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Dynamical stabilization by vacuum fluctuations in a cavity: Resonant electron scattering in the
ultrastrong light-matter coupling regime
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We developed a theory of electron scattering by a short-range repulsive potential in a cavity. In the regime
of ultrastrong electron coupling to the cavity electromagnetic field, the vacuum fluctuations of the field result
in the dynamical stabilization of a quasistationary polariton state confined in the core of the repulsive potential.
When the energy of a free electron coincides with the energy of the confined state, the extremely efficient
resonant nonelastic scattering of the electron accompanied by emission of a cavity photon appears. This effect is
discussed as a basis for possible free-electron sources of nonclassical light.
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I. INTRODUCTION

Engineering the properties of quantum systems by dynami-
cal modulation of their parameters based in the Floquet theory
(the Floquet engineering) became an established research
field with a plethora of fundamental predicted and observed
phenomena [1–6]. In many setups, the role of periodic time-
dependent modulation is played by the intense off-resonant
electromagnetic field which does not excite any transitions
in the system but merely renormalizes its parameters in a
controllable fashion. This effect, termed the electromagnetic
dressing, appears to be especially powerful in application
to nanostructures, where various electromagnetically induced
phase transitions—metal-insulator transitions [7–9], topolog-
ical phase transitions [10–13], etc.—were considered.

Among many dressing-field effects, the dynamical stabi-
lization of electronic states in nanostructures by an electro-
magnetic field [14] should be especially noted. The essence
of the effect is that the dressing of a static repulsive potential
by a high-frequency electromagnetic field renormalizes it in
such a way that the potential acquires a local minimum in
its core. Since the repulsive potential dressed by the field
turns into an attractive one near its center, it can confine
quasistationary electron states stabilized by the field. Such a
dynamical stabilization leads to many peculiar effects, includ-
ing the electromagnetically induced electron pairing [14,15],
the features of electron transport [16,17], etc. Despite having
direct analogs in classical mechanics (e.g., the famous Kapitza
pendulum [18]), the effect of electromagnetically induced dy-
namical stabilization is relatively new. This may be attributed
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to its deeply nonperturbative nature inaccessible for the stan-
dard perturbation analysis. The nonperturbative character of
the effect also requires relatively high field intensities, which
are rather undesirable for possible experimental demonstra-
tions since they would lead to inevitable heating. The question
arises of whether a similar effect can be realized without an
intense external illumination and solely due to the coupling of
electron to vacuum fluctuations of the electromagnetic field in
a properly engineered photonic cavity.

The research on the interaction of matter with a quantized
electromagnetic field in optical cavities—the cavity quan-
tum electrodynamics (CQED)—has recently enjoyed a surge
of interest caused by the qualitative improvements in the
nanofabrication technology. These improvements allowed re-
searchers to push the characteristic energies of light-matter
interaction in nanosystems embedded into cavities to the
values comparable to the cavity photon energy [19,20]. In
the regime of ultrastrong light-matter interaction [21], the
coupling of a material system to vacuum fluctuations of
electromagnetic field modifies the ground state of the sys-
tem. This peculiar phenomena and its consequences led to
the emergence of the new research field known as cavity-
QED materials engineering [22–26]. There were predictions
of numerous fascinating cavity-induced phase transitions,
including superconductivity [27–31], ferroelectric phase tran-
sitions [32], topological phase transitions [33,34], as well
as substantial modification of the chemical reactions inside
the cavity [35–41]. In the present research, we show that
the ultrastrong light-matter coupling regime can facilitate the
dynamical stabilization of a polariton state confined at a re-
pulsive potential. As a result, the resonant scattering of an
electron through the state—which is accompanied by the effi-
cient photon emission—appears.
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FIG. 1. Sketch of the system under consideration: A free electron
with the energy E enters a single-mode cavity with the resonant
frequency �0 and scatters on a short-range repulsive potential V ,
emitting the cavity photon.

II. MODEL

We consider an electron with the energy E , which enters
a single-mode cavity with the resonant frequency �0 and
scatters on a short-range repulsive potential V , emitting the
cavity photon of the energy h̄�0 (see Fig. 1). The short-range
scattering potential for the free electron can be realized with a
charged metallic of dielectric nanoparticle (e.g., a nanosphere
or a nanorod).

For simplicity, we will restrict the following analysis to
the case of the one-dimensional scattering potential V (x) =
V0δ(x), where V0 > 0. Then the Hamiltonian of the considered
system reads

Ĥ0 = 1

2m
(−ih̄∂x − eÂ)2 + V0δ(x) + h̄�0(â†â), (1)

where m is the electron mass, Â = A(â + â†) is the operator
of the quantized cavity field, and A is the mode amplitude. To
simplify the problem, let us perform the successive unitary
transformations. First, we apply the squeezing transforma-
tion Ŝ(θ ) = exp[(θ â2 − θ â†2)/2], where tanh 2θ = −1/(1 +
g2/l2

0 ), l0 = √
h̄/(m�0), and g = h̄/eA. As a second step,

we apply the quantized analog of the Kramers-Henneberger
transformation extensively used for the description of the
interaction of atoms with intense classical electromagnetic
fields [42,43]. This transformation corresponds to the transi-
tion to the noninertial frame of reference connected with the
electron periodically driven by the electromagnetic field. For
the case of a quantized field, the transformation is given by
the operator

Û = exp[−iβ(−i∂x )i(â† − â)], (2)

where β = α(1 + 2α2)−3/4 and α = l0/g is the dimension-
less electron-photon coupling strength. Then the transformed
Hamiltonian (1) reads

Ĥ′
0 = − h̄2

2m̃
∂2

x + V0δ(x −
√

2ξ q̂) + h̄�

2
(π̂2 + q̂2), (3)

where m̃ = m(1 + 2α2), q̂ = i(â† − â)/
√

2, � =
�0

√
1 + 2α2, and π̂ = (â + â†)/

√
2. It can be seen that

the transformation (2) transfers the coupling between an
electron and the electromagnetic field from the operator
of electron kinetic energy to the scattering potential. We
further normalize the Hamiltonian (3) to the energy h̄� and
normalize the electron coordinate x to the length

√
h̄/(m̃�).

The final dimensionless Hamiltonian (3) reads

Ĥ = − 1
2∂2

x + Ṽ δ(x − αq̂) + 1
2 (q̂2 + π̂2), (4)

where Ṽ = V0(1 + 2α2)1/4/(h̄�0l0). It should be noted that
a similar transformation has been recently used to analyze
different light-matter coupling regimes for the electrons in pe-
riodic potentials [44]. The general solution of the Schrödinger
equation with the Hamiltonian (4) can be presented as a series

ψ (x, q) =
∑

n

χn(x)ϕn(q), (5)

where ϕn(q) are the eigenstates of the harmonic-oscillator
Hamiltonian. Substituting the ansatz (5) to the Schrödinger
equation Ĥψ = Eψ , one can obtain a series of the one-
dimensional differential equations on the amplitudes χn.

Assuming the cavity to be initially in its ground state, the
total electron-field wave function can be written as

ψ (x, q) = eipxϕ0(q) + ψsc(x, q), (6)

where the first term corresponds to the incoming electron
wave, the second one describes the scattered wave, p =√

2E − 1 is the electron momentum, and E is the total en-
ergy. Taking into account the short range of the scattering
potential, each electron basis function χn(x) can be approx-
imated at |x| → ∞ by the plane wave χn ∼ eipnx with the
momentum pn = √

2(E − n) − 1. Therefore, there will be
a finite number of partial amplitudes corresponding to n <

nmax = E − 1/2. In what follows, we will restrict the analysis
by the energy E < 3/2 so that there are not more than two
partial amplitudes corresponding to n = 0 and n = 1. Thus,
the asymptotic form of the scattered wave can be written as
ψsc = t00eipxϕ0(q) + t01eip1xϕ1(q) and ψsc = r00e−ipxϕ0(q) +
r01e−ip1xϕ1(q) for x → ±∞, respectively. As a result, we
arrive at the system of equations for the amplitudes χn,

−∂2
x χn

2
+ Ṽ

α

∑
m

ϕm

( x

α

)
ϕn

( x

α

)
χm =

(
p2

2
− n

)
χn. (7)

While the system of equations (7) can be solved numer-
ically for the arbitrary electron-photon interaction strength
α, let us obtain analytical approximations for the two
limiting cases of α � 1 and α � 1. For the case of
α � 1, one can find that limα→0 ϕ2

0 (x/α)/α = δ(x) and
limα→0 ϕn(x/α)ϕm(x/α) ∼ α|n−m|. As a consequence, the
scattering-induced coupling of different eigenmodes of the
cavity field is weak and can be treated perturbatively. Since
the unperturbed (the zeroth order of α) amplitude is χ0 =
eipx − eip|x|(1 − ip/Ṽ )−1, the amplitude χ1 in the principal
order of α can be found as a solution of the equation[

p2
1

2
+ ∂2

x

2
− Ṽ

α
ϕ2

1 (x/α)

]
χ1 = Ṽ ϕ1(x/α)ϕ0(x/α)

α
χ0. (8)
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FIG. 2. (a) The reflection scattering probability |r01|2 as a func-
tion of electron energy E for the different electron-photon coupling
strengths α. The inset shows a profile of the dressed scattering po-
tential VD(x) containing the quasistationary polariton state with the
energy ε0 (the dashed line). (b) Dependencies of the peak value of
the inelastic scattering probability and the peak half-width on the
electron-photon coupling strength α.

In the opposite limit of α � 1, the coupling of different field
eigenmodes is also weak due to the smallness of the ratio Ṽ /α.
In the principal order of 1/α, the amplitude χ1 again satisfies
Eq. (8), where the amplitude χ0 can be approximated by a
plane wave eipx because p2/2 ∼ 1 � Ṽ /α. It follows from the
aforesaid that the scattering amplitude χ1 in the limits of both
large and small α can be found by inverting the operator in the
left-hand side of Eq. (8),

χ1(x) =
∫

dx′G1(x, x′)
Ṽ

α
ϕ1

(
x′

α

)
ϕ0

(
x′

α

)
χ0(x′), (9)

where G1(x, x′) is the Green’s function for an electron in
the potential VD(x) = (Ṽ /α)ϕ2

1 (x/α), which can be treated
as a scattering potential renormalized by vacuum fluctuations
of the cavity field (the dressed potential). Since the dressed
potential VD(x) acquires the two-barrier structure [see the
inset in Fig. 2(a)], it supports the polariton states confined
between these two potential barriers at the specific energies
ε0. These states are quasistationary with the decay rate (the
inverse lifetime of the state) γ0 since they can decay due to
the tunneling through the barriers.

While the exact values of the energies of the quasista-
tionary states and the corresponding decay rates cannot be
found analytically, certain approximations for the ground
state can be made. Let us assume that the potential bar-
riers confining the quasistationary states are sufficiently
high. Then the potential ϕ2

1 can be approximated by a
parabola. In this case, the ground-state energy can be writ-
ten as ε0 ≈ (Ṽ /α)(

√
παṼ )−1/2, the barrier height reads εb ≈

Ṽ /[α exp(1)], and the condition of the strong localization of
the quasistationary state is αṼ � 1. Applying the well-known
tunneling theory, the rate of tunneling decay reads γ0 ≈
ε0 exp[−πα(εb − ε0)/4]. The existence of the quasistation-
ary states leads to the resonant dependence of the scattering
amplitude χ1 on the energy of the incoming electron. If the
product αṼ decreases, the resonant state energy ε0 approaches
the barrier height εb, whereas the decay rate γ0 approaches
the state energy ε0. As a result, the decreasing of the product
αṼ leads to vanishing of the resonance. Correspondingly, the
condition for the well-pronounced resonance can be approxi-
mated by the inequality αṼ > 10.

III. RESULTS AND DISCUSSION

The probability amplitudes for the electron scattering ac-
companied by emission of a cavity photon are determined
by the inelastic reflection and transmission coefficients, r01 =
eip1xχ1|x→−∞ and t01 = e−ip1xχ1|x→∞, respectively. The spec-
tra of the scattering probability |r01|2 for the different values of
α, which are obtained from the exact numerical solution of the
problem, are plotted in Fig. 2(a). It is seen in the plots that both
the resonant energy and the resonant peak half-width decrease
with increasing α. Qualitatively, this follows directly from the
α dependence of the dressed barrier VD(x): The width of the
dressed potential VD(x) increases with increasing α, which
decreases the resonant polariton energy ε0 and increases the
polariton lifetime. On the other hand, the right-hand side of
Eq. (9) at α � 1 decreases with increasing α as e−p2α2

since
the amplitude χ0(x) ∼ eipx rapidly oscillates as compared to
the increasingly smooth amplitude product ϕ1(x/α)ϕ0(x/α).
These opposing trends lead to the nonmonotonic dependence
of the peak probability of nonelastic scattering on the electron-
photon interaction [see Fig. 2(b)]. It is seen that the maximal
value of the peak probability is achieved at α ≈ 2.7 that cor-
responds to the ultrastrong light-matter coupling regime [22].
Importantly, the maximal value of nonelastic reflection can
reach the values of almost 0.5 and thus the proposed geometry
may also be interesting in the context of maximizing the
quantum scattering by localized impurities, a topic which has
been actively developing in recent years [45,46].

To estimate the feasibility of the proposed effect, let us
consider a terahertz cavity with the frequency h̄�0 = 1 meV,
which corresponds to the length scale of l0 = √

h̄/(m�0) ≈
8 nm. The electron-photon interaction α can be increased
by using the ultrasubwavelength cavities characterized by the
effective cavity volume V = (ξλ/2)3, where λ = 2πc/�0 is
the resonant wavelength and ξ is the dimensionless coeffi-
cient. Particularly, the condition α = 1 leads to the expression
ξ = [h̄�0α0/(mπ3c2)]1/3 ≈ 10−4, where α0 ≈ 1/137 is the
fine-structure constant and the corresponding cavity lateral
size is around 50 nm. These values match the recently
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obtained limit for the nanoconcentration of terahertz radiation
in plasmonic cavities [47]. The required electron velocities in
such cavities are of the order of 104 m/s, which is within the
nonrelativistic approximation and can be achieved with the
compact free-electron sources. For the case of near-infrared
cavities with the resonant frequency h̄�0 ∼ 1 eV, the same
analysis results in the required lateral cavity size of just sev-
eral nanometers. Such extremely subwavelength cavities have
recently been realized experimentally with the gap plasmonic
modes [20] and are, in principle, feasible while still extremely
challenging to fabricate.

It is also instructive to consider the spectral and temporal
characteristics of the radiation emitted by a scattered elec-
tron. Immediately after the scattering, the system is in the
linear superposition of the elastically and inelastically scat-
tered waves, ψE (x, q) = t00eipxϕ0(q) + t01eip1xϕ1(q), where
the second term corresponds to the excited polariton
state and the total electron-field energy is E . To describe
the dynamics of relaxation of this excited state, we adopt
the approach of Ref. [48]. Assuming a weak coupling to an
external photonic reservoir and applying the Markov approx-
imation, the output field operator b̂out (t ) can be represented
as b̂out (t ) = −γ X̂ −(t ), where γ is the cavity decay rate, and
the operator X̂ −(0) = ∑

E ′<E 〈ψE ′ |â + â†|ψE 〉|ψE ′ 〉〈ψE | de-
scribes the relaxation between the eigenstates of the closed
system. The final state ψE ′ can be decomposed as |ψE ′ 〉 =∑

n eipn (E ′ )ϕn(q). The operator X̂ −(0) can be computed explic-
itly, yielding X̂ −(0) = (1 + 2α2)−1/4δE ′,E−h̄� and, thus, we
can consider only two states. As a consequence, the master
equation for the density matrix can be solved accurately. This
allows one to obtain the explicit expressions for the first-order
correlation function for the radiation S1(t, ω) defining the
emission spectrum,

S1(t, ω) =
∫

dτe−iωτ 〈b̂†
out (t + τ )b̂out (t )〉

= e−γ̃ t (|t01|2 + |r01|2)
γ̃ 2(1 + 2α2)−1/2

(� − ω)2 + γ̃ 2/4
, (10)

where γ̃ = γ (1 + 2α2)−1/4. The map of the spectral intensity
of the emission vs the coupling parameter α is plotted in
Fig. 3. It follows from Eq. (10) that the emission peak width is
suppressed by a factor (1 + 2α2)1/4, which is approximately
2 for the value of α ≈ 2.7 corresponding to the maximum of
the inelastic transmission t01.

It should be noted that the large values of electron-photon
interaction crucial for the observation of the discussed effect
can be achieved not only by the cavity design, but also by
introducing multiple electrons to the cavity. However, this
would induce effective correlations between the electrons
since all the electrons are coupled to the single cavity mode.
At present, the interplay of the induced electron-electron
correlations, the scattering from a static potential, and the
ultrastrong coupling to the cavity field remain open questions.

Recently, the interaction of free electrons with cavity
vacuum fluctuations was studied experimentally [49,50].
In the experiments, a beam of free electrons, passing in
the vicinity of a high-quality ring resonator, experienced
a nonelastic scattering by the inhomogeneity of the cavity
vacuum evanescent field. As a result of the scattering, the

−2 −1 0 1 2

Photon frequency

1.0

1.5

2.0

2.5

3.0

3.5

4.0

4.5

5.0

E
le

ct
ro

n-
ph

ot
on

in
te

ra
ct

io
n

α

Emission intensity S1(0, ω)

0.00

0.08

0.16

0.24

0.32

0.40

0.48

0.56

0.64

0.72

FIG. 3. The intensity spectra of emitted radiation as a function of
the electron-photon coupling strength α.

generation of the antibunched cavity photons appears [50].
It should be stressed that the observed effect is not res-
onant in the electron beam energy. On the contrary, we
have shown that the formation of the resonant states via
the dressing of the repulsive short-range potential leads to
the resonant enhancement of the nonelastic scattering pro-
cess when the electron energy matches the energy of the
resonant state.

Finally, let us discuss the generalization of the considered
one-dimensional (1D) scattering problem to the 2D and 3D
cases. In the case of a 3D repulsive potential, it requires
three different cavity modes with noncoplanar polarizations to
produce the resonant electron state confined by the potential.
Moreover, the vectorial nature of the cavity field precludes
the formation of the spherically symmetric dressed poten-
tial. At the same time, one can use the scattering potential
elongated in one dimension, which leads to a cylindrically
symmetric double-barrier structure under the cavity dressing.
To achieve this, a chiral cavity can be used, where the modes
characterized by different circular polarizations have different
frequencies. Lastly, if the potential is elongated along two
dimensions (a wall-like potential), the analysis presented here
can be applied directly.

IV. CONCLUSION

We have considered the scattering of a free electron on a
short-range repulsive potential in the regime of ultrastrong
light-matter coupling to a single-mode optical cavity. It is
demonstrated that the dynamical stabilization of the electron
at the potential by vacuum fluctuations of the electromagnetic
field appears. Namely, the strong electron-photon interac-
tion leads to the renormalization of the repulsive potential
and its transformation to a double-barrier potential hosting
resonant scattering states. They result, particularly, in the
resonant nonelastic scattering of the electron with emission
of a cavity photon. Since this process can be very efficient
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for large values of electron-photon coupling, the present
research opens an avenue in the cavity-QED engineering,
establishing a link between the research on the interac-
tion of free electrons with photonic nanostructures and the
cavity QED.
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