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Abstract-Quantum
finite-size effects in carbon nanotubes are studied as a function of tube length L and of the
type of end structure used to terminate the tube. The “end” structures considered are: tori, open tubes terminated
with H atoms, and various caps formed from hemispherical pieces of fullerenes. With different geometric
boundaries there arise distinct asymptotic band-gap behaviors as a function of L: damped oscillations decaying as
l/L, monotonic l/L decay, exponentially decaying, and constant. These asymptotic scaling behaviors are
categorized and explained in terms of general characteristics of the frontier orbitals. Implications for nanoscale
devices are briefly discussed. 8 1997 Elsevier Science Ltd. All rights reserved.

1. INTRODUCTION

Since Iijima’s [l] first experimental observation of
carbon nanotubes, the production of single-walled nanotubes [2], and theoretical work [3] suggesting that some
tubes might be electrically conductive, these structures
have become of much interest as novel small-band-gap
materials. The extended nanotubes can be either semimetallic or small band-gap semiconductors depending on
their “helicity” and radius. The recent measurements of
electrical transport in individual carbon nanotubes [4],
the realization of a field-emission electron source made of
aligned nanotubes for flat display applications [S], and
also the theoretical proposal of mixing nanotube structures to form tiny electronic switches (heterojunctions)
made only of carbon [6] or BXCpN, composites [7] all
show the importance of a comprehensive knowledge of
the quantum size effects in the electronic properties
of nanotubes when used for technological applications.
In a broad context, the reduction of the dimensionality
in semiconductor and metallic systems has led to many
new and interesting electronic phenomena [8, 91. In
metallic clusters, the quantum confinement effect gives
rise to the observation of “magic numbers” in the mass
spectra, connected with the filling of electronic shells.
Semiconductor quantum dots also offer the possibility of
accessing the discrete level spectra that strongly alter
their electronic magnetic and transport properties [lo].
All these new aspects connected with finite-size effects
should play an important role in the properties of finite
carbon nanotubes. The effects of the structure of the tube
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ends and of finite length in nanotubes are still uncharacterized, and their study constitutes the main objective
of the present paper. An open question is: do carbon
nanotubes show “magic number” behaviors similar to
those of metal clusters? Such effects could conceivably
be important when using nanotubes for nanoscale electronic and opto-electronic devices where the transport
and optical response will be dominated by such quantum
size effects.
A rough estimate of the importance of these quantum
size effects can be made. With the utilization of the
nearest-neighbor tight-binding (nn-TB) model, we estimate the level spacing upon noting that the x-electron
energy levels are bounded by 5 z/3 on either side of
the Fermi energy eF, where z = 3 is the coordination
number and /3 = 2.5 eV is the nearest-neighbor electronhopping integral. Thus a mean level spacing can be
given as this range of energies divided by the number
of atoms in a tube of given radius R and length L: for a
tube with R = 5 A and L = 1000 A, one then has AC =
(6 eV A2)/RL = 1.2 meV. This is a considerable energy
for transport and conductivity measurements. Therefore,
small nanotubes can exhibit Coulomb blockade effects
and oscillations in the conductivity as already manifested
in semiconductor quandum dots [8]. The finite-size
effects for nanotubes are then of interest, particularly
the band-gap and its behavior and the manner of approach
toward the infinite tube limit.
1.1. Tube classification

andfirst

computations

In more detail, the carbon nanotubes are viewed as
being composed in the bulk entirely from hexagonal rings
of carbons, and in general may be conceived of [ lo- 131
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as graphite strips rolled into tubes. As such the tubes are
characterized in terms of two minimal graphite latticevector displacements such as to be equivalent on a tube.
Here we follow [ 111, and express such a pair of vectors
as integral multiples, t+ and I-, of two ring-center to
ring-center basis vectors at 120” to one another, and such
that 0 I t_ % t+ > 0. The electronic behavior of infinite
tubes is straightforward: tubes with I, - t- divisible by 3
have small band-gaps and are likely to be metallic or
semimetallic, while all other tubes have substantially
larger gaps (when diameters are similar) [lo-131.
For real tubes, however, there remains the question
of the possible structures of the ends of the tubes,
and naturally there remains the related question of the
effects of these end structures on the properties of
the tubes. Here we address band-gaps (or better
HOMO-LUMO gaps, since the structures are to be
finite), it being presumed that the structures are neutral,
with one nominally ?r electron per carbon. Of course
the curvature of the nanotubes modifies the hybridization (and often diminishes the value for the fl integrals),
but most of the discussion here is phrased in terms of
the simple nn-TB model, the qualitative conclusions
reached being in accord with the checks on the results
using more sophisticated computations including u,u
mixing, as will be briefly discussed toward the end of
this article.
As one step in understanding such finite carbon
nanotubes, we have carried out computations on a few
hundred structures, first using the simple nn-TB model.
The tubes examined have various (t+,t-) tube types: first,
with the tube diameters D = (0.78 A){ t!++ t+t_ + t?) “*
being in the range from 5 to 20 A (and overlapping
reasonably with the experimental range -7-50 A); and
second, with lengths such as to include up to -500 atoms.
The different types of ends or boundary conditions
studied include:
open ends clipped off in different ways with hydrogen
atoms taking up the remaining carbon valences at the
ends;
carbon-network caps each corresponding to a half of
some fullerene with six pentagons arranged in a
physically reasonable pattern satisfying the “isolatedpentagon rule” [ 141;
cyclic boundary conditions, whence the tubes may
be viewed as forming tori composed solely of
hexagons.
Within the TB model a variety of behaviors as a
function of tube length L for the HOMO-LUMO gap
AL are found depending on the (t+,t_) classes and the
boundary used to end the tube. The tori within the simple
nn-TB model are often exceptional in comparison with
the other finite tubes, and will be considered separately. With reference to the infinite (endless) tubes, the

Table 1. Variety of band-gap behaviors
r+.r- divisible by 3
Cl&&S (A: = 0)
d
d’
e
e’

= AJL
AL=AfL
AL

iLL 1 FfL

t+,t_ not divisible by 3
(A: f 0)
AL=Am+iWL
AhL=Am+AIL
AL J A, + AemtL,Am < At
A,=A,<A:

asymptotic behaviors can be divided into four classes
(with a labelling that will be made clearer in the next
section):
(d) The gap diminishes toward the infinite-tube
result with periodic oscillations in L of amplitude
quenching as l/L.
(d’) The gap diminishes toward the infinite-tube
result monotonically as l/L.
(e) The gap approaches exponentially fast (with
increasing L) a value (usually) different from that
for the infinite tube.
(e’) The gap is constant at a value different from that
for the infinite tube.
The gap of the infinite tube (with cyclic boundary
conditions) is not necessarily that of the finite tubes even
as their length becomes ever larger. We subdivide each
of these classes into two depending on whether the
infinite tube has a zero gap (i.e., when t+ - t- is divisible
by 3) or a gap unequal to zero (when t+ - t_ is
not divisible by 3). E.g., class (d) divides into (da) and
(d z 0).
These various cases are summarized in Table 1. There,
AL denotes the gap for a tube of length L, A, denotes the
limit to which AL approaches, and Ai denotes the gap
value for the infinite tube with the usual cyclic boundary
conditions. The L-independent parameter A depends on
the tube ends, while AL indicates a parameter which
depends periodically on L. The Lindependent “scale”
parameter 5 depends only on (t+,t_). Particular examples
for these 0 and # 0 cases are shown in the gap vs. L plots
of Figs 1 and 2. In Fig. 1 cases (do) and (eo) are shown,
while case (eo’) is not shown but occurs (e.g.) for the
open-ended tube with (t+,t_) = (6,6) or (12,0) when
the ends are of the form in Fig. 3(c). The only cases found
of (do’) are when t- = 0 and t+ is divisible by 3, as for
(t+,t_) = (9,0) with a fullerene cap. In Fig. 2 examples
for (d + a’), (e + 0) and (e + o’) are shown. Figs 1 and 2 also
show gaps for a couple of tori, which will be discussed
later. In several cases the behaviors displayed in the
figures have been checked to notably longer lengths and
have been found to persist, so that the true asymptotic
behaviors are presumably revealed even on such relatively short tubes (and such is supported by the arguments
of the next section). A few cases, such as (t+,t_) = ($0)
with ends as in Fig. 3(d), seem to show a rather slow
convergence toward the asymptotic value, although as

Geometric boundary effects on the electronic properties of finite carbon nanotubes

419

0.40,

0.30

0

(5,s)~Capped

A

(5.5)-Torus

x

(9,0)-Open

4
CI,
It

P
3

0

0.20

1

B

e0

e

AA
.

0.10

0.

.
0

0

AA

0

.o

0

AA

AA

l *.
l

0

0

l

00

.’

0.00
0

5

10

15

20

25

30

35

40

L
Fig. 1. Gap (in units of 6) vs. tube length L (in unit-cell lengths 2.45 A for (n,n) tubes and 4.26 A for (n.0) tubes), for different cases
where the infinite tube has a zero-gap. There are twocases of (do) at (t+,t_)= (5.5) andonecase of (eO)at (I +,t_)= (9.0); the solid-dot
(do) case involves a CJ, cap which is half of a buckminsterfullerene cage.
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Fig. 2. Gap vs. L for cases where the infinite tube (with cyclic boundaryconditions) has a non-zero gap. The (d +0’)caseis for (r +,t -)=
(8.0) with open ends of the form indicated in Fig. 3(a), and the remaining cases all have (t+,f_) = (10.0): case (d + 0”) tori, with
delocalized frontier orbitak; (e + a) tubes with caps as in Fig. 3(d): and (e + a’) open-ended tubes as in Fig. 3(c), as well as tubes with
CsVsymmetry caps from icosahedral Cm fullerene.
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Fig. 3. Different types of tube ends mentioned at different times
in the text. In (a),(c), and (d) the dashed bonds at the left and right
are the same (the structure being bent into a circle to form a
cylinder) and the tube structure continues onward (for a length
L) in the downward direction.

we argue in the next section this case should ultimately
fall into one of our classes-presumably
(d + e’).

m&g&l
(iii)

(iv)

1.2. Explanation
As a first step towards explanation it may be noted that
the observed variety of HOMO-LUMO behaviors
correlates with the character of the frontier orbitals (i.e.,
the HOMO and the LUMO). In correspondence to the
already noted gap behaviors, there are two broadly
different behaviors for the electron density distributions
of these frontier orbitals:
(d & d’) delocalized (or bulk) orbitals (with densities
more or less uniform along the length of the tube),
the individual orbitals having a helical repetition
pattern in case (d) and non-helical in case (d’);
(e & e’) end-localized orbitals, with in case (e) an
inverse localization length [ such that the density
falls like e-(” as a function of the distance x to the
nearer end and in case (e’) completely end-localized
orbitals (for which the density drops to 0 in the bulk
of the tube). Frontier orbital densities for examples
o.st

Fig. 5. In (i) the 1 X 3 super-cell, and in (ii) their manner of interrelation. In (iii)-(vi) the four associated occupancy patterns for
zero-energy orbitals, with open and shaded circles indicating
opposite-signed amplitudes; in (iv) and (vi) the smaller circles
correspond to half the amplitude of the larger ones.

of such delocalized and end-localized cases are
displayed as a function of the tube’s axial coordinate
in Fig. 4.
Evidently a structural characterization of the frontier
orbitals is desired, and for the nn-TB model this can be
achieved to some degree. For a bipartite system (i.e., with
A and B sublattices) it is known [ 151 that the x-MO
energies are symmetrically distributed about the average
energy. Thus with

1

Fig. 4. Density vs. axial position for the frontier orbitals of (r+,r_)
= (10.0) tubes with length L = 20. The type (d) case is for a torus,
the type (e) case is for a tube capped as in the inset of Fig. l(b),
with end-localized charge density, and the (e’) case is for an open
tube with completely end-localized charge density. These cases
are correlated with the different behaviors of the band-gap shown
in Fig. 1.

one has the levels symmetrically arranged around 0,
which for the half-filled band case of interest here corresponds to the Fermi energy er = 0. Now it is wished
to characterize zero-energy MOs, or those (frontier)
MOs nearest to 0.
A simple pictorial condition for the existence and
character of delocalized zero-energy eigen-orbitals is
possible. To this end consider a construction based on a
1 X 3 super-cell of unit cells cut from the graphite lattice,
as indicated in Fig. 5(i), with different such super-cells
related as indicated in Fig. 5(ii). The patterns in
Fig. S(iii)-(vi) are to represent possible orbitals with
the larger circles indicating amplitudes twice those
on the smaller circles and the shading or openness of
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become large (i.e., the graphitic limit is approached).

For

amplitudes. If the whole lattice can be so covered by such

cases (e + 0) and (e + 0’) end-localized

super-cells,

the bulk orbitals closest to 0, and the types of behavior

then with the occupation

of every super-cell

in one of the four patterns of Fig. S(iii)-(vi)
frontier eigen-orbital

there results a

$0; that is, if $a within a super-cell

is chosen as indicated in Fig. S(iii), (iv), (v), or (vi) with
all the neighboring

cells around

occupation

pattern,

then (at least within

super-cell)

H.._Ts$o

delocalized

orbitals arise for finite structures if and only if

the boundary

it having

this same
this central

= 0. The result is that zero-gap

conditions

are suitable, both around the

discussed

orbitals lie between

in cases (eo) and (eo’) arise, though the gap

need not close to 0.
Further,

it should be noted that typically

both the

HOMO and LUMO fall into the same class (d, d’, e,
e’). Delocalized

orbitals reside primarily on the bulk of

the tube which in this bulk is a bipartite lattice where (for
the nn-TB model) the pairing theorem [ 151 implies that
their energies are distributed equally above and below er.

tube and at the ends of the tube. Thus, if the infinite tube

End-localized

or a torus can be (disjointly) covered by such super-cells,

distributed

then these patterns give zero-gap orbitals. (For the infinite

combinations

tube this covering

above and below sF- There remains the possibility

condition

is just that t,

-

t- be

divisible by 3). For other finite-L tubes associated

with

an infinite-L tube which can be so covered, the band-gap
should fall like l/L toward 0 as L increases-the

fraction

- l/L arising here because this is the fraction of the supercell patterns abutting to the ends (where the satisfaction
of the zero-eigenvalue

condition

may fail). A period-3

oscillation in the gap can arise in correspondence

with the

period-3 manner in which the 1 X 3 super-cells

match to

the ends. In this regard r- = 0 plays a special role, as in

orbitals

generally

have energies

give energies

split slightly apart equally

frontier orbitals, while the other is of type (d + 0). Having
(eo) or (eo’) at the same time as (do) would then only
occur with ends of different types.
Finally it is conceivable
with accidently

occur for a circumstance
delocalized

that there may be some cases

slow convergence.

and end-localized

orbitals

values of L before one ultimately

back on itself after tJ3

cells. Then the same

to the ends occur independently

no period-3

oscillation

results. But this argument

for t_ # 0, since following
super-cells

of L and
fails

along the long axis of the

leads from one end of the tube to the other, so

which

dominates

in Fig. 3(d): the frontier

orbitals are delocalized

some density on the ends, while energetically
eigen-orbitals

are primarily

end-localized.

Table
which close in

tightly on either side of er, but there just happen to be
end-localized
L -

orbitals at the Fermi level er, at least in the

m limit. This limit is relevant here because these

end-localized

approach

indeed

the energies

that of the (delocalized)

all as is consistent

found, we believe it is simply because

Tori make a special case in that they do not have
lized, but also they have no ends with which to interact.
the structure with the super-cells

gradual decay into the interior),

then the case (ea’) of

give a gap unequal

The bulk (i.e., delocalized)

needed for a zero-gap.
or not is independent

is obtained.

cases (d + a). (d + 0’). (e z o), (e + a’)

(but not always)

the asymptotic

“ends’ ’ , so that not only are the frontier orbitals deloca-

on the ends (with no

often

near degeneracy.

into

localized

persistently.

infinite nanotube-

regime has not yet been achieved.

orbitals are completely

The remaining

of

not clearly

That is, if behavior other than that described in Table 1 is

The same arguments

zero-gap

do

with an accidental

opposite ends) with a strength -emtr and so give a gap
-eVzL, as in case (ea). If it should happen that the end-

L-independent

realizable

behaviors

in pairs (from

orbitals typically decay exponentially

the interior of the tube and so interact

l-and

with

adjacent

The energy

gap as a function of L for the computationally

oscillates with period 3.
by 3 still have bulk orbitals

and the

stance appears to occur for (t+,t_) = ($0) with ends as

L does not clearly exhibit the considered

The other zero-gap cases (ea) and (ea’) with t+ - t_

never-

behavior is realized. Such a circum-

that the manner of abutment of the super-cells to the ends

divisible

this could

theless are very close in energy, and so interact at smaller
correct asymptotic

coming

Perhaps

with zero-order non-degenerate

the super-cells
abutments

of the

(e + o) or (e + o’) case which could occur for one of the

this case (with t+ divisible by 3) the long axis direction of
can follow around a tube circumference,

not so

but, for case (eo) or (eo’), plus and minus

to zero

orbitals nearest

t+ is divisible
independent

apply concerning

the covering

of

of Fig. 5(i) as being

For t_ = 0 the ability to cover
of L, depending

solely on whether

by 3, and thus the gap is a constant

of L. For t+ - t- divisible

by 3, certainly

every third L leads to a zero gap. For t+ - t_ not divisible

that
states

by 3 there is a permanent gap, and different behaviors
are expected depending on the location of the gap in

end up in this gap. For cases (d + o) and (d + a’) the
relevant orbitals are not end-localized
and generally

the gap is at k = 0, which is a point always realized for

in energy to or always have a gap unequal to 0,
the only question is whether any end-localized

such orbitals will have a fraction -l/L

SO

of their density

next to the ends, so that a gap -l/L occurs. Of course this
gap closes toward 0 as the tube diameter is aliowed to

k-space of the infinite torus. For the sub-case with t- = 0,
finite L, so that the gap is constant (as already otherwise
argued above), For other sub-cases
another

location

kr in k-space,

the L whence

m gap is at
the frontier
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orbital bands for L - CQshould vary quadratically near
kF, so that as the finite-L discretized selections from
k-space close in about the minimum, the L - 00 gap
should be approached -l/L*.
1.3. Higher-order computations
There is evidence that our general conclusions are
robust beyond the simple nn-TB model. Most simply,
one may extend the *-electron tight-binding model to
include next-nearest-neighbor
interactions and nonidentity overlap, so that the new orbital eigenproblem
for the orbital energy E is
HTBti = ESIC’
where it turns out that HTBand S are expressible in terms
of the simple nn-TB model. The restriction of these
operators to their representations on the one-electron
space might be abbreviated to I-ITBand S, and we further
abbreviate A = I&_&% Then [ 161 for a network solely
of degree 3 sites

length, as summarized in Table 1, and we have correlated
these behaviors with structural features. Generally,
excepting the period-3 oscillations, the gap does not
increase as L increases, because the non-bulk interactions
repelling the two frontier levels fall off with increasing L.
The problem of finite-size quantization effects, rather
than being a question of ‘magic numbers’, is better
described as a question of ‘magic boundary conditions’,
as mediated by the networks topology.
For high electrical conductivity, what one needs is a
gap equal to 0 (or very small) with delocalized bulk
orbitals. Basically this does occur for either of the cases
(do) or (do’), and it necessarily occurs for (eo) or (eo’),
even though the actual frontier orbitals are end-localized.
The delocalized orbitals still tighten down toward ep as L
increases, there just being localized orbitals which
tighten down faster. But this does not occur for (d + 0).

(d z 0’1, (e + 01, or (e z 0’).
In conclusion, we have elucidated the rich variety of
realizable behaviors possible for the HOMO-LUMO
HTB=/3A+fi’(A2-31)
S=I+sA
gap as a function of L, and have correlated this with the
types of frontier orbitals which in turn correlate with
where /3’ is the next-nearest-neighbor electron-hopping
integral, s is the nearest-neighbor overlap, and I is the the bulk tube structure and the cap (or end) structure. The
bulk structure and the special nature of the end boundary
identity matrix. As a consequence:
conditions are both often relevant for the type of bandl
the eigenorbitals # are the same as those of I&m;
gap. The effects predicted in the present studies should
l
the eigenvalues e are given directly in terms of be observable in conductivity and transport measurecorresponding ones X of A (or Hnn_&, as E = {/3X ments in single-wall nanotubes and also in doped com+ /3’(X*- 3)]/( 1 + sh); and
posite nanotubes [7]. Furthermore, the cap-induced
l
this mapping is monotonic in the region of the Fermi
localized states close to the Fermi level make such
energy, which still occurs at e = 0.
capped nanotubes ideal candidates for use as tips for
scanning microscopy and electron emission materials
Thus all the earlier comments regarding the HOMO[5], because of the expected coherent electron emission
LUMO gap and frontier orbitals still apply.
from
such cap states.
But even a much more elaborate TB model [17]
including all valence electrons could be considered,
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