refined until reaching a
constant quantity of excited electrons. The convergence
was reached with using a 24×24×24 grid in the k-space.
The integration of the KS equation was performed using
the enforced time-reversal symmetry (ETRS) algorithm
[18]. The time step was reduced until convergence of
the excited electron density below 1% variation achieved
with a time step of 6.8 attoseconds for both functionals.
Note that, upon using the TB09 functional, the temporal
integration was performed based on predictor-corrector
method [13]. The TB09-based TDDFT results do not
considerably differ from those obtained based on the LDA
potential. However, further investigations are needed in
this direction.

E. Introducing laser pulses with a top-hat
temporal profile

The electric field of the laser pulse is introduced in the
KS equation using the dipolar approximation [4]. As a
consequence, the time-dependent laser field is homoge-
neous inside the simulation cell. The vector potential
A (t) is linked with the electric field E (t) via

A (t) = −c
∫ t

−∞
E (t′) dt′. (4)

If to approximate this integral using the slowly varying
envelope approximation, the following relation can be ob-
tained A (t) ∼ icE(t)/ω.

We are interested in the excitation rate of the elec-
trons transferred from the valence bands to the conduc-
tion bands. In order to provide this value on a similar
basis as in the Keldysh theory where the ionization rate
is averaged over laser cycles in a constant-amplitude field
[19], we introduce a “softened” top-hat (STH) laser pulse
of a duration τp. The main part of STH pulse represents
a plateau of the duration τp with rising and decay phases,
both of the duration of τr, which are short compared with
τp. The pulse is expressed as:

E (t) = E0 cos (ωt+ φ)× (5)

×





sin2

[
π(t+τp/2+τr)

2τr

]
, − τp

2
− τr ≤ t ≤ − τp2

sin2

[
π(t−τp/2)

2τr

]
,

τp
2
≤ t ≤ τp

2
+ τr

1, |t| < τp
2

0 |t| ≥ τp
2
+ τr.

(6)

The laser frequency is given by ω = 2πc/λ and φ is the
carrier envelope phase (CEP), which was set to 0.

The rising time τr for the STH pulses is used here
to avoid a temporal discontinuity in the field amplitude
when the laser pulse starts and terminates. The τr value
was optimized to obtain the minimum final excited elec-
tron density. This optimum was reached for τr = 4π/ω.

II. DETAILS OF THE ANALYTICAL MODELS

A. Keldysh-Gruzdev excitation model for crystals

To calculate the number of excited electrons, several
theories of electron excitation for solids were proposed
[20]. Gulley et al. summarized the Keldysh theory with-
out amending modifications [21–24], whereas corrections
were proposed by Gruzdev et al. [25–28], to account for
spin degeneracy. More recently, McDonald et al. [29, 30]
have used a model based on semiconductor Bloch equa-
tions [31] to further study the effect of band dispersion
in electron excitation where not only the envelope of the
pulse but also the phase of the laser pulse can be ac-
counted for.

In this Section the analytical model is detailed, which
was used to calculate the wKG

PI values which are shown in
Figs. 2–3 of the main manuscript. The Kane band struc-
ture, which is applicable for narrow band gap materials
[27], is considered in this model. In the general form,
the nonlinear photoionization rate wPI(I) in a constant-
amplitude field is expressed as

∂nexc(I)

∂t
= wPI(I). (7)

According to the Keldysh-Gruzdev excitation model, the
photoionization rates are expressed as

wKG
PI (I) = 2× 2ω

9π

(
m∗ω
~F1

) 3
2

F0× (8)

exp

(
−π
⌈
Ueff

~ω
+ 1

⌉
× K̂ (F1)− Ê (F1)

Ê (F2)

)

with

F0 =

√
π

2K̂ (F2)

∞∑

n=0


exp


−

πn
[
K̂ (F1)− Ê (F1)

]

Ê (F2)


×

(9)

×G
(
π

√⌈
Ueff
~ω + 1

⌉
− Ueff

~ω + n

2× K̂ (F2)× Ê (F2)

)]
.

Here m∗ = 0.2226me is the electron effective mass with
me to be the electron mass in vacuum [32]; n = dUeff/~ωe
is the number of photons per electron for overcoming the
effective potential barrier. Expression (9) employs the
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Dawson integralG (z) =
∫ z

0
dy ey

2−z2 , which is calculated
numerically. K̂ (x) and Ê (x) are the complete elliptic
integrals of the first and second kind respectively, which
have the forms K̂ (x) =

∫ π/2
0

[
1− x2 sin2 θ

]−1/2
dθ and

Ê (x) =
∫ π/2

0

√
1− x2 sin2 θdθ. The effective ionization

potential Ueff accounts for the energy shift induced by
the Stark effect that can be written as Ueff =

2Eg

πF1
Ê (F2).

F1 and F2 are the functions of the adiabaticity parameter
γ: F1 = γ/

√
1 + γ2, F2 = F1/γ. The γ value is given by

γ =
ω
√
m∗Eg

eEpeak
=
ω
√
m∗Eg

e
√

2Ipeak
cε0

. (10)

It characterizes irradiation regimes via the peak intensity
Ipeak or the electric field amplitude Epeak. When γ �
1, the electron excitation from the valence band to the
conduction band occurs via tunneling ionization whereas
γ � 1 corresponds to multiphoton ionization. For γ � 1,
the Keldysh model for crystals describes the tunneling
mechanism of photoionization in the form

wtun
PI =

2

9π2

Eg
~

(
m∗Eg
~2

)3/2
(

e~Epeak

(m∗)1/2E
3/2
g

)5/2

(11)

× exp

[
−π

2

(m∗)1/2E
3/2
g

e~Epeak

(
1− 1

8

m∗ω2Eg
e2E2

peak

)]
,

where Eg is the bare band gap energy [27]. Note that this
formula is not applicable at low fields where ionization is
governed by the multiphoton mechanism [33].

B. Keldysh ionization model for atomic gases:
analytical and numerical integration

In this section, the formulas of the Keldysh theory
for ionization of an atomic gas are provided. We have
employed the analytical atomic Keldysh model given by
Eqs. (16)-(18) from Ref. [19] to compare this theory with
both the TDDFT and the Keldysh theory for excitation
of band gap solids (see Fig. 2 of the main manuscript):

wat
PI = ρ× ω

√
2Eg
~ω

(
γ√

1 + γ2

)3/2

S

(
γ,
Ueff

~ω

)
× (12)

× exp

[
−2Ueff

~ω
arcsinh (γ)− γ

√
1 + γ2

1 + 2γ2

]
,

where

S (γ, x) =

∞∑

n=0

exp [(−2 dx+ 1e − x+ n)×

×
(
arcsinh (γ)− γ√

1 + γ2

)]
×

×G
(

2γ√
1 + γ2

√
dx+ 1e − x+ n

)
.

The Dawson integral G (z) is given in Section IIA.
Numerical integration. We use an estimative adapta-

tion of material photoionization based on the Keldysh
theory for atoms [19]. For this aim, we consider a vir-
tual hydrogen-like atom with the energy of its ground
state equal to the material band gap, EΓ

g = 2.56 eV
[12]. The electron of the atom has mass m∗, which is
taken to be the same as in both the Keldysh theory for
band gap solids (Eqs. (7)-(9)) and the TDDFT simula-
tions. This gives formulas for the ionization probability
of atoms analogous to Ref. [19]. Note that the ionization
rate (Eq. (12)) is multiplied by the atomic density of the
solid ρ (silicon in our case) to express the rate in m−3s−1.

When solving Eq. (12), we calculated the integrals nu-
merically instead of using the saddle-point method. The
integrals have the following form

P =
ω

2π

∫ 2π/ω

0

dt F (t) eiη(t).

To calculate the integrals, a fine temporal grid tk = k×τ
(k = 0, ..., Nt; τ = 2π

Ntω
) was used. Within the time seg-

ments tk−1 < t < tk+1, the function F is approximated
by the polynomial

F (t) = Fk +
Fk+1 − Fk−1

2τ
(t− tk)+

+
Fk+1 − 2Fk + Fk−1

2τ2
(t− tk)

2

For η, the linear expansion is used, η = ηk + vk (t− tk)
with vk = ηk+1−ηk−1

2τ . Consequently, we have

P ' ω

2π

Nt−1∑

k=1

eiηk
∫ τ

−τ
dσeivkσ

[
Fk +

Fk+1 − Fk−1

2τ
σ+

+
Fk+1 − 2Fk + Fk−1

2τ2
σ2

]
.

Such calculations of integrals are time-efficient and suf-
ficiently precise, provided that the time step τ is much
smaller than the laser cycle.

III. THE TDDFT RESULTS FOR DIFFERENT
WAVELENGTHS; FITTING OF THE KG MODEL

According to our TDDFT simulations, the first princi-
ples approach yields photoionization rates, which are at
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least an order of magnitude higher as compared to the
Keldysh theory for solids. This has systematically been
studied at different laser wavelengths, see Figs. 1–3. We
remind that, in our study, the fields induced by the move-
ment of charges in the time-propagation of KS orbitals
were disregarded (Eq. (1)). Under this assumption, the
laser pulse inside a bulk material is compressed with the
intensity multiplied by the material refractive index and
it should be the same both in TDDFT simulations and in
the Keldysh formulas. However, the TDDFT approach
includes several important factors, which are absent in
the Keldysh theory and thus can be responsible for the
observed discrepancy.

One of the most important factors is the realistic
bandgap structure introduced in the TDDFT, which is
dynamically varying upon electron excitation into the
conduction bands with corresponding distortion of inter-
atomic potential. As a result, the electron wave functions
are subjected to the action of the field of the laser wave
superimposed with the dynamic interatomic field. One
can anticipate that the local field acting on the electronic
component of the crystal is enhanced similarly to predic-
tions of Gaier et al. [34] while not necessarily in a fluc-
tuation manner. Another factor, also connected with the
dynamic band structure, is the so-called laser dressing
of the electronic states or, by other words, appearance
of transient quasi-states usually referred as the Wannier-
Stark ladder [35]. We can also mention the Abraham-
Minkowski problem [36] connected with the momentum
of photons inside material, which still calls for investiga-
tions. Although this goes beyond the scope of the present
study, a particular attention on the role of induced fields
in the conservation of the momentum at interfaces is en-
visioned [6].

Figures 2(b) and 3(b) show that the KG model under-
estimates the results of the TDDFT simulations where
the band structure is more realistic and laser dressing is
naturally addressed. Interesting is to find a factor ζ of
"laser field amplification", E → ζE, at which the KG
model would fit the TDDFT results. We have performed
this procedure for different wavelengths and the results
are presented in Figs. 1(b), 2(c), and 3(c) respectively for
3200, 1600, and 800 nm for both the KG model and its
tunneling limit. By choosing the ζ value, it was surpris-
ingly found that the accurate enough fits were achieved
at ζ =

√
n(λ) where n is the refractive index at the cor-

responding wavelength λ. It is not clear yet if it is a pure
coincidence or it hides a physical cause. Also interesting
is that for all studied wavelengths the atomic Keldysh
theory applied for our virtual atom agrees reasonably
with the TDDFT simulation results at low intensities (in
the multiphoton regime, see Figs. 1–3).

Figure 1. (a) Comparison of photoionization rates as a func-
tion of laser intensity inside silicon crystal obtained in the
TDDFT simulations, wTDDFT

PI , after the laser pulse termina-
tion (τp = 30 fs, λ = 3200 nm) with the analytical theories:
the KG ionization rate wKG

PI , the tunneling ionization rate,
wtunnel

PI , and the Keldysh photoionization rates for a virtual
atom (Eq. (12), see text) obtained using the saddle-point
method, wat-anal

PI , and with numerically calculated integrals,
wat-num

PI . (b) The same as in (a) but with fitting the KG and
tunneling rates to the TDDFT results using normalization of
the laser field in the KG formulas using the factor ζ =

√
n(λ)

(see text).

IV. LASER DRESSING, EFFECT OF RABI
OSCILLATIONS AND THE ROLE OF BESSEL
FUNCTIONS IN STRONG FIELD EXCITATION

During laser action, response of a bandgap material to
irradiation can be described by shifting the energy levels
of the band structure as compared with the ground state
structure [37, 38]. This shift is known as laser dressing
and it originates from the coupling of laser light to the
electrons, which lasts the time of the laser illumination.
As a result of the light-induced periodic electron motion,
the dressed band structure does not represent anymore
purely electronic states. Instead, the dressed energy lev-
els are considered as quasi-particles named polaritons.
This vision is not new and it was already employed in a
number of formalisms, e.g., already in the Keldysh the-
ory [19], in atomic physics [39] and in the non-equilibrium
solid state physics [40, 41]. Laser dressing may lead to
ultrafast transient metallization [42, 43], a phenomenon
that has enabled the development of novel applications
in ultrafast optoelectronics [44].

As stated in [42], a qualitative description of the laser
dressing effect is possible from the knowledge of the elec-
tronic ground state. We underline that the approach em-
ployed here is based on a simplified model Hamiltonian.
In particular, the importance of the term scaling in A2

in the employed Hamiltonian, which is disregarded in our
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Figure 2. The data for 1600 nm wavelength. (a) Electron density in the conduction bands after laser pulse termination (τp =
30 fs). Lines fitting the computed σn values are indicated. (b) and (c) are the same as in Figs. 1(a) and 1(b) respectively for
another wavelength.

Figure 3. The same as in Fig. 2 for 800 nm wavelength.

approach, was investigated in a series of recent publica-
tions [41, 45]. Also the dipolar matrix elements should be
affected by intense laser fields, a phenomenon that is not
described in the simplified method we have employed to
prepare Fig. 1 of the main manuscript, which therefore
should be considered as a contextual illustration.

In Fig. 3(a,b) of the main manuscript, the minima
of the excitation rates wKGPI (~ω) provided by the KG
theory are outlined by grey lines. These reductions of
wPI(~ω) are pronounced in the Keldysh theory and are
also visible in the TDDFT simulation results, though
mildly. In literature, the origin of such reductions of
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the amplitude probability wPI(~ω) was attributed to the
suppression of tunneling [46–48] (equivalently, these are
described in the real-space as Wannier-Stark localization
[35, 49, 50]). The tunneling drop interpretation can be
illustrated by an analytical solution constructed from a
simplified Hamiltonian model describing the effect of the
laser field on the conduction electronic subsystem [46–
48]. Using a rigid band viewpoint, a series of the Bessel
functions of n-th order appear in the corresponding ana-
lytical solution as a multiplicative term for each replica-
tion order n [46–48]. Since the Bessel function is inside
the sum of possible wave-functions, an eventual suppres-
sion of interband transitions depends on the number of
available electronic levels.

In a two-band description as in the Keldysh theory,
suppression of the transition from one band to the other
may take place when the Rabi frequency is twice the laser
photon frequency [46–48]

Jn

(
2ΩRabi

ωlaser

)
= 0. (13)

However, when several electronic energy levels are avail-
able, a simultaneous suppression of all possible transi-
tions (a transition is denoted by its dipolar matrix ele-
ment di→j) may not be feasible. Assuming that the total
transition probability can be reasonably described by a
series of Bessel functions in the physical reality, the Le
Bourget theorem [51] suggests that only one transition
could be possibly disabled for a given set of laser param-
eters (electric field of the wave, wavelength). This math-
ematical argument provides a physical explanation for
rather smooth reduction of total transition probability
wPI observed in multiband description such as TDDFT
(Fig. 3(b)) while a two-band description such as the
Keldysh model reveals a clear suppression of transitions
at given resonant frequencies [Fig. 3(a)]. Then, since the
Rabi frequency is proportional to ΩRabi ∝ E · di,j (E is
the field amplitude), Eq. (13) can be rewritten as

Jn

(
2E · di,j
~ω2

)
= 0 (14)

where Jn (x) denotes the Bessel function of n-th order.
The dipolar transition matrix elements di,j = 〈ψi|r̂|ψj〉
were obtained from the DFT computation. Figure 4 de-
picts the value of the dipolar matrix elements for Si in
atomic units. The elements indexed from 0 to 3 corre-
spond to the valence band states, the rest correspond
to the conduction states. Since the description of the
Hamiltonian is hermitian, the matrix elements are sym-
metric above and below the matrix diagonal, evidencing
the equivalent transition probabilities for excitation and
recombination in the linear regime. Knowing the nodes
of the Bessel functions of n-th order, an illustrative map-
ping of the transition to be selectively disabled can be
provided (Fig. 5).
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Figure 4. The values of the dipolar matrix elements log10 di,j
obtained from the ground state of Si crystal (space group 227)
via calculations using the LDA functional.

Figure 5. Selective transition removal as a function of the
laser parameters (E, ~ω) [E: field amplitude, ~ω is the photon
energy] for the transitions of zero-th order (n = 0).

V. SIMPLIFIED MODEL OF LASER ENERGY
ABSORPTION

Energy absorbed by electrons. The energy ξTDDFT
el (t)

absorbed by the electrons is calculated as the differ-
ence between time-dependent electron energy eTDDFT

el (t)
and the ground state energy ξTDDFT

el (t) = eTDDFT
el (t) −

eTDDFT
el (t = 0). To calculate the total energy of electrons
eTDDFT
el (t), the formula given in the Appendix H of Ref.
[52] was used (it is also given in Chapter 5 of Ref. [4]).
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Electron excess energy. The energy density de (r, t)
introduced into the sample by the laser at each time in-
terval dt can be expressed using the total current density
j (r, t) and the laser electric field E (r, t) as

de (r, t)

dt
= j (r, t) ·E (r, t)︸ ︷︷ ︸

total absorption (inter+intra)

. (15)

Usually the total current is separated to contributions
from the polarization (originating from interband tran-
sitions) and the free carrier current jfree (t) related to
intraband processes. The dynamics of the absorbed en-
ergy density e (r, t) can be described as

de (r, t)

dt
' n~ω × wPI (r, t)︸ ︷︷ ︸

interband absorption

+ (16)

+ jfree (r, t) ·E (r, t)︸ ︷︷ ︸
intraband absorption

,

where wPI (r, t) is the instantaneous photoionization rate
and n =

⌈
Egap
~ω

⌉
is the number of photons that are re-

quired to overcome the bare band gap energy Egap using
the electric field of the laser wave at frequency ω. In order
to compare with the total energy, calculated by solving
the KS equation (Eq. 1), we integrate Eq. (16) over time
in a volume V as

ξel (t) =

∫

V

d3r e (r, t) '
∫

V

d3r n~ω × nexc (r, t) +

(17)

+

∫

V

d3r

∫ t

0

dt′ jfree (r, t′) ·E (r, t′) .

The density nexc is calculated by Eq. (2). Using the
dipolar approximation for the external field, we obtain
the energy ξel received by electrons from the laser field,
which is defined as

ξel (t) =

∫

V

d3r n~ω × nexc (r, t) + (18)

+

∫ t

0

dt′ J free (t′) ·E (t′) .

Time-dependent description of the free-carrier absorp-
tion The energy transferred from the laser light to the
electrons via intraband absorption can be computed from
the excited electron density nexc (t) and the conduction
band electron current J free (t) by using of the generalized
Ohm law, expressed by

J free (t) =

∫
dt′σfree (t, t′)E (t′) .

The contribution of the free electron currents can be de-
scribed using a time-dependent conductivity σfree (ω; t) =

−iωε0 [εDrude (ω; t)− 1], where the dielectric permittivity
εDrude (t, ω) is given by the Drude model for solids [53]

εDrude [nexc (t)] (ω) = 1− e2

memeffε0ω2
× nexc (t)

1 + i νω
. (19)

The electron collision (or damping) time τD = ν−1 is usu-
ally considered to be from one to several femtoseconds.
In this work, the effective electron mass is taken as given
by the DFT [32], meff = 0.2226. The collision time τD =
6 fs was adjusted to obtain the best fit to the TDDFT
simulation results (see Fig. 4 of the main manuscript).

Modeling the excess energy. Finally, with the above
assumptions, we derive from Eq. (18) the balance equa-
tion for the excess electron energy ξDrude based on the
Drude model, which reads as

∂ξDrude

∂t
= V

[
n~ωwPI (t) + 2πε0

∫
dω ωIm [ε (ω)]E (ω)

2

]
.

(20)
In the case of a quasi-continuous wave of frequency cen-
tered at ω0, one has E (ω)→ δ (ω ± ω0)E (ω) that yields

∂ξDrude

∂t
= V

[
n~ωwPI (t) + ε0ω0Im [ε (ω0)]E (ω0)

2
]
.

To calculate the absorbed electron energy at a time mo-
ment t in a volume V , we integrate the above expression
over time from t = 0 to t that gives

ξDrude (t) =

V

∫ t

0

dt′
[
n~ωwPI (t′) + ε0ω0Im {ε [nexc (t′)] (ω0)}E (ω0)

2
]

= V n~ωnexc (t) + (21)

+V

∫ t

0

dt′ε0ω0Im {ε [nexc (t′)] (ω0)}E (ω0)
2
.

The later expression depends on the excited electron den-
sity nexc (t) and on three free parameters, namely the
electron collision frequency ν, the electron effective mass
meff, and the band gap energy Egap. We used Eq. (21)
to compare it with the electron excess energy ξTDDFT

el
obtained in our TDDFT simulations.

VI. EXCITATION PROBABILITIES AS A
FUNCTION OF LASER PARAMETERS

From the calculated dependences nTDDFT
exc (Ipeak), the

effective multiphoton rates σn associated with n−photon
transitions can be extrapolated using the multiphoton
approximation expressed by

∂nTDDFT
exc

∂t
= σn

In

n~ω
. (22)

We remind that the LDA functional can underestimate
the bandgap energy of crystals, which is usually smaller
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as compared to more sophisticated modeling approaches
for band structure calculations [12]. Therefore, we have
to note that here the effective multiphoton excitation
rates σn for silicon were calculated for the direct bandgap
energy, which is somewhat smaller than the experimen-
tally measured value. Using Eq. (22), one can fit the
TDDFT results from Figs. 1(a), 2(b), and 3(b), thus de-
riving the σn values. The data are summarised in Table
I for the intensities below the saturation regimes. Where
possible, we provide comparison of our data with the mul-
tiphoton excitation rates available in the literature. As
one can see, a reasonable agreement is achieved although
in experimental studies pure multiphoton excitation can
be masked by other processes involved at longer pulse du-
rations such as collisional ionization and phonon-assisted
indirect transitions.

We notice that for 800 nm wavelength, the value of
σ2 obtained using first-principle simulations somewhat
decreases when increasing the laser pulse duration and
the same is observed for other wavelengths and other σn.
This may originate from the dynamic behavior of the
excitation. Once states at the bottom of the conduction
bands are populated, the excitation probability decreases
rapidly, an effect known as the Burstein-Moss effect [60].
Although the multiphoton ionization rates σ2 obtained
in the first-principles calculations show a dependence on
pulse duration τp, the σn values mostly remain within
the same order of magnitude. Also we have calculated
the single- and two-photon absorption rates σ1 and σ2

using the LDA and TB09 functionals at wavelengths of
484 nm and 407.58 nm respectively, the latter in order to
adjust the laser wavelength for the resonant excitation of
single-photon transition, see Table I.

In the tunneling regime where the photoionization rate
obtained in the TDDFT simulations scales linearly with
the peak intensity, an effective tunneling ionization rate
σ1 (using Eq. (22), n = 1) can be estimated as a function
of pulse duration. For λ = 800 nm, σ1 = 1.447 × 106

m−1 at τp = 10 fs; σ1 = 7.985 × 106 m−1 at τp = 20 fs;
σ1 = 5.754× 106 m−1 at τp = 30 fs (not reported in the
Table).

Note that the direct comparison of the TDDFT pho-
toionization rates with the experimental values is not
straightforward since the most experimental measure-
ments involve also indirect transitions (Γ → L). There-
fore, the comparison with experimental measurements is
only qualitative here. Note also that indirect band gap
transition rates can be computed using the TDDFT by
employing a localized electric field, as was very recently
shown by Noda et al [61].

The full database of pulse-averaged photoion-
ization rates obtained by our TDDFT simula-
tions is available at http://www.quantumlap.eu/
photo-ionization-database/.
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(
m−1

)
= 0.964× 107 E. D. Palik [59]

Table I. Multiphoton excitation rates (σ1, ..., σ5) derived from the results of the first-principles simulations for the corre-
sponding intensity ranges. The results obtained with LDA and TB09 functionals are reported. Note that the adjustments of
effective multiphoton coefficients were performed in regimes where tunneling and saturation effects may play a role. Available
experimental data are also reported.

[28] P. Jürgens, M. Jupé, M. Gyamfi, and D. Ristau, in Laser-
Induced Damage in Optical Materials, Vol. 100141, edited
by G. J. Exarhos, V. E. Gruzdev, J. A. Menapace, D. Ris-
tau, and M. Soileau (2016) p. 100141C.

[29] C. R. McDonald, G. Vampa, G. Orlando, P. B. Corkum,
and T. Brabec, J. Phys. Conf. Ser. 594, 012021 (2015).

[30] C. R. McDonald, G. Vampa, P. B. Corkum, and

T. Brabec, Phys. Rev. Lett. 118, 173601 (2017).
[31] V. Turkowski and C. A. Ullrich, Phys. Rev. B 77, 075204

(2008).
[32] J. Laflamme Janssen, Y. Gillet, S. Poncé, A. Martin,

M. Torrent, and X. Gonze, Phys. Rev. B 93, 205147
(2016).

[33] A. Kaiser, B. Rethfeld, M. Vicanek, and G. Simon, Phys.



10

Rev. B 61, 11437 (2000).
[34] L. N. Gaier, M. Lein, M. I. Stockman, P. L. Knight, P. B.

Corkum, M. Y. Ivanov, and G. L. Yudin, J. Phys. B: At.
Mol. Opt. Phys. 37, L57 (2004).

[35] C. Schmidt, J. Bühler, A.-C. Heinrich, J. Allerbeck,
R. Podzimski, D. Berghoff, T. Meier, W. G. Schmidt,
C. Reichl, W. Wegscheider, D. Brida, and A. Leitenstor-
fer, Nat. Commun. 9 (2018), 10.1038/s41467-018-05229-
x.

[36] M. Partanen, T. Häyrynen, J. Oksanen, and J. Tulkki,
Phys. Rev. A 95, 063850 (2017).

[37] L. Fritsche, phys. status solidi (b) 13, 487 (1966).
[38] U. De Giovannini, H. Hübener, and A. Rubio, Nano Lett.

16, 7993 (2016).
[39] C. Cohen-Tannoudji and S. Reynaud, J. Phys. B: At.

Mol. Phys. 10, 345 (1977).
[40] J. Flick, D. M. Welakuh, M. Ruggenthaler, H. Appel,

and A. Rubio, ACS Photonics 6, 2757 (2019).
[41] V. Rokaj, M. Ruggenthaler, F. G. Eich, and A. Rubio,

arXiv preprint arXiv:2006.09236 (2021).
[42] M. Durach, A. Rusina, M. F. Kling, and M. I. Stockman,

Phys. Rev. Lett. 105, 086803 (2010).
[43] M. Durach, A. Rusina, M. F. Kling, and M. I. Stockman,

Phys. Rev. Lett. 107, 086602 (2011).
[44] O. Kwon, T. Paasch-Colberg, V. Apalkov, B.-K. Kim, J.-

J. Kim, M. I. Stockman, and D. Kim, Sci. Rep. 6, 21272
(2016).

[45] V. Rokaj, D. M. Welakuh, M. Ruggenthaler, and A. Ru-
bio, J. Phys. B: At., Mol. Opt. Phys. 51, 034005 (2018).

[46] T. Tamaya and T. Kato, Phys. Rev. B 100, 081203(R)
(2019).

[47] T. Kato, K. Nobusada, and S. Saito, J. Phys. Soc. Jpn.
89, 024301 (2020).

[48] P. Xia, T. Tamaya, C. Kim, F. Lu, T. Kanai, N. Ishii,
J. Itatani, H. Akiyama, and T. Kato, arXiv:2004.04492
[cond-mat] (2020), arXiv: 2004.04492.

[49] G. H. Wannier, Phys. Rev. 117, 432 (1960).
[50] G. H. Wannier, Phys. Rev. 181, 1364 (1969).
[51] G. N. Watson, A treatise on the theory of Bessel functions

(Cambridge university press, 1995).
[52] R. M. Martin, Electronic structure: basic theory and

practical methods (Cambridge university press, 2004).
[53] B. C. Stuart, M. D. Feit, S. Herman, A. M. Rubenchik,

B. W. Shore, and M. D. Perry, Phys. Rev. B 53, 1749
(1996).

[54] S. Pearl, N. Rotenberg, and H. M. van Driel, Appl. Phys.
Lett. 93, 131102 (2008).

[55] A. D. Bristow, N. Rotenberg, and H. M. van Driel, Appl.
Phys. Lett. 90, 191104 (2007).

[56] D. Reitze, T. Zhang, W. M. Wood, and M. C. Downer,
J. Opt. Soc. Am. B 7, 84 (1990).

[57] T. Sjodin, H. Petek, and H.-L. Dai, Phys. Rev. Lett. 81,
5664 (1998).

[58] T. F. Boggess, S. C. Moss, I. W. Boyd, and A. L. Smirl,
Opt. Lett. 9, 291 (1984).

[59] E. D. Palik, Handbook of Optical Constants of Solids
(Academic Press, 1985).

[60] J. Shah, R. F. Leheny, and C. Lin, Solid State Commun.
18, 1035 (1976).

[61] M. Noda, K. Iida, M. Yamaguchi, T. Yatsui, and
K. Nobusada, Phys. Rev. Appl 11, 044053 (2019).


