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Although equilibrium spin currents (ESCs) may exist in materials with spin-orbit coupling, they are not
transport currents and cannot lead to spin accumulation in the presence of time-reversal symmetry. It is for
this reason that the detection of ESCs has remained elusive. Here we show that in a nanowire with spin-orbit
coupling, breaking the time-reversal symmetry by a Zeeman field leads to a bulk equilibrium spin current
which manifests itself in a sizable edge spin polarization, transverse to the Zeeman field. The net accumulated
spin does not depend on specific properties of the wire ends, being fully determined by the bulk spin current.
This bulk-boundary correspondence is a universal property that occurs in both the normal and superconducting
states independently of the degree of disorder. The transverse edge spin polarization is strongly enhanced in the
superconducting state when the Zeeman energy is of the order of the induced superconducting gap. This leads
to a hitherto unknown transverse magnetic susceptibility that can be much larger than the longitudinal, and it
drastically changes the paramagnetic response of the nanowire.
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I. INTRODUCTION

Spin currents have been the subject of intensive inves-
tigations in several branches of condensed-matter physics
[1–4]. In 2003 Rashba himself demonstrated that any system
described by the standard two-dimensional Rashba Hamil-
tonian may support spin currents even in thermodynamical
equilibrium [5]. Such equilibrium spin currents (ESCs) in ma-
terials with spin-orbit coupling (SOC) have attracted a great
deal of attention [2,6–10]. Spin currents are usually detected
indirectly by, for example, measuring the spin voltage with
a ferromagnetic probe [11] or spin-Hall magnetoresistance
[12], induced by nonequilibrium spin accumulation. However,
ESCs do not lead to such spin accumulation and therefore
cannot be detected by these methods. Indeed, ESCs, being
background nontransport currents, appear to be conceptually
unobservable, although some proposals relating them to a
detectable mechanical torque have been put forward [8,9].
For these reasons, the interpretation of the ESC remained
under debate. In addition, in the presence of SOC the spin
is not conserved in a customary sense. Theoretically, the latter
controversy can be removed by treating the SOC as an external
SU(2) gauge field [13,14], but from the experimental point of
view ESCs still remain elusive.
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Here we demonstrate a correspondence between ESCs
in nanowires with SOC and a transverse spin polarization
induced at the edges of the wires, as schematically shown in
Fig. 1. Contrary to ESCs, spin polarization can be experimen-
tally detected. The correspondence we found is universal in
the sense that it holds for any (quasi)one-dimensional many-
body system, provided the particle-particle interaction is spin
independent. Specifically, ESCs appear when a magnetic field
B with a component perpendicular to the SOC is applied,
inducing a Zeeman splitting field, h = gμBB. We show that
this bulk ESC is always accompanied by an edge spin ac-
cumulation that is transverse to both the Zeeman field and
SOC. This equilibrium transverse spin accumulation can also
be understood as a redistribution of the spin density in the
system in response to a dc field. Hence, a measurement of
the transverse spin density would be unequivocal evidence of
ESCs in nanowires. Interestingly, this transverse edge spin
accumulation shows up not only in the normal state [15]
but also when the nanowire has a superconducting gap � in
its density of states induced, for example, by the proximity
to a superconductor. In other words, we find a connection
between the existence of ESCs and an anomalous param-
agnetic response of a superconductor that generalizes the
well-established theory of the Knight shift in superconductors
[16–18].

Semiconducting nanowires with spin-orbit coupling, as
InAs and InSb, contacted to conventional superconductors
have been intensively explored in recent years, mainly due
to the possibility of creating Majorana zero modes and
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FIG. 1. Schematic view of the system under consideration: a
nanowire with spin-orbit coupling in a Zeeman field perpendicular
to the substrate. Due to the existence of an equilibrium spin current a
transverse-to-the-field component of the magnetization, localized at
the edges, is induced. The orange arrows represent the total induced
spin. Its transverse component has the opposite sign at both edges of
the wire

topological superconductivity in these systems [19–31]. In-
terestingly, both the ESCs and Majorana zero modes require
a component of the Zeeman field perpendicular to the SOC.
In the context of Majorana fermions, several theoretical works
have made a connection between the spin polarization induced
at the edges of the wire and the topological transition when
h =

√
μ2 + �2, where μ is the chemical potential of the wire

[25,32–34]. Our work shows that the transverse edge spin
polarization is a universal property of nanowires supporting
ESCs and it exists at all values of h, including those far below
the topological transition, and in both normal and supercon-
ducting states. Therefore, its detection cannot be associated
with Majorana zero modes [15,25] but can be associated, as
we will see, with the existence of ESCs.

Specifically, we show that as a function of the Zeeman
field h, the total spin accumulation shows, in general, a cusp
at h =

√
μ2 + �2. Interestingly, when � � μ, the transverse

spin accumulation shows, in addition, a sharp maximum at
h ≈ � and can be much larger than the magnitude at the cusp
when h = μ. We analyze in detail this maximum of the spin
accumulation and show its robustness against disorder. Fi-
nally, we present analytical results for the spatial distribution
of the magnetic moment induced as a response to the Zeeman
field. We find that the transverse susceptibility close to the
edge of the wire can be much larger than the longitudinal
one for small values of the SOC. It is worth noticing that all
our results have been obtained analytically by using different
methods in the different analyzed situations. Our different
ways of solving the problem, in principle, can be used and
generalized for more complex geometries and materials.

II. BULK BOUNDARY CORRESPONDENCE

First, we demonstrate the universality of the correspon-
dence between ESCs and the transverse spin accumulation
in one-dimensional (1D) systems using general principles.
We consider the setup shown in Fig. 1, where a nanowire is
deposited on a substrate. The wire has an intrinsic SOC which
is assumed to be linear in momentum and determined by the
symmetry of the structure. In addition, a Zeeman/exchange
field h is applied perpendicular to the substrate and to the

SOC. Without loss of generality let the wire be oriented along
the x axis, Rashba SOC be oriented along the y axis, and a
Zeeman field be oriented along the z axis. The many-body
Hamiltonian modeling the system reads

H =
N∑

n=1

[
p̂2

n

2m
+ α p̂x

nσ
y
n + hσ z

n + Vc(r⊥
n , xn)

]
+ Hint, (1)

where the index n labels the particles, p̂k
n = −i∂xk

n
, with k =

x, y, z, are components of the momentum operator of nth par-
ticle, α is the strength of the SOC, Vc(r⊥, x) is a confinement
potential, r⊥ = (y, z), and Hint describes a spin-independent
interaction.

The main observables we are interested here are the spin
density s = (sx, sy, sz ) and components of the spin current
density jk = ( jx

k , jy
k , jz

k ). By defining the spin current operator
in the standard way [2,8,10,13],

ĵa
k (r) = 1

4

N∑
n=1

{{
∂H

∂ p̂k
n

, σ a
n

}
, δ(r − rn)

}
, (2)

and using the Hamiltonian (1) we obtain the following equa-
tion of motion for the spin density [13]:

∂t s + ∂rk jk + α ŷ × jx + h ẑ × s = 0. (3)

Here the third term is the spin-orbit torque, while the last term
is the usual spin torque due to the Zeeman field, which leads
to the spin Hanle effect [11].

Let us now concentrate on the equilibrium state. The
Hamiltonian in (1) is real, and therefore, its eigenfunctions
can be chosen to be real. This implies that in equilibrium
there is no component of the spin density parallel to the SOC,
sy(r) = 0. Similarly, we find that the system can support only
an equilibrium spin current jy

k (r) polarized along the y axis.
Therefore, in equilibrium the spin-orbit torque vanishes, and
the y component of the spin continuity equation (3) takes the
form

∂rk jy
k (r) + hsx(r) = 0. (4)

Finally, by integrating this equation over the wire cross section
we simplify it as follows:

∂xJy
x (x) + hSx(x) = 0, (5)

where S(x) is the line spin density along the wire and Jy
x (x)

is the ESC flowing through the wire cross section. Equation
(5) shows that ESC in the bulk of the system may exist
only if the x component of the spin is accumulated at the
edges. In other words, Eq. (5) establishes a correspondence
between the bulk property of the system, the ESC, and the
net spin accumulation transverse to the Zeeman field at the
edge of a finite system. An example of this correspondence
was obtained in Ref. [15] for a noninteracting finite 1D wire
contacted to leads.

We consider a semi-infinite wire with the external potential
Vc in Eq. (1) confining the electrons in the right half-space at
x > 0 in such a way that all occupied states decay exponen-
tially at x → −∞. In this case the spin accumulation at the
edge around x = 0 is obtained by integrating Eq. (5),

S̄x ≡
∫ +∞

−∞
dxSx(x) = −1

h
Jy

x (∞). (6)
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FIG. 2. Transverse spin accumulation as a function of the Zeeman field h = gμBB for various values of the SOC strength αpF in the
(a) normal and (b) superconducting cases at T = 0.

This equation is of particular interest: On the one hand, it
connects the ESC on the right-hand side, which is a rather
theoretical object [5], with a measurable quantity, the edge
spin polarization (left-hand side). On the other hand, it pro-
vides a direct way to determine the edge spin accumulation
by calculating a bulk property, the ESC, independently of
boundary conditions. In terms of physics, Eq. (5) describes
a noncollinear redistribution of the spin density along the
wire as a response to a static and homogeneous Zeeman field.
Clearly, for a finite wire, the transverse component of the
spin at opposite edges is equal in magnitude but oriented in
the opposite direction, as shown schematically in Fig. 1. In
the following we use Eq. (6) to compute the transversal spin
accumulation in normal and superconducting wires.

III. BALLISTIC NORMAL AND SUPERCONDUCTING
WIRES

As a first example we consider a one-channel normal
ballistic wire described by the 1D version of the Hamiltonian
in Eq. (1) with Hint = Vc = 0 [15]. The spin current can be
written as

Jy ≡ Jy
x =

∫
d p

2π
Tr[σ yv̂ρ̂p], (7)

with the velocity operator v̂ = ∂H
∂ p̂ = p

m + ασ̂ y, p = px, and
the equilibrium density matrix written in terms of the projec-
tors on the two eigenstates E±

p = ξp ± Ep,

ρ̂p =
∑
i=±

ρ i
p f (Ei

p), ρ±
p = 1

2

(
1 ± αpσ̂ y + hσ̂ z

Ep

)
, (8)

where ξp = p2/2m − μ, Ep =
√

α2 p2 + h2, and f (E ) is the
Fermi distribution function. We focus on the case T = 0 and
μ, α, h > 0. Introducing the Fermi momenta for the two spin
split bands

p± =
√

2m[mα2 + μ ∓
√

(mα2 + μ)2 + h2 − μ2], (9)

the current can be expressed as the sum of the contributions
from the two bands:

Jy = Jy
− + 
(μ − h)Jy

+, (10)

where + and − label the upper and lower bands, respectively.
The two contributions are

Jy
± = αp±

π
± 1

2mπ

[
p±

α

√
(αp±)2 + h2

− h2

α2
ln

(√
(αp±)2

h2
+ 1 + α

h
p±

)]
. (11)

Clearly, the ESC is finite only if both the SOC and Zeeman
field are finite. The transverse spin accumulation can be
computed by substituting Eq. (11) into Eq. (6). The result is
shown in Fig. 2(a). By increasing h from zero towards μ, the
spin current increases monotonically. At h = μ, p+ = 0, and
for larger values of h the upper band does not contribute to
the current. This results in a cusplike maximum in the spin
current, also obtained in Ref. [15] for a normal wire [35].

Now we assume that the wire is placed on top of a su-
perconductor so that it is fully proximitized. As is customary,
the system is described by the Bogoliubov–de Gennes (BdG)
Hamiltonian, which can be obtained from Eq. (1) after exten-
sion to the Nambu-spin space:

H =
(

p̂2

2m
− μ + α p̂σ̂ y

)
τz + hσ̂ z + �τx, (12)

where � is the SC order parameter and τ j are the Pauli
matrices in the Nambu space. This Hamiltonian leads to a
four-band spectrum,

E±i = ±
√

ξ 2
p + (αp)2 + h2 + �2 + (−1)i2Q, (13)

with i = 1, 2 and Q =
√

(ξ 2
p + �2)h2 + ξ 2

pα2 p2. In this case

the spin current can be written as

Jy =
∫

d p

2π

∑
i=±1,±2

Tr
[
PiĴ

y
x

]
f (Ei ), (14)
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FIG. 3. Spin accumulation calculated in the quasiclassical limit as a function of the Zeeman field for various values of αpF in the
(a) ballistic and (b) diffusive limits at T = 0. In the diffusive limit we have chosen �τ = 0.1.

where Pi = ∏
j 	=i

H−Ej

Ei−Ej
is the projection operator to the eigen-

state |ni〉 of the BdG Hamiltonian and Ĵy
x = ( p

m σ̂ y + α)τz is the
spin current operator written in Nambu-spin space. Explicit
evaluation of this expression at T = 0 gives

Jy = α

2π

∫
d p

{
1 − ξp

2

∑
i=1,2

[
1

Ei

(
1 + (−1)i

E2
p

Q

)]}

− α

2π

∫
d p

{
p2

2m

∑
i=1,2

[
1

Ei

(
1 + (−1)i

ξ 2
p

Q

)]}
.

(15)

It is important to note that this expression is rather general
and valid for arbitrary values of the parameters. The numerical
evaluation of the integral can be performed straightforwardly
and shows two prominent features, as seen in Fig. 2(b).
The first one is the same cusplike local maximum, as in
the normal case, which now appears at h =

√
μ2 + �2. This

value corresponds to the critical Zeeman field, above which
the wire is in the topological phase. It is worth mentioning that
this cusplike feature is obtained, practically, over the whole
range of parameters. Only when μ → 0 and mα2 � � does
the transverse spin not show a maximum at h = � and the
discontinuity in the slope of Sx at h = � is smoothed out
[34]. In this work we are not interested in the zero-chemical-
potential limit and focus on cases when μ � �, mα2.

The second prominent feature, as seen from Fig. 2(b), is
the maximum that appears at values of h � μ and that for
small enough values of α is located at h ≈ �. Interestingly, by
lowering α the peak first becomes narrow and simultaneously
increases in magnitude, exceeding by far the local maximum
at the topological transition. A further decrease of α reduces
the height of the peak until the spin current and thus the spin
accumulation vanish when α → 0. Since this maximum in the
spin accumulation occurs at values of the fields much smaller
than μ, we can investigate the behavior of the transverse spin
accumulation at small α within the quasiclassical approach

[36]. The spin current within this approach is given by [37]

Ja
x = iπN0

2
T

∑
ωn

Tr〈vF σ̂ aǧ〉. (16)

Here ǧ is the quasiclassical Green’s function that is obtained
from the Gor’kov Green’s function by the ξ integration [36]
ǧ = i/π

∫
dξ Ǧ(p, ωn), 〈· · · 〉 is the average over the Fermi

surface, T is the temperature, N0 = 1/(2πvF ) is the 1D
density of states at the Fermi level, ωn = (2n + 1)πT are
the Matsubara frequencies, and vF and pF denote the Fermi
velocity and Fermi momentum, respectively. At T → 0 we
obtain, for the spin current,

Jy =
∫

dω

π
Im

⎡
⎣ αpF (ω2 + �2 + iR)

R
√

ω2 + �2 − h2 − α2 p2
F + 2iR

⎤
⎦, (17)

with R =
√

h2ω2 + (αpF )2(ω2 + �2). From this expression
and Eq. (6) we compute the dependence Sx(h) around h = �,
which is shown in Fig. 3(a). As expected, in this range of
parameters, the quasiclassical result agrees with the exact
calculation [see Fig. 2(b)]. In particular, the peak is more
pronounced for small values of SOC and washes out with
increasing SOC strength. At h = � and for αpF � � the
integral can be approximated by keeping only leading-order
terms in α/� (see Appendix A for details),

Jy ≈ −αpF

π

∫ ∞

0
dω

�2

R3/2
≈ −2

√
αpF �

π

(5/4)

(3/4)
, (18)

where we approximate R ≈
√

(ω�)2 + (αpF )2. In a similar
way, we can also determine the spin current at h = � for finite
temperature and αpF � T � � (see Appendix A for details),

Jy ≈ −αpF

π
3
2

√
�

T

∞∑
n=0

1

(2n + 1)
3
2

. (19)
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IV. DIFFUSIVE SUPERCONDUCTING WIRE

So far we have considered a pure ballistic situation. It is,
however, known that s-wave superconductivity is insensitive
to elastic disorder, and therefore, one would expect to obtain
qualitatively similar results for a disorder superconducting
nanowire supporting ESCs. Notice that in this case the wire
is a multichannel wire described by Hamiltonian (1). For the
sake of comparison with the ballistic single-channel results we
calculate the observables normalized to a single conduction
channel. This essentially means that in the expressions for the
observables below we use the 1D density of states N0 as in the
previous sections. To estimate the measurable spin one should
multiply the obtained result by the number of conducting
channels, which is approximately given by p2

FS/4π , where
S is the cross section of the wire. In the diffusive limit the
lateral dimensions of the wire are much shorter than the
superconducting coherence length but larger than the elastic
mean free path. In this case the spin current can be written
in terms of the isotropic in momentum quasiclassical Green’s
function ǧ [38],

Jy = −i
πD

2
N0T

∑
ωn

Tr{σ̂ yǧ∇̃xǧ}, (20)

where D = v2
F τ is the diffusion constant, τ is the momentum

relaxation time, ∇̃x· = ∂x · −i(κα/2)[σ̂ y, ·], and κα = 2mα is
the inverse of the spin precession length. To find ǧ we solve
the Usadel equation for a bulk system [38],

1
2 [̂ǧ, ǧ] − [(ω̂n − ihσ̂z )τ3 + �τ1, ǧ] = 0, (21)

where ̂ǧ = [σ̂ y, [σ̂ y, ǧ]]/4τα and 1/τα = Dκ2
α is the inverse

Dyakonov-Perel spin relaxation time. The Green’s function
has to fulfill the normalization condition ǧ

2 = 1.
The matrix structure of the quasiclassical Green’s functions

entering the Usadel equation is ǧ = ĝτ3 + f̂τ1, and for a Zee-
man field in the z direction the matrices ĝ and f̂ are diagonal
in the spin space with components g± and f±, respectively.
At T = 0 the expression for the equilibrium spin current,
Eq. (20), reduces to

Jy = −αpF

�
�τ

∫
dω

π
(1 − g+g− − f+f−). (22)

Substituting in this equation the solution of Eq. (21) and after
using our correspondence, Eq. (6), one obtains the transverse
spin accumulation as shown in Fig. 3(b). Thus, also in the
diffusive limit we find a maximum Sx at h ≈ � for small
values of SOC.

In the limit T � 1/τα � h ∼ � we find that, within loga-
rithmic accuracy, the spin current of Eq. (22) is given by

Jy ≈ 2

3

αpF

π
�τ ln (�τα ). (23)

Thus, in the diffusive case the peak in the spin current at h =
� for small values of the SOC is reduced by a factor ∼δ ln δ,

with δ = �τ
√

αpF

�
� 1, with respect to the pure ballistic

case [see Eq. (18)]. This explains the difference between the
peak heights in Figs. 3(a) and 3(b) for pF α = 0.05�. Notice,
however, that this difference is not that pronounced for larger
values of the SOC.

V. SPATIAL DEPENDENCE OF THE SPIN
SUSCEPTIBILITY IN A FINITE WIRE

Previously, we used the general expression (6) to relate the
bulk ESC to the transverse spin polarization S̄x in a finite wire
(see Fig. 1). We understand that S̄x accumulates at the edge
and decays from the edge towards the bulk, but the exact
spatial distribution has to be determined in each particular
case. In the normal state the dependence Sx(x) was computed
numerically in Ref. [15] for a wire connected to two leads
and for values of h of the order of |μ|. Here we focus on the
superconducting state in the relevant quasiclassical regime,
h � μ, for which the Eilenberger equation holds,

±vF ∂xǧ± = ± iαpF σ̂ y + iτ3(iωn + hσ̂ z ) + iτ2�, ǧ±. (24)

Here ǧ± denotes the Green’s functions for both propagation
directions ±vF . We assume that the wire extends over the
region x > 0. At the edge, x = 0, no current flows, and the
boundary condition imposes that ǧ+(0) = ǧ−(0). We focus
here on the spin susceptibility, i.e., the magnetic linear re-
sponse of the system in the presence of a small Zeeman
field. In other words we compute the spatial dependence
of the spin in linear order in h. To this end we perform
perturbation theory and write the solution of Eq. (24) as
ǧ±(x) = ǧBCS + δǧ±(x), where ǧBCS = (ωnτ3 + �τ2)/E and
E = √

ω2
n + �2. The spin density is then obtained from δS j =

π iT N0
1
8

∑
ωn

Tr[τ3σ̂
jδǧs], where δǧs = δǧ+ + δǧ−. Specifi-

cally, we obtain

δǧs = 2h�ǧBCSτ1

E2 + (αpF )2

[
σ̂ z + αpF

E
e−(iσ̂ yκα+ 2E

vF
)x
]
, (25)

and hence (see Appendix B for details),

Sx

S0
= �2πT

∑
ωn

αpF cos(καx)

E2(E2 + (αpF )2)
e− 2Ex

vF , (26)

δSz

S0
= �2πT

∑
ωn

E + αpF sin(καx)e− 2Ex
vF

E2[E2 + (αpF )2]
, (27)

where S0 = hN0 is the Pauli paramagnetic term. This is a
remarkable result that shows that in a finite system, besides
the longitudinal response Sz = δSz − S0, a finite transverse
magnetization accumulated at the edge of the sample which
decays toward the bulk over the superconducting coherence
length. At low temperatures, the ratio Sx/Sz at the edge of the
sample, x = 0, is proportional to �/αpF , and therefore, the
transverse magnetization can be much larger than Sz provided
αpF � �. This result generalizes the well-established theory
of paramagnetic response of superconducting systems with
intrinsic SOC [18]. The full spatial dependence of Sx,z(x) is
shown in Fig. 4.

VI. SUMMARY

We have demonstrated a universal correspondence between
equilibrium spin currents and a transverse spin accumulation
in wires with SOC and a perpendicular Zeeman field. Such
spin accumulation appears in both normal and superconduct-
ing states. In the normal state the total edge spin is maximized
for values of h of the order of the chemical potential μ.
In the superconducting state the effect can be maximized at
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FIG. 4. Spatial dependence of the spin density parallel (Sz) and
perpendicular (Sx) to the exchange field for a semi-infinite wire at
T = 0 and different values of SOC.

values of the SOC and Zeeman energy much smaller than
μ. We demonstrated that this effect is robust against disorder
and manifest in a transverse magnetic susceptibility in finite
systems.

A semiconductor nanowire with SOC in contact with a
superconductor is a good candidate to observe the spin ac-
cumulation. If we use typical numbers for the wires used in
Majorana experiments [21,27], α ∼ 10−11 eV m and pF ∼
108 m−1, we obtain αpF ∼ 10−3 eV. According to Fig. 3, the
effect is maximized when αpF /� is of the order of unity,
which is the case when a superconductor like Nb, with � ∼
10−3 eV, is used. Notice that the results shown in all the fig-
ures refer to a single conduction channel, and hence, the edge
magnetic moment is of the order of (or smaller than) a single
electron spin, which in principle can be measured with state-
of-the-art-techniques. However, a real nanowire has several
conduction channels, and the measurable spin accumulation
is estimated by multiplying the magnetic moment shown in
all the figures by the number of channels. In particular, the
diffusive limit [Fig. 3(b)] implies many channels, and hence,
the size of the effect is comparable to the one in the pure
ballistic case [Fig. 3(a)].

Measurements of the predicted transverse spin may require
sensitive detection techniques. Since the transverse suscepti-
bility predicted here is comparable in size to, or even larger
than, the longitudinal one, customary measurements of the
Knight shift using nuclear magnetic resonance may be suit-
able to reveal the existence of ESCs. Other recently developed
techniques for local magnetometry, such as the one based on
nitrogen-vacancy centers [39], or the combination of electron
paramagnetic resonance with scanning tunneling microscopy
[40] may, in addition, be able to provide an accurate spatial
resolution of the spin polarization.
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APPENDIX A: THE SPIN CURRENT IN THE
QUASICLASSICAL APPROACH AT h = �

In this Appendix we derive expressions (18) and (19). Our
starting point is Eq. (17), where we first express all energies in
units of � (we do not add new notation for the dimensionless
variables):

J = a

π

∫
dωIm

[
ω2 + 1 + iR

R
√

ω2 + 1 − h2 − a2 + 2iR

]
, (A1)

with R =
√

h2ω2 + a2(ω2 + 1) and αkF /� = a. Keeping
only leading-order terms in a, we can approximate the inte-
grand

J ≈ 2a

π

∫ ∞

0
dωIm

[
1√

2iR
3
2

]
. (A2)

With a � 1 we can approximate R ≈ √
ω2 + a2; then the

integrand becomes

J ≈ −
√

a

π

∫ ∞

0

dω

a

1

[(ω2/a2) + 1]
3
4

= −2

√
a

π

(5/4)

(3/4)
. (A3)

The last equation corresponds to the result (18) in the main
text.

For finite temperature the integral Eq. (A1) converts into a
sum over Matsubara frequencies,

J = 2aT
∑

n

Im
ω2

n + 1 + iR

R
√

ω2
n + 1 − h2 − a2 + 2iR

. (A4)

At h = 1 one approximates the sum in the leading order in
a � 1, T as

J ≈ 2aT
∞∑

n=0

Im
�2

√
2iR3/2

= −aT
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n=0

1(
ω2

n

)3/4

= − a

π3/2

√
1

T

∞∑
n=0

1

|2n + 1|3/2 . (A5)

The last expression corresponds to Eq. (19) in the main text.

APPENDIX B: SOLUTION OF THE EILENBERGER
EQUATION FOR A SEMI-INFINITE WIRE

Here we derive Eqs. (26) and (27) of the main text. The
Eilenberger equation in one dimension for the Zeeman field
and Rashba SOC oriented as in the main work is

±vF ∂xǧ± = ±iαkF σ̂ y + iτ3(iωn + hσ̂ z ) + iτ2�, ǧ±.

(B1)

Here ǧ± denotes the Green’s functions for both propagation
directions ±vF . We assume that the wire extends over the
region x > 0. This equation has to be solved together with
the boundary conditions (i) total reflection at x = 0, ǧ+(0) =
ǧ−(0) and (ii) boundness at x = +∞.
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We seek a perturbative solution of Eq. (24) up to first order
in h. We make the ansatz

ǧ±(x) = ǧ(0) + ǧ(1)
± (x), (B2)

where ǧ(0) = g0τ3 + f0τ2 is the BCS Green’s function in
Matsubara frequency space, with g0 = ωn/E , f0 = �/E , and
E = √

ω2
n + �2. ǧ(1)(x) is the first-order correction in the

Zeeman field h. The first order for correction is obtained from
the Eilenberger equation

∂xg(1)
± + [±Eǧ(0) − iα̃σ̂ y, ǧ(1)

± ] = ±2τ1σ̂
zh f0, (B3)

where we set vF = 1 and α̃ = αm. We search for the solution
of the form

g(1)
± (x) = U±(x)g̃±(x)U −1

± (x), (B4)

with U± = exp(∓ǧ(0)Ex + iα̃σ̂ y). Inserting this ansatz into
Eq. (24) gives

∂xg̃± = ±2h f0U
−1
± τ1σ̂

zU± = ±2h f0τ1σ̂
zU 2

±. (B5)

Integrating the equation leads to

g̃±(x) = g̃±(0) ± 2h f0τ1σ̂
z
∫ x

0
dx′e∓2ǧ(0)Ex′

e2iα̃σ̂ yx′

= g̃±(0) ± 2h f0

2(E2 + α̃2)
τ1σ̂

z

× (iα̃σy ± Eǧ(0) )[1 − U 2
±(x)]. (B6)

With this the solution can be written as

ǧ(1)
± (x) =g̃±(0)U −2

± ± h f0

E2 + α̃2
τ1σz

× (iα̃σy ± Eǧ(0) )(U −2
± − 1), (B7)

where we used eǧ(0)Exg̃(0) = g̃(0)e−ǧ(0)Ex due to the normal-
ization condition of the Green’s function. We need to impose

boundedness of the solution. So g̃(0) has to cancel exponen-
tially growing terms in the second term of Eq. (B7). Keeping
only exponentially large terms, at x → ∞, U −2

± = 1
2 e2Ex(1 ±

ǧ(0) )e−2iα̃σ̂ yx, and

ǧ(1)
± (x∞) = g̃(0)U −2

±

± h f0

E2 + α̃2
τ1σ̂

z(iα̃σ̂ y ± Eǧ(0) )U −2
± . (B8)

We make the ansatz g̃(0) = − h f0

E2+α̃2 τ1(Eǧ(0)σ̂ z + α̃bσ̂ x ),
where b has to be determined from the boundary condition
at infinity. From Eq. (B8) we obtain

(−b ± 1)(1 ± ǧ(0) ) 1
2 e2Exe−2iα̃σ̂ yx = 0, (B9)

which is solved by b = ǧ(0). Now we construct the full ǧ(1)(x)
from Eq. (B7). Writing U −1

± = u−1
± A−1, with A−1 = e−iα̃σ̂ yx

and u−1
± = e±ǧ(0)Ex, we get

ǧ(1)
± (x) = h f0

E2 + α̃2
{α̃σ̂ xA−2τ1[−ǧ(0) ± 1]u−2

±

+ [∓α̃σ̂ x + Eǧ(0)σ̂ z]τ1}. (B10)

The exponentially growing part gets canceled by construction,
so we can keep only the decaying part of u−2

± , which is u−2
± =

1
2 e−2Ex (1 ∓ ǧ(0) ). Inserting this in the above equation finally
leads to

ǧ(1)
± (x) = h f0

E2 + α̃2
{[∓α̃σ̂ x + Eǧ(0)σ̂ z]

+ αe−2Exσ̂ xe−2iσ̂ yx[ǧ(0) ± 1]}τ1. (B11)

The symmetric part of the above Green’s function is

δǧ(1)
s (x) = ǧ(1)

+ (x) + ǧ(1)
− (x)

= 2
h f0

E2 + α̃2
ǧ(0)τ1[E σ̂ z + α̃σ̂ xe−2Exe−i2α̃xσ̌ y

].

(B12)

The corresponding correction to the magnetization is obtained
from δMj = π iT μBN0

1
8

∑
ωn

Trτ3σ̂
jg(1)
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