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ZUSAMMENFASSUNG

Neueste experimentelle Fortschritte im Bereich von “Cavity”-Quantenelektrodynamik ermöglichen die Er-

forschung der starken Wechselwirkung zwischen quantisiertem Licht und komplexen Materiesystemen.

Aufgrund der kohärenten Kopplung zwischen Photonen und Materiefreiheitsgraden, entstehen Polarito-

nen, hybride Licht-Materie Quasiteilchen, die dazu beitragen können, Materieeigenschaften und komplexe

Prozesse wie chemische Reaktionen entscheidend zu beeinflussen. Dieses Regime der starken Kopplung er-

öffnet Möglichkeiten zur Kontrolle von Materialien und Chemie in einer beispiellosen weise. Allerdings sind

die genauen Mechanismen hinter vielen solcher Phänomene nicht vollständig verstanden. Ein wichtiger

Grund dafür ist, dass das physikalische Problem oft mit äußerst vereinfachten Methoden beschrieben wird,

wobei die Materie zu wenigen effektiven "Levels"reduziert wird. Akkuratere first-principles Methoden, die

Photonen gleichwertig zu Elektronen behandeln entstehen nur langsam, da die Erforschung solcher Metho-

den sowohl durch die erhöhte Komplexität der kombinierten Elektron-Photon Wellenfunktionen, als auch

dem Fakt, dass zwei verschiedene Teilchenspezies miteinbezogen werden müssen, aufgehalten wird.

In dieser Doktorarbeit schlagen wir vor diese Problem zu umgehen, indem das gekoppelte Elektron-

Photon Problem exakt in einem anderen zweckgebauten Hilbertraum neuformuliert wird. Dadurch, dass

wir ein System, bestehend aus N Elektronen und M Moden, mit einer N -Polaritonen Wellenfunktion re-

präsentieren, können wir explizit zeigen wie ein electronic-structure in eine polaritonic-structure Methode

umgewandelt werden kann, die für schwache bis hin zu starken Kopplungstärken akkurat ist. Wir rationali-

sieren diesen Paradigmenwechsel innerhalb einer umfassenden Revision der Licht-Materie Wechselwirkung

und indem wir die Verbindung zwischen verschiedenen electronic-structure Methoden und quantenopti-

schen Modellen hervorheben. Diese ausführliche Diskussion hebt hervor, dass die Polariton-Konstruktion

nicht nur ein mathematischer Trick ist, sondern auf einem einfachen und physikalischem Argument ba-

siert: wenn die Anregungen eines Systems einen hybriden Charakter haben, dann ist es nur natürlich, die

zugehörige Theorie bezüglich dieser neuen Entitäten zu formulieren.

Schließlich diskutieren wir ausführlich, wie Standard-Algorithmen von electronic-structure Methoden

angepasst werden müssen, um der neuen Fermi-Bose Statistik gerecht zu werden. Um die zugehörigen

nichtlinearen Ungleichungs-Nebenbedingungen zu garantieren, sind sorgfältige Entwicklung, Implemen-

tierung und Validierung der numerischen Algorithmen nötig. Diese zusätzliche numerische Komplexität ist

der Preis, den wir zahlen, um das gekoppelte Elektron-Photon Problem zugänglich zu first-principles Me-

thoden zu machen.
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Abstract

Recent experimental progress in the field of cavity quantum electrodynamics allows to study the regime

of strong interaction between quantized light and complex matter systems. Due to the coherent coupling

between photons and matter-degrees of freedom, polaritons – hybrid light-matter quasiparticles – emerge,

which can significantly influence matter properties and complex process such as chemical reactions. This

strong-coupling regime opens up possibilities to control materials and chemistry in an unprecedented way.

However, the precise mechanisms behind many of these phenomena are not yet entirely understood. One

important reason is that often the physical problem is described with highly simplified models, where the

matter system is reduced to a few effective levels. More accurate first-principles approaches that consider

photons on the same footing as electrons only slowly emerge. Their development is hampered by the in-

crease of complexity of the combined electron-photon wave functions and the fact that we have to deal with

two different species of particles.

In this thesis we propose a way to overcome these problems by reformulating the coupled electron-

photon problem in an exact way in a different, purpose-build Hilbert space, where no longer electrons

and photons are the basic physical entities but the polaritons. Representing an N -electron-M-mode sys-

tem by an N -polariton wave function with hybrid Fermi-Bose statistics, we show explicitly how to turn

electronic-structure methods into polaritonic-structure methods that are accurate from the weak to the

strong-coupling regime. We elucidate this paradigmatic shift by a comprehensive review of light-matter

coupling, as well as by highlighting the connection between different electronic-structure methods and

quantum-optical models. This extensive discussion accentuates that the polariton description is not only a

mathematical trick, but it is grounded in a simple and intuitive physical argument: when the excitations of

a system are hybrid entities a formulation of the theory in terms of these new entities is natural.

Finally, we discuss in great detail how to adopt standard algorithms of electronic-structure methods to

adhere to the new hybrid Fermi-Bose statistics. Guaranteeing the corresponding nonlinear inequality con-

straints in practice requires a careful development, implementation and validation of numerical algorithms.

This extra numerical complexity is the price we pay for making the coupled matter-photon problem feasible

for first-principle methods.
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REMARKS ON NOTATION AND TERMINOLOGY

For a better readability, we try whenever possible to refrain from abbreviating words. However, the follow-

ing few abbreviations are used several times in this text (note that we will sometimes not always use the

abbreviated form):

NR-QED non-relativistic quantum electrodynamics
QED quantum electrodynamics
HF Hartree-Fock
DFT density functional theory
KS Kohn-Sham
RDM reduced density matrix
RDMFT reduced density matrix functional theory
MF mean field
pXC photon-exchange-correlation (only part IV)

We want to comment on the terms electronic-structure theory, many-body theory, and first-principles,

which are used almost interchangeably. However, there is a hierarchy between them, that is the idea of a

description of a system from first-principles is to make use of as little knowledge as possible that is specific

for the scenario. For instance, to describe the equilibrium properties of a Helium atom, the standard first-

principles approach would consider a doubly-positively charged nucleus and two electrons. To describe

such a 2-electron-1-nucleus system, we need methods that efficiently approximate the interaction between

all the particles. We call this in general a many-body problem and the research area connected to that many-

body theory. Thus, a first-principles description of microscopic systems is done with many-body methods.

Importantly, we often can separate the electronic from the nuclear dynamics (Born-Oppenheimer approxi-

mation, see Sec. 1.3.3) and for a plethora of phenomena, it is sufficient to describe only the former part, i.e.,

the electronic structure accurately. This research area is generally called electronic-structure theory and it

comprises most of the known many-body methods (see also Sec. 2).

We sometimes will quote from publications that are written in German. In this case, my translations are

provided below (in italic letters).
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INTRODUCTION

In the natural sciences, the phenomenon of electricity and its relation with charged particles is a research

topic at least since the 16th century,1 and its importance has since then continuously increased. In the 19th

century, researchers started to understand the connection between charge and electric forces not only more

quantitatively but also the relation of both to magnetism and even light. Nowadays, all these phenomena are

understood as different aspects of the electromagnetic field, whose dynamics and interaction with charge

is well described by one set of four coupled equations, named after James Clerk Maxwell.2 Rapid advances

in experimental techniques at the turn of the twentieth century revealed that charge is a characteristic of

all materials – not only of certain materials, as we used to think up until then. To the best of our today’s

knowledge, all matter consists of atoms, and all atoms consist of negatively charged electrons and positively

charged nuclei.3 To understand matter on these atomic scales, physicists had to give up the classical concept

of point particles governed by Newton’s laws, which is accurate only in the macroscopic world, and replace it

by the set of tools and laws of quantum mechanics. For a consistent description, not only matter, but also the

electromagnetic field had to be quantized and finally in 1938, Wolfgang Pauli and Markus Fierz formulated

the theory that accounts for the full quantum nature of electrodynamics and charged particles on atomic

scales [7]. Today, we call this theory non-relativistic quantum electrodynamics (NR-QED)4 (or just Pauli-Fierz

theory after its developers). It is claimed that NR-QED describes “any physical phenomenon in between

[gravity on the Newtonian level and nuclear- and high-energy physics], including life on Earth” [9, p. 157].

In other words, physicists have reduced all Life on Earth on the interaction between charged particles and

the electromagnetic field.

However, as the full theory of NR-QED is too difficult for strict mathematical deductions, the limit cases

have become much more important in the following years. For example, the quantized electromagnetic

field, possibly controlled by some classical external charges or charge currents, is very-well understood to-

day.5 A very active field of research is quantum optics, where physicists investigate the interaction between

simple models of matter and photons, i.e., the quanta of the electromagnetic field. This allows to study fun-

damental atomic processes, such as light emission and absorption, to characterize the quantum nature of

light or to develop important devices, e.g., lasers or single-photon emitters. The crucial approximation be-

hind quantum optical models is the simplification of the matter-degrees of freedom, which allows to study

the photon field in detail.

If we instead perform the static limit, that is we turn off the interaction to the quantized part of the elec-

1See for example the very well-documented article on WIKIPEDIA: https://en.wikipedia.org/wiki/Electricity#History,
accessed 12.06.2020.

2Naturally, there were many people involved in the discovery of these equations, but it was Maxwell who added a last term to make
the system of equations consistent [5, part 6.3]. For more information on the history of Maxwell’s equations and a well-readable intro-
duction to the topic, we recommend the WIKIPEDIA article and the references therein: https://en.wikipedia.org/wiki/Maxwell'
s_equations, accessed 12.06.2020.

3According to the standard model of particle physics [6], nuclei can be even further divided into smaller constituents, but this does
not influence our statement.

4The term “non-relativistic” refers here to the matter description that does not include high-energy phenomena like particle creation
or annihilation processes. See Ref. [8].

5Note that this limit case is very important for the theoretical understanding of field quantization [10], but in practice, it is basically
not relevant. The reason is that the quantum nature is barely visible without the interaction with matter. See for example the discussion
in part 3 of the book by Keller [11].

1

https://en.wikipedia.org/wiki/Electricity#History
https://en.wikipedia.org/wiki/Maxwell's_equations
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tromagnetic field and neglect the dynamics of the heavy nuclei, we arrive at today’s standard microscopic

model of matter: it considers the atomic nuclei as classical charges that create electric potentials and bind

the electrons. The electronic degrees of freedom are then governed by the laws of quantum mechanics,

including their electric repulsion.6 To really follow this programme, i.e., to describe matter from first prin-

ciples in practice, many further approximations are necessary. The static limit of the Pauli-Fierz theory, i.e.,

the Schrödinger theory of say N interacting electrons is still too difficult for exact solutions if N is large.7 The

reason is that the theory describes the state of the system by the many-body wave function, which depends

on N coordinates. This means that the configuration space, i.e., the space of all these functions grows ex-

ponentially with N , which makes it for larger N entirely inaccessible (we will discuss this in detail in Ch. 2).

This is the so-called (quantum) many-body problem, which is so severe that the Nobel laureate Walter Kohn

questioned (for large systems) the legitimacy of the many-electron wave function (and thus of the whole

theory) as a scientific concept [13]. However, in the research field of electronic-structure theory (or more

general many-body theory) many accurate approximation strategies and even alternative formulations have

been developed to describe matter on the microscopic level, i.e., from first principles.8 Nowadays, thanks

to these methods and high performance computers, we can predict the structure of many molecules and

crystalline solids, calculate many of their properties like excitation spectra, and even understand complex

processes like chemical reactions.

Interestingly, quantum opticians and many-body theorists (and the same is true for others) have con-

ducted their research without much overlap despite their common origin. Both communities study differ-

ent aspects of the quantized theory of charged particles and the electromagnetic field. Only recently, this

has changed and the full Pauli-Fierz theory started to raise renewed interest. One reason is that new ex-

perimental techniques allow nowadays to probe systems and parameter regimes, where many-body effects

and the quantum nature of the electromagnetic field play a role [14]. In this strong-coupling regime, hybrid

light-matter particles (so-called polaritons) emerge that are capable to modify the properties of the cou-

pled system significantly in comparison to the separate subsystems. Applications include the possibility of

building polariton lasers [15], the modification of chemical landscapes [16], the control of long-range energy

transfer between different matter systems [17] or the emergence of entirely new states of matter [14, 18, 19].

In such scenarios, fundamental approximations of the traditional methods and models break down and

consequently “many theoretical works [have been proposed] which diverge significantly in their predictions

compared to experiments” [20]. This suggests to take the more general perspective of Pauli-Fierz theory and

reevaluate in a less-biased way the assumptions and approximations of the standard methods. We believe

that this is the natural task of a generalized first-principles approach that treats matter and photons on the

same footing.

To describe all the degrees of freedom of Pauli-Fierz theory from first principles, it is necessary to find

ways to efficiently describe the interaction between electrons or more generally charged particles and pho-

tons (in a similar way as researchers in electronic-structure theory once have found ways to deal with the

Coulomb interaction between electrons). It is clear that adding the quantized electromagnetic field to the

already difficult many-electron problem is a very challenging task. In fact, the many-body problem in Pauli-

6This model is in impressively many cases sufficient to understand the structure of atoms, molecules, but also condensed matter,
their spectra and many more properties. However, there are phenomena such as molecular vibrations or the heat capacity of solids that
require to take the dynamics and often also the quantum nature of the nuclei into account and there are generalizations of the model
to account for that. The inner structure of the nuclei, e.g., the dynamics of protons, neutrons or even quarks instead influences very
rarely the properties of matter in some direct way. It is usually sufficient to describe the atomic nucleus as effective point charge with a
mass and a spin.

7To the best of our knowledge, the largest system that has been described until today exactly, i.e., in the basis set limit consisted of
N = 54 electrons in a very special scenario [12].

8Note that in the literature the term ab-initio is often used equivalently to first principles.

2
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Fierz theory is considerably more severe than for matter systems (see Sec. 3.1), which opens many research

questions already at a very basic level. To get accustomed to the challenges that the new type of interaction

poses, we therefore focus in this work on cavity QED, a limit case of NR-QED. We will study many-electron

systems that are coupled merely via their dipole to one (or a few) modes of the electro-magnetic field.9 The

dipole and few-mode approximation are very common in the field of cavity QED, where researchers study

matter systems inside optical cavities, i.e., resonators that “trap” photons with selected frequencies [21].10

Most of the aforementioned strong-coupling phenomena have been observed in such cavity settings.11 A

very important motivation for our work are some open debates in the only recently established field of po-

laritonic chemistry [22]. Here researchers study the (possibly considerable) influence of cavity photons on

molecular systems and complex chemical process such as reactions. A reasonable first step to understand

this influence, is to study the physical setting of cavity QED from first principles.12 Importantly, this limit

case of the full Pauli-Fierz theory exhibits already many fundamental issues and challenges of the coupled

electron-photon problem and thus, defines a very good starting point for the development of new meth-

ods. We will hereby focus on equilibrium scenarios, which play an important role for the actual debates in

polaritonic chemistry but are considerably less well studied than the time-dependent case [24].

One of the most important challenges for the description from first principles is the simultaneous in-

clusion of (at least) two particle species, e.g., electrons and photons. Most existing methods are geared to

the accurate description of only one particle species, such as electrons and their interaction. For instance,

most many-body methods explicitly take the particle statics, e.g., the Fermi-statistics of electrons into ac-

count. This is usually a very important part of an accurate description (see Ch. 2). Any kind of generalization

of such methods to treat more species faces thus the problem to describe more degrees of freedom, which

have different statistics (and other properties) and a different type of interaction. A prominent example

is the accurate description of non-adiabatic effects between electrons and nuclei, which is an unresolved

problem for many relevant scenarios [25]. We face a similar challenge in cavity QED, when we want to de-

scribe the physics of polaritons where matter and light degrees of freedom are strongly mixed. For instance,

the emergence of polaritons induces correlation between the matter-degrees of freedom [2, 26], which can

make the accurate description considerably more difficult (see Ch. 3).

Motivated by the challenges of a multi-species description and the prominent role of polaritons in strong-

coupling physics, we propose to reformulate the coupled electron-photon problem in a new purpose-built

Hilbert space. The basic entities here are not anymore electrons and photons, but polaritons. This allows

us to represent a system that consists of say N electrons and M photon modes in an exact manner by an

N -polariton wave function that adheres to hybrid Fermi-Bose statistics. Importantly, the new Hamiltonian

resembles structurally the Hamiltonian of an N -electron system, i.e., both operators consist of a one-body

part (kinetic and potential energy) and a two-body part (interaction energy). This allows for a straightfor-

ward application of established electronic-structure methods to describe electrons and photons on the same

footing and makes this mathematical reformulation of cavity QED practical.

The derivation of this dressed-orbital construction, on the one hand, can be explained purely with math-

ematical similarities. On the other hand, we can rationalize the approach by combining the basic principles

9Thus we ignore, e.g., the spatial dependence of the electron-photon interaction.
10In their simplest form, one can imagine a cavity as two (high quality) mirrors that are positioned with a certain distance opposed

to each other. The distance selects a light-mode with a certain frequency and the corresponding photons are reflected back and forth
very often before they can dissipate. Every time, they cross the volume of the cavity, the photons can interact with the matter system,
which can be effectively described by an increased light-matter coupling strength.

11Note that there are cavity experiments, which require a theoretical description beyond the dipole and few-mode approximation.
However, in most cases these approximations are very accurate [21].

12A “full” first-principles perspective would explicitly describe the cavity as a part of the matter system. This would however require
to describe the electromagnetic field fully spatially resolved. See Ref. [23].
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shared by electronic-structure methods with the central insight from quantum-optical models: the funda-

mental entities in strongly-coupled light-matter systems are polaritons and a first-principles description

should therefore be based on these physical degrees of freedom, instead of the individual electrons and

photons. We demonstrate that this paradigmatic shift allows to capture the physics from the weak to the

strong-coupling regime efficiently and accurately. The reason is that already simple approximations in po-

lariton space correspond to nontrivial (multi-reference) approximations in the standard Hilbert space. Be-

sides others, this allows to show that the (local) details of the electronic-structure strongly influence the

effect of the light matter coupling. This is an example of a phenomenon that cannot be captured by usual

model approaches.

The price we pay for making the coupled matter-photon problem accessible to first-principles meth-

ods is that standard algorithms need to be extended to account for the new hybrid statistics of the polari-

tons. While straightforward in principle, the nonlinear nature of the resulting inequality constraints need a

careful and test-intensive implementation to provide robust and accurate results. Yet our results show that

polaritonic-structure calculations for real molecules are feasible and provide new insights for polaritonic

chemistry and material science. With the ever refined control of chemical reactions and material properties

by quantum cavities, the presented approach has the potential to become an important tool to design the

next generation of cavity-controlled matter.

Before we conclude the introduction with a summary of the structure and contents of this thesis, we

want to make a comment on the challenge and opportunity that comes along with the interdisciplinarity in

the research on coupled matter-photon systems. For instance, from a quantum chemist’s point of view, a

molecule is a highly complex many-body system whose accurate description usually requires numerically

very expensive methods. On the contrary, quantum opticians describe molecules almost exclusively as ef-

fective two- (or few-)level systems, which are not further specified. When scientists look at “the same thing”

from such different perspectives, there is a great potential for misinterpretations and even conflict, which in

turn may negatively affect chances of doing good research. At the same time, this challenge bears big oppor-

tunities to raise questions from unusual point of views, and rethink established concepts. For example, the

debate on the “correct” model of a molecule suggests directly the interesting question, for which scenarios

the ubiquitous two-level approximation is inadequate. Indeed, polaritonic-structure methods provide valu-

able information regarding this question (Sec. 6). At the same time, one should ask, when we can no longer

ignore the quantum nature of light, as it is common place in quantum chemistry. Here quantum-optical

models highlight under which conditions this assumption breaks down (and, e.g., polaritons emerge). To

account for both perspectives, we will explain many standard concepts and tools of the respective research

fields thoroughly and accompanied with easy examples. Necessarily, certain introductory parts of this thesis

will therefore seem trivial for quantum opticians and others for electronic-structure theorists. We hope that

this allows for a more comprehensive perspective on this interdisciplinary and exciting field.

Outline

This thesis consists of three parts that reflect the different aspects of our research. The topic of part I is

the general theoretical analysis of coupled light-matter systems. We start (Ch. 1) with the introduction of

the physical setting of cavity QED. We discuss the phenomenology of strongly coupled electron-photon sys-

tems, the standard way to understand their principal features, and the limitations of this perspective that is

illustrated by concrete examples. We then discuss these standard approaches in more detail (quantum op-

tics perspective) and define a framework that allows for a more general description from first principles. In
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the second chapter (Ch. 2), we turn to the static limit of NR-QED and introduce first-principles electronic-

structure theory. We outline the challenges of the accurate description of many-electron systems and specif-

ically discuss three specific approaches to deal with these. In the last chapter of part I (Ch. 3), we generalize

these approaches to coupled light-matter systems and discuss them in detail. The analysis reveals why in

particular in equilibrium scenarios, many powerful concepts of electronic-structure theory are less useful in

the coupled setting.

Motivated from the results of the analysis of the first part, we propose in part II a new strategy to describe

coupled light-matter problems by introducing a purpose-built Hilbert space (dressed-orbital construction,

Ch. 4). This approach allows to restructure the coupled electron-photon many-body space such that we can

describe a system by a “many-polariton” wave function. We thus define polaritons as its own particle-species

that has electronic (fermionic) and photonic (bosonic) degrees of freedom and consequently adheres to a

Fermi-Bose hybrid statistics. In the polariton description, the coupled light-matter Hamiltonian resembles

the electronic-structure Hamiltonian, which allows to generalize electronic-structure methods to the cou-

pled problem in a very straightforward way (Ch. 5). We show this explicitly with the example of Hartree-Fock

(HF) theory and reduced density matrix functional theory (RDMFT) and present first results for model sys-

tems in Ch. 6. Despite their reduced dimensionality, these example systems exhibit already a rich spectrum

of nontrivial behavior that is accurately described by the newly proposed methods. This highlights the po-

tential of the polariton description.

After the discussion of the theory and the results, we concentrate in part III on the details of the nu-

merical part of the research. The gain of making applicable first-principles methods to strongly-coupled

light-matter systems is accompanied by the need for new algorithms and an increased numerical complex-

ity. To do so, we present specific algorithms to solve the electronic HF and RDMFT equations in real space,

including a newly developed conjugate-gradients algorithm (Ch. 7). We then explain how to modify these al-

gorithms to describe coupled-light matter systems by means of the dressed construction (Ch. 8). We present

in great detail the validation of our implementation in the electronic-structure code OCTOPUS [3] and show

how the results presented in part II have been converged. This implementation was geared toward the two-

polariton case. In Ch. 8.2, we finish the numerical part by presenting an algorithm for the general case.

We finalize the work by presenting in part IV the conclusions and perspective.
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PART I

LIGHT, MATTER AND STRONG COUPLING

Few distinctions in quantum mechanics are as important as that between fermions and bosons.

[...] I do not have the authority to assert that God agrees with me as to the importance of this

distinction, but I am sure that most happy humans will since, as noted by Eddington, if there

were no fermions there would be no electrons, so no molecules, so no DNA, no humans!

(A.J. Coleman, 2007 [27, Ch. 1])
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Chapter 1

STRONG LIGHT-MATTER COUPLING: EXPERIMENTS, THEORY AND

MORE THEORY

This chapter aims to motivate the need for first-principles approaches to describe strong-coupling phenom-

ena and to define of a theoretical framework that is suited to investigate such approaches. This framework

is given by the non-relativistic Pauli-Fierz theory, i.e., an interacting quantum-field theory that allows to de-

fine the equilibrium properties of coupled many-electron-photon systems. The theory includes as a limit

case the physical setting of cavity QED, which entails the dipole-approximation and the restriction to a few

effective modes. This level of theory is still enough to capture the possibly strong modifications of atoms,

molecules and solids due to the coupling to the modes of an optical cavity.

1.1 What is strong light-matter coupling?

In electrodynamics, we can differentiate between several effects and interactions, whose strength depends

on the physical setting. Electric charges for instance attract or repel each other by the Coulomb force, which

is the dominant interaction on atomic scales. It is thus impossible to understand the properties of con-

densed matter or molecular systems without the Coulomb interaction. However, when we want to study

electrically neutral entities (like the atoms of a gas), Coulomb forces typically play a negligible role. Then,

there are magnetic forces that are connected to electric currents or spins. Such interactions are crucial to

understand phenomena such as ferromagnetism or the quantum-Hall effect, but do not play an important

role in, e.g., spin-saturated (closed-shell) systems or in the thermodynamic equilibrium. Besides the role of

the electromagnetic field as mediator of interaction, there is another important degree of freedom, which we

call electromagnetic radiation or simply light.1 Since light can move freely, it is treated in the theoretical de-

scription as a separate entity that can interact with matter (charge) via absorption and emission processes.

Usually, this interaction is so small in comparison to, e.g., Coulomb or magnetic forces that we can treat

absorption and emission processes perturbatively. For example, this means that the emission of a photon

by a matter system usually does not influence its properties, i.e., there is a negligible back reaction. This is

expressed in the fact that the coupling constant between the free electromagnetic field and charged particles

is small independently of the system of units.2

However, the combined efforts of researchers from many research communities have revealed that al-

though difficult, it is indeed possible to overcome this fundamental limitation and reach strong interac-

1Strictly speaking, light denotes electromagnetic radiation in a certain frequency (or wavelength) interval that can be perceived by
the human eye. However, it has become customary to extend this definition and denote, e.g., the spectra with smaller and larger the
wavelengths than the visible range as infra-red and ultra-violet light, respectively.

2It is called the fine-structure constant, which is dimensionless and has approximately the value α ≈ 1/137. This statement is text-
book knowledge (see, e.g., [8]) and to the best of our knowledge unquestioned for the time-scales that we are interested in here. Only for
very large say geological or even cosmological time-scales, there are speculations about possible time-variations of α. See for example
[28].
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CHAPTER 1. STRONG COUPLING

tion between light and matter. One possible way for that is due to the very large field strengths of modern

ultra-short laser pulses. Striking nonlinear effects have been demonstrated, such as high harmonic genera-

tion [29], strong-field ionization [30] or light-induced superconductivity [31]. A different path to effectively

enhance the light-matter interaction is by employing longer (but not as strong) laser pulses with compara-

tively sharp frequencies. This leads to a periodic driving of the matter system and the related phenomena are

subsumed under the term Floquet engineering [32]. Examples are the observation of Floquet-Bloch states

on the surface of a topological insulator [33] or the light-induced anomalous Hall effect [34]. Importantly,

both these pathways to reach strong interaction can be essentially understood in a semiclassical picture,

where the quantized matter is driven by a classical external field. The reason is that the quantum fluctua-

tions of the laser photons are negligible in comparison to the large field-strengths.

A complementary approach to reach strong interaction is to control the coupling between light and the

matter system. This makes (strong) modifications of matter properties possible for very small field strengths

or even only the vacuum [35, 22]. Thus, strong-interaction phenomena can be studied, but without, e.g., the

heating due to strong lasers and also with additional nontrivial quantum effects. With the first breakthrough

experiments [36, 37] only about two decades ago, it is a relatively young research topic, but because of its

high potential for applications, the investigation of this strong-coupling regime literally “has exploded [...] in

the past few years” [38]. Nowadays, strong coupling has been demonstrated in various systems with not only

distinct basic entities, i.e., the employed matter system and the degrees of freedom of field and matter that

are coupled to each other, but even different mechanisms that allow to reach strong coupling. However, all

these systems share two key features, which we can loosely define in the following way: for a matter system

to reach strong coupling with certain modes of the electromagnetic field,

1. these modes have to be confined to very small volumes, and

2. the matter system has to be chosen such that it responds especially strong to these confined modes.

It is difficult to make this definition more concrete, because there are on the one hand so many ways to reach

strong coupling. On the other hand, many different communities participate in the research and there is not

an ultimate consent on the correct definition of strong coupling.3

Missing such a consent, we start in the next paragraph with the (relatively) unquestioned part: the ex-

perimentally determined facts and their basic interpretation. According to this interpretation, all the phe-

nomena of the strong-coupling regime are related by the emergence of hybrid light-matter quasi-particle

states, called polaritons. These determine the properties of the combined light-matter system, which can be

significantly different than the properties of the separate subsystems. This mechanism can be understood

impressively well by a minimal model. In fact, most of the strong-coupling effects can be classified accord-

ing to the different parameters of this model. These parameters were and still are a very important guideline

for experimentalists to design new setups that reach the strong-coupling regime.

However, the explanatory power of this and similar cavity-QED models is limited, when the matter sys-

tems are sufficiently complex. Take for instance the field of polaritonic chemistry, where researchers modify

the properties of molecular systems by coupling them to photons, e.g., they control chemical reactions by

letting them take place inside a cavity. Nowadays conducted routinely, these experiments usually take place

at room temperature, involving complex molecules in some solvent, and often with lossy cavities. Even

outside the cavity, the accurate description of such settings require sophisticated first-principles methods.

3As we will see in the following, the topic of strong coupling is located between many established research fields. This sometimes
leads to situations, where scientists have to explain and defend basic concepts of their field to (in this regard) non-specialists. This can
be a formidable task, as many long and heated discussions at conferences and in peer-review processes have testified.

10



1.1. WHAT IS STRONG LIGHT-MATTER COUPLING?

This indicates why the current understanding that is principally based on reduced quantum-optical models

is still unsatisfactory [20]. Therefore we need first-principles methods, such as quantum-electrodynamical

density functional theory (QEDFT) [39] that take into account not only the matter but also the photon-

degrees of freedom on the same footing [14].

The experimental breakthrough of strong coupling

In one of the most cited reviews of the field, the experimentalist Thomas Ebbesen names two publications

of 1998 as the breakthrough experiments that “generated increased interest among physicists” [22].4 In the

first one, Lidzey et al. [36] achieved strong coupling by fabricating a so-called microcavity, which is a very

small resonator that is capable to trap the photons of a mode with frequency ωph
5 inside a very small vol-

ume of space (key feature one). The breakthrough however was not achieved by their advances in cavity

fabrication, but due to the matter system (a special type of organic semiconductor) that they coupled to the

cavity modes (key feature two). To get an idea of the setting, we show a simplified sketch in Fig. 1.1. To prove

that their system was able to reach strong coupling, they pumped the cavity mode by an external laser pulse

for a series ofωph .6 In Fig. 1.2, we have depicted a sketch of the “typical” outcome of this type of experiment.

When they tuned ωph close to the frequency ωm of a certain excitation of the matter system, they observed

a splitting of the absorption peak, i.e., two peaks symmetrically distributed left and right fromωm ≈ωph (or-

ange solid line in Fig. 1.2 (a)). When they measured the same absorption spectrum of the matter system, but

outside the cavity, they instead observed only one peak atωm (blue dashed line in Fig. 1.2 (a)). Collecting the

position of all those peaks as a function of the mode frequency ωph in one graph, they observed two lines

that approach each other until they reach a minimal distance at resonance ωph =ωm and then move again

apart as schematically depicted in Fig. 1.2 (b). Without light-matter coupling, both curves would cross each

other (blue, dashed lines in the plot) and thus the observed anti-crossing or “Rabi splitting” is considered as

the principal indicator for (strong) coupling.7 The minimal distance dmi n = 2~ΩR between the two lines is

proportional to the Rabi frequency ΩR , which measures the strength of the light-matter coupling (~ denotes

as usual the Planck constant). For their experiment, Lidzey et al. found a maximal value of ~ΩR = 160meV,

which was about 10 times larger then any Rabi splitting reported before and which explains the work’s im-

pact.

In the other paper that Ebbessen cited, Fujita et al. [37] measured a Rabi splitting of ~ΩR = 100meV in a

similar experiment where they put a complex quantum-well structure with organic and inorganic semicon-

ductors into a different type of cavity.

How can we understand the phenomenon of strong coupling?

Although Rabi splitting has been achieved experimentally already before 1998,8 it were especially the new

materials, employed in Refs. [36, 37], that allowed for the large values of ~ΩR . The typical (excitonic) transi-

tions in organic semi-conductors respond very strongly to the driving by electromagnetic radiation, which

4Note that strong coupling has been already achieved before 1998. See below.
5To be precise, the cavity does not trap exactly photons of one but a narrow band of modes around a center with frequency ωph .

Considering only ωph instead of the full band is for such kind of cavities usually justified.
6In this type of cavity, the trapped mode frequency ωph is controlled by the incidence angle of the laser pulse. Thus to perform a

measurement series for ωph , they merely had to vary this incidence angle.
7Theoretically, the anti-crossing happens for every light-matter system that has a non-vanishing coupling. However, the splitting

may be too small to be spectroscopically resolvable, i.e., it is smaller than the linewidth of the two peaks. In this case, the system is said
to be in the weak coupling regime.

8See for instance Ref. [41, 42, 43, 44]. In these experiments lower effective coupling strengths were reached and they were usually
conducted under very restrictive conditions such as cryostatic temperatures.
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CHAPTER 1. STRONG COUPLING

Figure 1.1: Sketch of a typical strong-coupling experiment: the dipole d of a matter system (here illustrated
by a benzene molecule) couples strongly to the electric field E of the confined modes (red) inside a cavity
(here illustrated by two concave mirrors in blue).

is expressed by a large value of their (dimensionless) oscillator strength f . The oscillator strength is thus one

(and in fact the most common) measure to quantify the second key feature of strong coupling. A very good

measure of the first key feature is the so-called mode volume V , which loosely speaking denotes the “space

in which the mode is confined.” For say a cubic cavity with side-length a, we can simply calculate V = a3.9

Nowadays, we call basically every experimental setup that accomplishes such a confinement a cavity. And

therefore, strong coupling is often considered as a subfield of cavity QED, which generally deals with coupled

matter-cavity systems [21]. We can derive an explicit expression for the Rabi frequency from the oscillator

strength and the mode volume by a minimal model. The model considers one matter transition between

say an energetically lower |m1〉 and higher state |m2〉 with energy difference ~ωm and an electromagnetic

mode with frequency ωph .10 Importantly, we do not need to further specify the nature of this transition and

|m1〉 , |m2〉 may represent for example electronic, vibrational or some collective states. The only necessary

(external) parameter is the transition dipole moment d12 between the two states, whose absolute value is

proportional to the square-root of the oscillator strength |d12| ∝
√

f . A straightforward extension of the

model takes N identical matter systems into account by simply exchanging f → N f . The matter-dipole

couples to the electric field E of the mode, which has a magnitude |E|∝ 1/
p

V proportional to the inverse of

the square-root of V . Close to resonance and neglecting losses for the moment, the Rabi frequency for this

so-called Jaynes-Cummings model [45] (or Tavis-Cummings model for N > 1 ) is given by

~ΩR = 2d12 ·E ∝
√

N
f

V
, (1.1)

Despite its simplicity, this model or one of its generalizations that we collectively subsume under the term

cavity-QED models11 describe the principal physics of the strong-coupling regime well. This accordance

9In other setups, this simple formula is note valid anymore, but has to be replaced by a more general mode volume that can be
assigned to, e.g., nanoplasmonic cavities.

10We want to remark that the matter states are often referred to as ground and excited state in the literature. However, this nomen-
clature is quite misleading, since in most experiments, e.g., for the excitonic transitions of our two examples, both states are actually
excited states.

11 Another important example is the Rabi-(Dicke-)model that includes so-called off-resonant terms for one (many identical) matter
transition(s). Other generalizations may also include more than two (but not much more) electronic energy levels. See Sec. 1.2 for
further details on cavity models.
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weak coupling, g < γ strong coupling, γ> g

(a) (b)

(c) (d)

Figure 1.2: We depict the idealized data of a strong-coupling experiment according to the Jaynes-Cummings
model, which provides a good description of the dynamics of coupled light-matter systems close to reso-
nance, i.e., ωm ≈ ωph , where ωph and ωm are the frequencies of the (high-Q) cavity mode and a matter
transition, respectively. This allows to differentiate two coupling regimes depending on the ratio between
coupling constant g and spontaneous emission rate γ.
If g < γ, the light-matter coupling manifests in an effective line-broadening, i.e., an increase of the spon-
taneous emission rate of the combined system γP (the combined system corresponds in all plots orange,
solid line) with respect to the matter system outside of the cavity γ (in all plots blue, dashed line). The
ratio P = γP /γ is called the Purcell factor and it is related to the coupling strength P ∝ g 2 [40]. This can
be explained by the energy eigenspectrum of the Jaynes-Cummings Hamiltonian (part c): The light-matter
coupling leads to an anti-crossing between the electronic and photonic energy eigenvalues. This is so small
that it cannot be resolved spectroscopically, but becomes only visible as the broadening.
If instead g > γ, two separated peaks can be distinguished (part b), which characterizes the strong-coupling
regime. The coupling between light and matter is here so strong that the Rabi splitting 2~ΩR ∝

√
γ2 + g 2

and thereby the coupling constant g is measurable. In the spectrum (part d), we can observe how two clearly
separated lines emerge inside the cavity, which describe the dispersion relation of the two polaritons.
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is very important, because it indicates that the dominant phenomenon of the regime is the hybridization

between two energy transitions.12

The Jaynes-Cummings model, which we will employ as a prototype for cavity-QED models, provides

us not only with a handy formula for the Rabi frequency but also with an interpretation of the new transi-

tions, that have a hybrid electron-photon character.13 As it is common in quantum physics, we interpret

such effective degrees of freedom as quasiparticles, which in this case are called polaritons. In the Jaynes-

Cummings model, polaritons “emerge” as the eigenstates of the model Hamiltonian14 and they have the

simple form

P n
+/− =α(|m1〉⊗ |n +1〉)±β(|m2〉⊗ |n〉), (1.2)

where |n〉 denotes the n-photon state of the mode and the coefficients α,β depend on the details of the

model. The power of the Jaynes-Cummings model lies in its extreme simplification of the in general arbi-

trarily complex phenomenology of light-matter interaction. It provides us with simple concepts and thus

vocabulary to describe and discuss about strong-coupling physics. Until nowadays, it is the most important

tool for the interpretation of strong-coupling experiments, which is remarkable in the light of the variety of

the field. An exhaustive overview over this variety is clearly beyond the scope of this thesis and the interested

reader is referred to, e.g., the reviews of Litinskaya et al. [47], Törmä and Barnes [35], Ebbesen [22], Kockum

et al. [48], Ruggenthaler et al. [14] and the references therein. We content ourselves instead with the presen-

tation of some selected examples to give the reader a flavour of the richness of polaritonic physics and that

illustrate the challenges for the theoretical description.

The variety of strong-coupling phenomena: some selected experimental examples

We start with some general considerations. The relation (1.1) presents the three major “knobs” that have

been turned in the past twenty years to reach the strong light-matter coupling regime with many different

systems inside cavities:

1. the mode volume V ,

2. the oscillator strength f , and connected to f ,

3. the number of oscillators N that couple collectively to the mode.

From a broad perspective, the most important of these knobs to control the light-matter coupling is the

mode volume V . As we have mentioned in the introduction, the light-matter coupling strength is funda-

mentally determined by the fine-structure constant α, which is small independently of the system of units

used. This is the reason why strong-coupling is very difficult to reach in practice and the phenomena that

we discuss here can only occur because of the modern cavities that strongly reduce V . Thus, all strong-

coupling experiments use some form of a cavity or more precisely, they confine some spectral band of the

electro-magnetic field in small volumes, in which they position some matter system. However, even with

state-of-the-art cavities, we cannot reach the strong-coupling regime with all materials, but we need to turn

also the second and third knob. Regarding the oscillator strength f , especially organic materials showed to

12Note that if we assume that both transitions stem from a harmonic oscillator, we cannot differentiate the classical from the quantum
description (Hopfield model) anymore in a spectroscopic experiment. Hence, there are still debates on the “quantumness” of many of
the strong-coupling phenomena [46].

13See Sec. 1.2.2 for a discussion on the limitations of this and other cavity-QED models.
14The Jaynes-Cummings model is one of the very few QED models that can be diagonalized analytically.
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have large oscillators and most of the following examples employ matter systems of this class. Addition-

ally, most (but not all) of the experiments couple many (a macroscopic number of) oscillators to the photon

mode and thus “make heavily use” of the third knob.

We start with the two 1998 experiments. They used the aforementioned microcavities to reduce V as

much as possible but the crucial step to achieve such large Rabi frequencies was due to the employed ma-

terials. They utilized organic semi-conductors, since “large oscillator strengths are a characteristic feature

of these materials” [36]. In terms of the knobs, this refers not only to a large value of f but also of N , since,

e.g., all the excitons of the conduction band couple to the mode.15 In the following years, many of the most

striking experiments have been conducted with this material class, including polariton lasing [15] and con-

densation [49], both of which have been predicted before [50]. Orgiu et al. [51] reported that they increased

the conductivity of an organic semi-conductor by an order of magnitude by coupling it to only the vacuum

field of a cavity and Coles et al. [17] modified the energy transfer pathways in a light-harvesting complex

with the help of strong coupling.

Strong coupling with molecular systems: polaritonic chemistry

But not only the excitons in organic semi-conductors are suitable to reach the strong coupling regime. In

2011, when Schwartz et al. used the photochemical properties of an organic molecule to “switch” its coupling

to a cavity mode, the field of polaritonic chemistry emerged. In contrast to semi-conductors, where the most

important degrees of freedom often approximately resemble free electrons, molecules exhibit an enormous

spectrum of qualitatively different degrees of freedom. Schwartz et al. [52] used for example an electronic

transition for their experiment, but Thomas et al. [53] coupled the vibronic transition of a molecule to a

cavity to demonstrate one of the most striking opportunities that polaritonic chemistry offers: they changed

the reaction rate of a chemical reaction “just” by letting the reaction take place inside a cavity.

Molecular strong coupling has not only been achieved for molecular liquids, where many molecules of

the same type are injected in the cavity (like in the latter two examples), but even on the single- and few-

molecule level. Since a few molecules have a considerably smaller total oscillator strength than molecular

liquids (N is small), either cryostatic conditions are necessary to observe the Rabi splitting [54] or the mode

volume V needs to be substantially decreased. That such single-molecule strong coupling at room temper-

ature is indeed possible has been shown for the first time by Chikkaraddy et al. [55]. They manufactured a

so-called plasmonic nano-cavity, which confined the photon field to effective volumes of V ≤ 40nm. In fact,

such kind of “cavities” have nothing in common with the classical picture of two opposite mirrors that we

also employed in our sketch of Fig 1.1. Instead, they are based on a striking property of the electromagnetic

field close to conductors: singular geometries like edges, small spheres or tips strongly enhance the field

density [56]. The “cavity” of the experiment of Chikkaraddy et al. [55] was in fact a gold nano-particle. To

conclude our small review, we want to mention three further strong-coupling setups that do not employ

organic materials: superconducting circuits [57, 58], 2d materials [59, 60] and Laundau-polariton systems

[61, 62]. These two system classes are according to the review by Kockum et al. [48] the current “record

holders” of strong-coupling in the sense that they measured the largest Rabi splitting energies in relation to

corresponding transition frequencies.

15Though the exact coupling strength depends on the wave vector of the charge carriers.
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The challenges of an interdisciplinary field

These (in comparison to the total number of publications) few examples illustrate how diverse the field is.

We saw at least the research fields of nanophotonics, plasmonics, quantum optics, material science (includ-

ing 2d materials), solid-state physics and (quantum) chemistry appearing. All of them play an important

role. And all of them have their own focus and consequently also their own point of view on the topic. In the

nanophotonics and plasmonics communities, people try to understand the behaviour of the electromag-

netic field on the nano-scale. They are interested in understanding and optimizing geometries and as theo-

retical tool they usually just solve the classical Maxwell’s equations, where the matter often only enters in the

form of complicated boundary conditions. The fields of materials science, solid state physics and quantum

chemistry instead focus on matter properties on atomic length scales. Crucially, this requires an encom-

passing quantum-mechanical description and thus in principle solving the many-body Schrödinger equa-

tion. Since this is impossible in practice, the main challenge here is to find approximations or alternative

descriptions that are numerically feasible but still “sufficiently” accurate. The question “what is sufficient?”

is hereby one of the important research questions in the field. Electromagnetic fields normally enter in this

description merely as “external potentials” or “perturbations” without shape and spatial extension. Probably

the most important contribution to strong-coupling physics comes from the quantum optics community.

Quantum opticians study light-matter interaction on the smallest scales and they developed the first the-

ories to describe the strong-coupling phenomenology, including the aforementioned cavity-QED models.

Still, these descriptions usually emphasize the accurate description of the electromagnetic field, including

the complex phenomenology of its quantum statistics. Matter though treated quantum mechanically, is al-

most exclusively reduced to two (or a few) levels. Until nowadays, these cavity-QED models are the basis for

most of our understanding of strong-coupling physics and chemistry.

The theoretical challenge: complex systems exhibit strong-coupling effects that require complex theory

It is obvious that there are many scenarios where such simplified descriptions cannot account for the com-

plexity of the involved processes. Especially in the realm of polaritonic chemistry, where complex molecular

systems are coupled to the photon field, the explanatory power of cavity-QED models is limited. There are

several open questions, such as

• What is the influence of the strong electron-photon interaction, if the electronic-structure changes as

it happens in a chemical reaction [63, 64]?

• Can the vacuum fluctuations of a cavity mode really modify equilibrium properties of matter systems

as claimed by experimentalists [16, 53]?

• Is the mechanism that leads to collective strong coupling really as simple as predicted by the Dicke

model [65]? And can local properties be substantially modified, due to this pathway to reach strong

coupling [66, 67]?

To answer such questions, we need genuine first-principles methods such as QEDFT [39] that are capable to

describe the inner structure of matter systems and its interaction with the field [14]. However, developing

such methods is a delicate task that involves finding entirely new approximation strategies (for the electron-

photon interaction) and deriving and solving highly nonlinear equations. This requires not only an accurate

mathematical treatment, but also a careful development of numerical methods. In this thesis, we address

and analyze these theoretical and numerical challenges from a very general perspective. Based on this, we
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present the dressed-orbital construction that allows to circumvent many of the identified difficulties by an

exact reformulation of (equilibrium) cavity QED in terms of polaritonic particles. It is noteworthy that in

contrast to Eq. (1.2), this definition of a polariton in terms of dressed orbitals is general and does not require

restrictive assumptions such as the few-level approximation.

We present two specific examples of dressed-orbital-based methods including the details of the accord-

ing numerical algorithms and implementations. With the help of these methods, we provide explicit evi-

dence for phenomena that cannot be described with standard model approaches. For instance, we demon-

strate in Sec. 6.4.2 how a simple chemical reaction in one spatial dimension is influenced differently by the

cavity, depending on the reaction coordinate. Missing spatial resolution, such an effect cannot be captured

by methods that rely on the few-level approximation to account for the electron-photon interaction. How-

ever, there are indications that such local effects might play in important role for the understanding of many

strong-coupling phenomena [26] and our results of Sec. 6.4.4 provide additional evidence for this. We find

there that both, electronic localization and correlation, strongly influences the light-matter interaction and

points toward a different than the Dicke-type mechanism behind collective strong coupling.

Unresolved questions in polaritonic chemistry: the limitations of cavity-QED models

Let us illustrate the limitations of model descriptions with a concrete example that concerns the just men-

tioned “collective contribution” to the coupling strength appearing in relation (1.1) by the simple factor
p

N .

The assumption that leads to this dependence is that N two-level molecules couple to the same cavity and

thus have an
p

N times larger effect on the Rabi splitting, but at the same time every molecule itself only

“feels” the small coupling for N = 1. Accordingly, the coupling does not have strong local effects and cannot

significantly change, e.g., the electronic structure. But if this is true, how are chemical reactions modified by

strong matter-photon coupling as experimentalists claimed [16] and asked [68]?

Feist and Garcia-Vidal [69] and Cwik et al. [70] tried to answer this question with their models and

showed that some observables are collective and others are not, however partly contradicting each other.

One prominent controversy arose around the question, whether the ground-state potential energy surface

(ground-state PES), which is a crucial quantity in chemical reactions (see Sec. 2) is modified by the collec-

tive or merely the single-molecule coupling. Feist and Garcia-Vidal [69] and Herrera and Spano [71] showed

for different models that modifications of the ground-state PES proportional to the collective coupling are

possible. Martínez-Martínez et al. [66] instead showed that such modifications for their model are only pro-

portional to the single-molecule coupling strength. They explicitly state that their results contradict Ref. [69]

and Ref. [71], but is in line with Ref. [70]. One year later, Galego et al. [67] enforced with improved methods

their argument that ground-state PES modifications due to collective effects are indeed possible. They argue

that Ref. [66] did not take ground-state dipole moments into account, which would be crucial for a correct

description of chemical reactions under strong coupling.

This debate reflects the inherent challenges of understanding and describing complex systems: there are

several effects playing a role at the same time and some of them might be cooperative, others in competition.

And especially, this might change with certain system parameters. Thus, it is not enough to identify these

effects, but one also needs to accurately quantify their importance. As we have seen, model descriptions like

the Jaynes-Cummings model are very efficient and powerful in describing one or a few features of a system.

However, with increasing complexity, i.e., with an increasing number of such effects this strength becomes

a weakness. We somehow have to decide, which feature we include in the description and which not and

depending on that, the model may provide different answers. In some cases this might be quite clear, but

the aforementioned example shows that this is not always the case.
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Another very old example is the not-yet resolved debate on the (non-)existence of a so-called superra-

diant phase that Dicke predicted already in 1954. The there proposed model (which is today known as the

Dicke-model) describes N two-level systems coupled to a photon mode and predicts a transition in the su-

perradiant phase [73], where all the dipole moments of the atoms align and the photon mode occupation

reaches values much bigger than N . There have been several publications trying to answer if a real system

can undergo such a phase-transition. Certain “no-go-theorems” have been derived, e.g., Refs. [74, 75], and

contested several times, e.g., Refs. [65, 76]. Recently, the superradiant transition could be demonstrated in

artificial realizations of the Dicke model [77, 78], but the question whether the transition can occur in more

realistic situations that Dicke originally had in mind is still not resolved. For a good summary of the topic,

the reader is referred to the recent review by Kirton et al. [79].

It is such kind of problems that have motivated our research on a first-principles description of light-

matter systems. How can we describe the details of strong-coupling physics in a less-biased way, i.e., with-

out deciding a priori which features we include in the description? Cavity-QED models have proven their

explanatory power, but what are their limits? And if we reach these limits, how can we improve the models

in a systematic way?

The range of validity of cavity-QED models

So one might ask, how it is possible that so many different and highly complex materials can be modelled by

cavity-QED models in the moment we put them into a cavity that itself might be a complicated plasmonic

nano-structure. It took decades of research to develop the machinery that allows to accurately describe the

properties of these materials and cavities. How can an additional interaction between two already complex

systems simplify things? In fact, exactly this is what (in many cases) happens. Tuning the cavity in resonance

with one matter excitation, can be seen as a sort of selection process. If the other matter transitions are ener-

getically well separated from the selected transition and only this energy range is probed in an experiment,

one can observe the Rabi splitting exactly as it is described by the Jaynes-Cummings model. Wang et al.

[54] showed this explicitly in a recent experiment, where they “turn[ed] a molecule into a coherent two-level

quantum system.” But even if some other matter degrees of freedom play a role, it is often enough to extend

the model by, e.g., some more matter or photon levels to match theory and experiment.

Nevertheless, it is clear that there must be a limit to such a procedure. With the increasing complexity of

the effects that have to be described, more and more features have to be added to the models to fit the exper-

imental data. This will not only become computationally difficult at a certain point, but more importantly,

such a path heads toward a situation, where so many parameters have to be introduced that interpretations

and predictions might become difficult. For instance, when George et al. [80] wanted to interpret their ex-

perimental data, they first tried to employ a Jaynes-Cummings-like model, which they could not fit to their

results. They say in the publication that it was necessary to add several extra matter and photon states and a

more thorough description of the electron-photon interaction to the model to properly interpret their data.

The reason for the break-down of the simple model in this case is two-fold: first, they fabricated a system

with very strong electron-photon coupling (for smaller couplings in the same experiment, the simple model

worked) and second, the energy structure of the molecule they employed was such that several matter exci-

tations strongly coupled to the mode (what they called “multimode splitting effect”). Consequently, they did

not only have to describe the two polaritonic states (P n
+/− for a fixed n), but a “genuine ladder of vibrational

polaritonic states” (P n
+/− for a series of n = 1,2, ...) and especially, the cross-talk between these states.

In this example, the machinery of cavity QED could still describe the experimental data quite satisfacto-

rily, but how much further can we push it? George et al. [80] stress that they had only one fitting parameter,
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the Rabi frequency, but will this be enough if even more matter transitions need to be taken into account?

And if we are interested in understanding the origins of such large Rabi frequencies, how can cavity-QED

models help us, if we need the Rabi frequency itself as a fitting parameter?

Perspective: connecting models and first-principles approaches

It is clear that answering such questions is anything but easy and in many cases first-principles approaches

might not be (directly) applicable simply because of numerical limitations. This kind of problem is well

known in other fields of quantum physics such as strongly-correlated electron systems. To this category

belong materials like high-temperature superconductors [81], Mott insulators [82] or many important cata-

lysts [83], all of which promise huge possibilities for applications. Modelling such effects is among the hard-

est problems of material science, because efficient many-body methods like (approximate) density func-

tional theory are typically too inaccurate.16 Thus, a crucial role for the understanding of strongly-correlated

electrons has been played by effective models, most importantly the Hubbard model [85]. The Hubbard

model exhibits a wide range of correlated electron behavior including all the above mentioned phenomena

and thus allows to study the basic mechanisms behind these phenomena. Such kind of studies have re-

vealed the complexity of the effects but also their extreme dependence on tiny variations of system parame-

ters, many of which cannot directly be determined by experiments and thus require first-principles calcula-

tions.17 Triggered by this insight, the field of strongly-correlated electrons provides nowadays a plethora of

examples, where models and first-principles descriptions have been successfully combined.18

Judging from the complex phenomenology that experiments have revealed, one can expect that the field

of strong electron-photon coupling and especially the sub-field of polaritonic chemistry exhibit a similarly

complex phenomenology as strongly-correlated electrons. A general perspective on the problem will allow

us to put the connection between electronic strong-correlation and strong coupling even in quite concrete

terms (see Sec. 3.1.2). The aforementioned examples, where different cavity-QED models contradict each

other additionally indicate the need for new less-biased methods. We believe that a combination of model

and first-principles approaches that was so successful in other areas of physics like strongly-correlated elec-

trons, could also be fruitful in the field of strong electron-photon coupling.

16This is considered as more or less basic knowledge in quantum chemistry and solid state physics, which is the motivation behind
many new theory developments. However, for a recent specification of this statement, the reader is referred to Ref. [84].

17To provide an example for this statement, we refer the reader to the very comprehensive study of the two-dimensional Hubbard
model with different methods by LeBlanc et al. [86].

18For example in Ref. [87] the author explains very well how to connect models to first-principles calculations. Another even more ex-
plicit example is the LD A+U method [88] that connects the Hubbard model with the local-density approximation of density functional
theory. It was built exactly with the purpose to unify the advantages of both, the model and the first-principles world.
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1.2 The essence of polaritonic physics: cavity-QED models

Before we come to first-principles methods, we want to make a brief detour to the standard way to describe

the phenomena of strongly coupled electron-photon systems. As we have mentioned in the last section,

the researchers that historically first investigated such phenomena stem from the community of quantum

optics. They introduced the cavity-QED models such as the Jaynes-Cummings model, which allowed to

identify the basic mechanism behind the emergence of polaritons and satisfactorily describe many of the

experiments in the field.

In this section, we briefly present the derivation of this set of models, which has two purposes. First,

presenting this standard description helps to acquaint the reader already with the concepts and tools that

are necessary to describe light-matter interaction on the quantum-level. In the next section, we present a

big part of this derivation a second time, but including all the technicalities that are necessary to derive a

proper framework for a first-principles perspective. We hope that the preliminary discussion in this section

facilitates reading and understanding of the general derivation. The second reason for such a detailed pre-

sentation of cavity-QED models is to make their limitations more concrete. Thus, we put a special emphasis

on the approximations that enter the models. After the presentation of the general derivation and some im-

portant special cases, we briefly analyze their range of validity. Importantly, the models accurately describe

experimental data, even in cases where certain approximations are not strictly justified. This important fact

reveals the universality of the models and puts this in the context of their obvious limitations in the realm of

quantum chemistry. We then briefly explain, why first-principles methods are a valuable tool to overcome

these limitations and finish the subsection with a short summary.

1.2.1 The origin of cavity-QED models

To describe the physics of cavity experiments, we essentially need to model the matter systems, the photon

modes, and the interaction between both. The standard starting point for the discussion of quantum atom-

field interaction is the Hamiltonian [89, part 6.1]

Ĥ = Ĥm + Ĥph −e r̂ · Ê, (1.3)

where Ĥm is the matter Hamiltonian and Ĥph is the electromagnetic-field Hamiltonian. The last term de-

scribes the interaction between both subsystems that is given by the inner product of the electron dipole

−e r̂ (e denotes the elementary charge and r̂ is the position operator) and the electric field operator Ê.19

However, one needs to be aware that Hamiltonian (1.3) involves already many assumptions (such as the

dipole approximation and the neglect of the dipole-self energy), which are in many textbooks discussed in

the semiclassical theory [89, part 5]. This means that Ĥph is neglected and Ê → E and all other descriptors of

the electromagnetic field are treated as external classical vector fields.

If we consider this semiclassical theory for a single-electron atom, i.e., one electron with mass m that is

confined by the electrostatic potential V of the nucleus with mass mn →∞ (Born-Oppenheimer approxi-

mation, see Sec. 1.3.3), the corresponding Hamiltonian reads

Ĥsc =− ~2

2m
[∇− i

e

~
A(r, t )]2 +eφ(r, t )+V (r), (1.4)

19To account for the quantum nature of the electromagnetic field, the electric field vector is promoted to an operator. See also
Sec. 1.3.2.
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where φ and A are the scalar and vector potentials of the electromagnetic field, respectively. The form of the

matter-field interaction in Ĥsc can be derived by basic principles (see [89, part 5.1.1]) and has a very large

range of validity.

Then one chooses the Coulomb gauge20 ∇·A = 0 and additionally sets φ= 0,21 which is strictly speaking

only possible far away from any charge. However, since only one electron is considered, this term con-

tributes only by the constant self-energy of the electron and thus can be neglected as we will discuss in

Sec.1.3.3. For a many-particle system, φ leads actually to the Coulomb interaction between the (charged)

particles. After applying the Coulomb gauge, Hamiltonian (1.4) reads

ĤC
sc =− ~2

2m
∇2 +V (r)+ i

e

~
A⊥(r, t )+ e2

2m
A2
⊥(r, t )

=Ĥm + i
e

~
∇·A⊥(r, t )+ e2

2m
A2
⊥(r, t ), (1.5)

where A⊥ is the transversal part of the vector potential.22 We can generalize ĤC
sc straightforwardly to Ne

electrons, if we drop the assumption φ = 0. This generalization is considered as the basic Hamiltonian of

electronic structure theory (see Ch. 2).

The long-wavelength limit and the diamagnetic term

The next step is to introduce the dipole approximation by assuming

A(r, t )uA(r0, t ), (1.6)

where r0 is the center of charge (which is equal to the center of mass) of the matter system. This approxi-

mation is also called the long-wavelength limit and it is well justified, if the spatial extension of the atom is

much smaller than the wavelength of the considered modes of the electromagnetic field. This is this case in

most cavity-matter systems (see Sec. 1.3.3). The derivation is finished by applying the gauge transformation

Ud = exp(i e
~A(r0, t ) · r) to the Hamiltonian (1.5), which after some standard rearrangements has the form

ĤC
sc

A(r,t )uA(r0,t )
−−−−−−−−−−−−→

Ud

Ĥd = ~2

2m
∇2 +eU (r, t )+V (r)−er ·E

=Ĥm −e r̂ ·E. (1.7)

To arrive from here at the (fully-quantized) starting Hamiltonian (1.3), we add Hph and follow the prescrip-

tion of canonical quantization. We reserve the details of this procedure for Sec. 1.3.2 and just assume that

(E,A) → (Ê, Â) are now operators.

It is important to realize that within the “rearrangements,” another approximation has been employed.

The diamagnetic contribution e2

2m A2
⊥(r, t ) that was still present in Eq. (1.5) is indeed removed by the transfor-

mation Ud , but at the same time a new term that is proportional to r2 is introduced (see Sec. 1.3.3). This term

is called the dipole-self energy and it is obviously neglected in Eq. 1.7. That this standard approximation in

20The theory of electrodynamics exhibits (on the classical and on the quantum level) a so-called gauge-symmetry. This means that
the theoretical description has a certain redundancy, which usually is removed in a concrete application. This is done by choosing one
of many possible gauges. In electrodynamics, there are many established standard gauges, e.g., the Coulomb gauge, which can crucially
simplify the description of certain problems. We discuss this in more detail in Sec. 1.3.2. See also Def. 1.1.

21Both together is called radiation gauge in this context.
22According to Helmholtz’s theorem, every vector field X = X∥+X⊥ can uniquely be decomposed in its longitudinal X∥ and transversal

X⊥ component, with ∇×X∥ = 0 and ∇·X⊥ = 0. In the Coulomb gauge, where ∇·A = 0, thus the longitudinal contribution of A is explicitly
removed. This also induces [∇,A⊥] = 0 in a quantum-mechanical sense, when −i~∇ is the particle momentum operator.
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quantum-optical models [89, p. 150] is reasonable, is not well visible with the definitions of the scalar and

vector potentials that are considered here. In the chosen unit system, the vector potential A ∝ 1/c is inverse

proportional to the speed of light c. Thus, the A2-term has a prefactor of 1/c2 that makes its contribution to

the Hamiltonian usually small in comparison to all the other terms and justifies its neglect. For instance, if

we want to investigate the interaction of an atom with the electromagnetic vacuum to understand lifetimes

or energy level shifts due to the photon field like the Lamb-shift, 〈A〉 is small and we can perform a calcu-

lation in terms of lowest-order perturbation theory, where the A2-term naturally would drop out. However,

when some of the electromagnetic field modes are strongly enhanced by a cavity, this approximation might

break down. We discuss the A2-term in Sec 1.3.3 again.

The making of the cavity-QED Hamiltonian: the diagonalization of the matter Hamiltonian and the single-

mode approximation

To finish the derivation of the atom-field model of quantum optics, we still need to perform one crucial step,

which is the diagonalization of the matter Hamiltonian, i.e.,

Ĥm |mi 〉 = εi |mi 〉 . (1.8)

If this decomposition is known, we can rewrite

Ĥm =∑
i
εi |mi 〉〈mi | ≡

∑
i
εiσi i (1.9)

in its diagonal matrix form. For the single-electron system that is considered here, this is not problematic.

Although in most cases, there is no analytic solution, we can always find a suitable approximate basis for the

problem and diagonalize it numerically (see Sec. 2.1.1). For more than one or a few particles, the situation

changes drastically, because of the already mentioned many-body problem. This manifests here in the cost

for such a numerical diagonalization, that grows exponentially with the particle number (independently

of the details of the problem, see Ch. 2). We discuss some implications of this with respect to cavity-QED

models in Sec. 1.2.2.

Additionally, we diagonalize the free photon Hamiltonian which is not as problematic as for the elec-

tronic problem. There is no (direct) confining potential and no (direct) interaction in Ĥph and thus its diag-

onal form can even be derived analytically by going to k-space.23 We find

Ĥph =∑
k,s

~ωk (â†
k,s âk,s +

1

2
), (1.10)

whereωk = c|k| = ck is the mode frequency and â(†)
k,s are the annihilation (creation) operators for a photon in

the mode with wave-vector k and the polarizaton-index s = 1,2.24 The operators â(†)
k,s obey the commutation

relations [âk,s , â†
k,s ] = 1 and [â(†)

k,s , â(†)
k,s ] = 0, which defines the quantum mechanical properties of the photon

field.

These definitions are sufficient to write the whole Hamiltonian (1.3) in matrix form. For that, we expand

23The connection between the real space, where quantities are parametrized by position vectors r and k-space is given by the Fourier

transformation. Specifically for a function f (r), we have f (k) = 1/
p

2π
3 ∫

dr f (r)exp(−ir ·k).
24For example, s = 1(2) could denote left (right) circular polarized light with respect to k.
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the dipole moment

e r̂ =∑
i , j

e |mi 〉〈mi |r̂|m j 〉〈m j | ≡
∑
i , j

edi jσi j (1.11)

and the electric field

Ê =∑
k,s

ek,s Eωk (â†
k,s + âk,s ), (1.12)

where ek,s is the polarization vector and Eωk = (~ωk /2ε0V )1/2 is a prefactor that includes the vacuum per-

mittivity ε0 and importantly, the mode volume V that plays a crucial role in polaritonic physics as we have

discussed in the previous section. Using (1.9), (1.10) and (1.11), we arrive at the matrix form of (1.3)

Ĥ =∑
k
~ωk â†

kâk +
∑

i
εiσi i +~

∑
i , j

∑
k

gk,i jσi j (â†
k + âk), (1.13)

with the coupling-matrix

gk,i j =− eEωk
~

∑
s di j ·ek,s , (1.14)

where we summed over the 2 polarization directions, assuming polarized light, such that only one of the

two polarizations contributes. Additionally, we neglected the zero-point energy of the electromagnetic field.

Although, it regards only a one-electron system on the matter side, Hamiltonian (1.13) has a broad range of

applicability and in general, its diagonalization is nontrivial.

For the cavity setting that we are interested in, we assume that there is one dominant mode with fre-

quency ωph . The cavity strongly confines the mode to the volume V , which leads to a large prefactor

Eωk ∝ p
1/V . Consequently, it holds for the coupling elements gi j ≡ gi j ,ph of this mode that gi j À gk,i j

for all other k and we can neglect these coupling elements.25 The resulting Hamiltonian is the origin of the

cavity-QED models and it reads

ĤcQED =~ωph â†â + ∑
i=1

εiσi i +~
∑
i , j

gi jσi j (â† + â). (1.15)

Note that we dropped the index of the operators â(†) that refer to the cavity mode.

The crucial step: the few-level approximation

We want to stress again that the assumption of a single-electron atom was not necessary to arrive at ĤcQED .

In principle, we can assume a Hamiltonian of the same form to study a complicated many-electron system,

because the possibility of the underlying eigendecomposition simply results from the linear structure of

quantum mechanics. However, the corresponding eigenvalue problems are so high-dimensional that in

order to solve them in practice, we have to significantly restrict the underlying configuration spaces, i.e., the

bases. The choice of the basis is thus a crucial step in any quantum mechanical calculation (see Sec. 2.1.1).

The most important approximation in cavity-QED models is to restrict this choice from the beginning

by assuming that a very small matter basis is sufficient to describe the phenomena that we are interested in.

25For dynamical problems, we usually have take to the influence of the bath represented by the other modes into account. In many
cases (for example to include spontaneous emission processes), this can be done approximately by the introduction of a damping
factor. The reader is referred to, e.g., the corresponding chapters in Ref. [89].
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For most methods in quantum optics, it is crucial that this few-level approximation reduces the dimension

of ĤcQED such that it can be diagonalized exactly. The most important special case of this approximation

is the two-level system that we discuss in the next paragraph [90]. However, if we wanted to employ more

electronic levels, the standard approach consists of a two-step procedure. In the first step, we use some first-

principles methods to identify the most important electronic states, their energies and the corresponding

coupling elements. These enter in the second step as input parameters in ĤcQED , which is diagonalized. In

the realm of polaritonic chemistry, several hybrid approaches of this type have been proposed [91, 92, 93,

94, 95]. However, to make the diagonalization of ĤcQED numerically feasible, most of these methods rely on

the projection on the single-excitation space, i.e., the rotating-wave approximation that we discuss below. It

is very difficult to extend such methods in a simple way.26

The standard case: the two-level atom

The most common models reduce the matter description to a minimum and consider a two-level atom

(or molecule), i.e., they neglect all but two effective matter states |m1/2〉. Assuming a real transition dipole

d12 = d21 between these states, we arrive at one of the most important cavity-QED model, the Rabi-model.27

The corresponding Hamiltonian reads

ĤR =~ωph â†â +
2∑

i=1
εiσi i +~

2∑
i , j=1

g12σi j (â† + â)

≡~ωph â†â +~ω12σz +~ΩR (σ++σ−)(â† + â), (1.16)

where in the second line, we have renamed the coupling constant g12 = g21 = ΩR as usual in this context.

ΩR is the famous Rabi frequency that we have introduced in the previous section. Since it is common prac-

tice, we additionally have introduced the Pauli-matrices σz = σ22 −σ11,σ+ = σ12,σ− = σ21. To rewrite the

electronic Hamiltonian in the second line, we have utilized the equality σ22 +σ11 = 1, have introduced the

transition frequency ω12 = (ε2−ε1)/~ and have removed the constant energy contribution of (ε2+ε1)/2. De-

spite its seeming simplicity, the Rabi model has only a semi-analytic solution, which is only known since

2011 [98]. This reflects how intricate the coupled electron-photon problem really is.

Finally, there is the aforementioned rotating-wave approximation to HR that allows for a complete an-

alytical diagonalization. Neglecting the so-called counter-rotating terms σ+â† and σ−â, we arrive at the

Jaynes-Cummings Hamiltonian [45]

ĤJC = ~ωph â†â +~ω12σz +~ΩR (σ+â +σ−â†), (1.17)

that we have introduced in the previous section. It is one of the very few light-matter problems that are

analytically solvable, which explains its key-role for the understanding of electron-photon interaction, es-

pecially for the cavity-system.

Collective coupling: the Dicke construction

All cavity-QED models can be generalized in a simple manner to describe N identical molecules (or more

general matter systems) if we assume that the wave functions of different atoms do not overlap. In this

26In Ref. [96], the authors propose a method that goes beyond the rotating wave approximation. They discuss the difficulties and the
(strong) limitations of such a generalization.

27In fact, the original publication by Rabi [97] from 1936 considered a nuclear spin and not an atom.
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case, one can represent the N -molecule-one-mode problem again as single molecule, that is coupled to one

mode with an effective coupling strength gi j →
p

N gi j .28 This assumption is for example well justified in

a molecular gas, which was the scenario that Dicke [72] had in mind, when he introduced his construction

for N two-level systems in 1954. In the realm of strong-coupling physics, this collective superposition of the

matter systems is regarded as one of the basic mechanisms that lead to strong coupling.29 The collective

coupling strength is
p

N times larger than the single-molecule coupling, which leads to a huge increase for

a macroscopic number of such systems, i.e., N ≈ 1023.

1.2.2 The limitations of cavity-QED models

We conclude with a brief discussion on the justification and range of validity of the cavity-QED models.

First of all, we have seen that to arrive at the ĤcQED , we have started at a very general level and followed

a well-defined hierarchy of approximations. We have discussed already that, as written in Eq. (1.15), the

Hamiltonian has a wide range of validity and this fact is often stressed in the literature.30 Cavity-QED mod-

els are thus often seen as a kind of first-principles method.31 One conclusion from this point of view is that

the different perspective that, e.g., first-principles methods would provide is superfluous. The impressive

success of cavity-QED models to understand the phenomena of strong-coupling physics support this argu-

ment. However, this point of view basically disregards the quantum many-body problem and the complexity

that matter systems present.

To illustrate this, let us briefly reflect on the most common cavity-QED models, which describe molecules

as two-level systems. Strictly speaking, the two-level approximation is only valid for a single spin, but its va-

lidity can be convincingly generalized to any kind of transition in a matter system that is energetically well-

separated from all other transitions of the system (at least for not too strong coupling-strengths). Neverthe-

less, the two-level approximation has been extensively used way beyond this range of validity. Frasca [90]

summarizes this fact in his review of the two-level approximation as: “It is safe to say that the foundations

of quantum optics are built on the concept of a few level atom.” Hence, the justification for the approxi-

mation is obviously not its well-defined range of validity, but the very good agreement of the corresponding

models with many experimental results. In their review on strong coupling, Kockum et al. [48] even present

the cavity-QED models in a generalized version, explicitly noting that only special parameter choices can

be “derived from first principles.” Again their justification is coming from experiment. This shows that the

strength of cavity-QED models is not their (only sometimes possible and often hardly justifiable) connection

to the fundamental level of theory, but their obvious universality.

Take for instance the absorption spectrum of a complex systems like a molecule in a cavity in resonance

with a certain energy transition of the molecule, which shows a Rabi splitting (see Fig. 1.2 (a)). If we can de-

scribe this accurately by the Jaynes-Cummings model, then we have learned that the principal physics of this

process can be understood in terms of the hybridization between one electronic transition and a harmonic

oscillator.32 This is extremely valuable, because it reveals the underlying mechanism of this phenomenon.

28A very detailed derivation of this can be found in the review of Kirton et al. [79] (see especially Sec. 3.2).
29This is typically regarded as a common fact. See for instance the review of Kockum et al. [48] or Keeling [65].
30However, it is important to realize that one cannot just increase the number of basis states in Eq. (1.15). Due to having no r2-term,

this model has no eigenstates in the limit of large basis-sets [99].
31See for example the section on “models” in Ref. [48].
32The model additionally allows to differentiate the “character” of the electronic transition. For example, if the dominant matter

oscillator is a two-level system, a so-called quantum-blockade [100], which is experimentally measurable, occurs.
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Why the first-principles perspective is useful

We have seen in the previous subsection, how important this principal understanding of polariton emer-

gence was for the progress in strong-coupling physics. However, we have also discussed the (current) limi-

tations of the models, which are difficult to define but non-negligible. The controversy about the collective

nature of strong-coupling effects in the realm of polaritonic chemistry exemplified some of these limitations:

to describe the complex setting of a chemical reaction that takes place inside a cavity, simple approaches like

the Jaynes-Cummings model have to be extended, because there are several matter-degrees of freedom that

play a role. However, such extensions are not straightforward, but require a detailed knowledge of the mat-

ter system, which often is not provided by experimental data. Sometimes this situation can be remedied by

physical argumentation, but the discussed controversies show that this is not always the case.

The history of the field of quantum chemistry knows a multitude of such kind of controversies and in

the majority of the resolved cases, the answers were nontrivial.33 Properties of molecules might depend

on tiny variations of the geometry or the electronic configuration, which in turn might be the result of an

intricate interplay of different effects that counteract each other. Many open questions regarding chemical

reactions could only be resolved by an exhaustive use of first-principles methods, many of which nowadays

have become standard tools. Clearly, all practical methods to describe quantum many-particle systems

have to employ approximations because of the many-body problem. But the first-principles approach can

provide (if applicable) a less-biased perspective than effective models, because the explicit description of the

particles allows for approximations an a more general level. In the case of coupled electron-photon systems,

this means that we treat electrons and their Coulomb interaction on the same footing as photons and the

electron-photon interaction. Thus, we are able to study the interplay of both forms of interaction. We will

see in Ch. 6 how this perspective allows to identify new effects that are not easy to describe with methods that

are based on cavity-QED models. For instance, we will present some results suggesting a further mechanism

that influences the coupling strength between electrons and photons. This puts the Dicke-type mechanism

of collective strong coupling in a different perspective.

The problem of standard model approximations: can we neglect the dipole-self energy?

Finally, we want to remark on one other approximation that we have done for the derivation of the models.

This is the neglect of the dipole-self energy, i.e., the r2-term. We will see in the next sections that in order

to find the ground state of a coupled electron-photon system with a first-principles method, this term is

of utmost importance and its neglect would lead to useless results. The reason is that the corresponding

Hamiltonian is unbounded without this term [102]. In a practical calculation, this means that the ground

state is not well-defined but depends on the basis and its energy can in principle be shifted to arbitrarily

low values. Interestingly, this is a considerably less severe issues for cavity-QED models. The reason is that

within the few-level approximation, every system becomes finite and if we fit the electronic energy levels

to some experimental data, there is basically no issue. However, neglecting the diamagnetic term can also

lead to issues for few-level systems. The Rabi model for example loses its gauge invariance for large coupling

strengths [76, 103]. And connected to that, there are several indications that the transition to the superra-

diant phase, predicted by the Dicke model cannot occur in equilibrium if the dipole-self energy is properly

taken into account [104].

In contrast, one of the main goals of first-principles methods is to determine these electronic energy

33For a general introduction to the theoretical description of chemical reactions and its challenges, the reader is referred to, e.g., the
textbook by Moore and Pearson [101].
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levels, which crucially requires the diamagnetic term. This is an example of how intricate the interplay of

approximations can be. It shows on the one hand the need for a very careful analysis of the mathematical

and physical framework in which a new method is developed (and which is the topic of the next chapters).

On the other hand, this example illustrates the challenges of an interdisciplinary field. The neglect of the

diamagnetic term is a standard approximation in cavity QED and in usual publications, is not even dis-

cussed anymore. On the contrary, in Ref. [102], the authors have shown possible severe consequences of

this approximation such as the non-existence of a ground state. Which consequences these findings have

with respect to the validity of cavity-QED models, is still not entirely resolved.34 An exhaustive discussion

about the diamagnetic term can be found in Ref. [99]

Summary

In summary, the set of cavity-QED models constitutes a very powerful tool box that has been successfully

used to accurately describe a wide range of phenomena in coupled light-matter systems. With only very few

fitting parameters, cavity-QED models describe many experimental results quantitatively. Their simplicity is

thereby an important strength, because it allows for the definition of simple and clear concepts to interpret

and not only to fit the data, e.g., a polariton-model of the Jaynes-Cummings model. However, there are

limits to the applicability of cavity-QED models and determining and overcoming these limits is crucial for

progress in the research field of cavity QED. In the next section, we thus want to approach the problem from

“the other side,” and introduce the framework for a first-principles description of coupled matter-cavity

systems.

34See for example the discussion on p.3 in Ref. [67], where the authors defend the neglect of the dipole self-energy in their model.
They refer explicitly to Ref. [102].
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1.3 The (quantum) theory of light-matter interaction

The goal of this section is to find a good starting point for our first-principles description of coupled light-

matter systems. For that Schäfer et al. [99] have defined the following three “basic constraints [...] a theory

of light-matter interactions [should] adhere to”:35

1. All physical observables should be independent of the gauge choice and of the choice of coordinate

system (for instance, it would be unphysical that the properties of atoms and molecules would depend

on the choice of the origin of the laboratory reference frame).

2. The theory should support stable ground states (else we could not define equilibrium properties and

identify specific atoms and molecules).

3. The coupled light-matter ground state should have a zero transversal electric field (else the system

would radiate and cascade into lower-energy states).

Having these constraints in mind, we briefly discuss in the following subsections the principles and math-

ematical issues that enter the (quantum) theory of light-matter interaction on different levels of accuracy.

We start at the most fundamental level, which is the (full-relativistic)36 theory of quantum electrodynamics

(QED).37 We keep the discussion of QED very short, summarizing the basic concepts of QED, its funda-

mental character and especially its mathematical challenges. We will see that formulating a theory in the

realm of QED that adheres to the three basic constraints is very difficult. However, the wide range of energy-

scales that QED theoretically covers is not necessary for an accurate description of the typical phenomena

of the field of polaritonic chemistry. We therefore reserve the principal part of the section for the (semi-

)nonrelativistic limit of QED, where we assume that the active particles of the considered matter systems

have considerably lower energies than their rest-energy. This approximation is very well justified for most

processes in condensed matter and chemical systems. In the last subsection, we derive the long-wavelength

limit of the Pauli-Fierz Hamiltonian and introduce the Born-Oppenheimer approximation. The resulting

cavity-QED Hamiltonian and the corresponding mathematical framework serves as the basis for our discus-

sion of first-principle methods.

1.3.1 The most fundamental theory: QED

The general theory of quantum mechanics is now almost complete ... The underlying physical

laws necessary for the mathematical theory of a large part of physics and the whole of chemistry

are thus completely known, and the difficulty is only that the exact application of these laws

leads to equations much too complicated to be soluble. It therefore becomes desirable that

approximate practical methods of applying quantum mechanics should be developed, which

can lead to an explanation of the main features of complex atomic systems without too much

computation. (Dirac, 1929 [106])

The interaction between light and matter as we understand it today from a physics perspective is such a vast

topic that it concerns to a smaller or greater extend all natural sciences. The usual explanation behind this

35Note that many cavity QED models and also typical approaches based on perturbation theory do not adhere to all of these con-
straints. This is in many cases related to the neglect of the diamagnetic contribution [99].

36This means that matter as well as photon degrees of freedom are described within the framework of the theory of special relativity.
See for example Ref. [105].

37Where with most general, we mean to include all effects that are somehow related to the electromagnetic interaction. Other funda-
mental forms of interaction like gravity, weak or strong interaction are excluded in this picture.
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is simply that all known matter consists of charged particles, which constantly radiate and interact via some

form of electro-magnetic fields, i.e., light. The natural conclusion from this (reductionist) point of view

has been summarized concisely in the above quotation by Dirac. Transferred to our problem, this means

that in order to understand strong-coupling physics, we just need to find the most precise, i.e., quantum

description of light-matter interaction. The rest is “just” mathematics. This “most precise” theory of light-

matter interaction is QED, which usually is regarded as the unification of the theory of special relativity,

quantum mechanics, quantum field theory and classical electrodynamics [105, 8].

That is why we call QED a relativistic quantum field theory, which means that it is consistent with the

geometry of special relativity, accounts for quantum effects of the microscopical world and is formulated

only in terms of fields (instead of, e.g., particles that here emerge as effective degrees of freedom from the

field). There are many reasons for this unification of theories with the most important being consistency.

Since Maxwell’s equations of the electromagnetic field (Eq. 1.20) are relativistically invariant, it seems to

be a logical step to also generalize the quantum description of matter to the full-relativistic level, i.e., to

consider the Dirac equation. Combining both theories requires then to leave the realm of standard quantum

mechanics based on wave functions, and generalize Dirac’s theory to a quantum-field theory [10]. For further

details on these considerations and other very interesting discussions, the reader is referred to one of the

many textbooks on this topic, e.g., Refs. [105, 8, 10].

Guided by the idea of consistency, researchers have pursued the unification of quantum mechanics and

electrodynamics at least since the 1930s. In this process, they encountered so many severe mathematical

and connected conceptual problems that first successful calculations have not been undertaken before the

late 1940s.38 The last important steps have been made by Tomonaga, Schwinger and Feynman, which were

rewarded with the Noble prize “for their fundamental work in quantum electrodynamics”.39 Most strik-

ingly, on the basis of QED one can explain why the “electron’s magnetic moment proved to be somewhat

larger than expected,”40 – with twelve decimal places precision. This and also many other impressive predic-

tions41 established undoubtedly today’s reputation of QED of being the “best-tested” theory or the “jewel”

of physics."42 This success story clearly illustrates the power of the idea of consistency between different

physical theories. And indeed, encouraged by the success of QED, the story of unification went on con-

stantly leading to the standard model of particle physics. This theoretical framework unifies three of the four

known fundamental interactions (electromagnetic, weak and strong). Until today, many researchers work

on including the missing gravitational interaction, which is described by the theory of general relativity.

However, there is also an opposing point of view on the consistency of QED, which puts the theory in a

different light. Most importantly, there is still no practical way known how to remove the occurring diver-

gences in a non-perturbative approach [110]. Additionally, the mere concept of a many-particle wave func-

tion leads to several inconsistencies in a relativistic situation, since each particle should have its own time-

coordinate [111]. Many years after the formulation by Tomonaga, Feynman and Schwinger (1948/1949), Iwo

and Zofia Białynicki-Birula43 summarize the state of the research on QED in the following way:

In quantum electrodynamics, we have a theory that is not complete. Owing to the enormous

38We recommend the very-well documented article on the history of QED on WIKIPEDIA: https://en.wikipedia.org/wiki/

Quantum_electrodynamics#History.
39https://www.nobelprize.org/prizes/physics/1965/summary/
40See facts about J. Schwinger on https://www.nobelprize.org/prizes/physics/1965/summary/
41There is set of standard effects that can be described and understood by QED and that are nowadays textbook knowledge. See for

example [107, part 6]. For a recent application of QED, see [108].
42These kinds of statements can be found in basically every book about QED or other quantum field theories. For a good summary

of this point of view and the according predictions, we recommend, e.g., Ref. [109].
43Note that Iwo and Zofia Białynicki-Birula are strong supporters of “this beautiful theory[, i.e., QED]” [112]. They contributed im-

portantly to formulate QED more rigorously.
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mathematical difficulties, it is not yet known whether the set of postulates adopted is not incon-

sistent and whether it determines the theory uniquely. All we know is an approximate scheme

for carrying out calculations based on perturbation theory.

(Białynicki-Birula and Białynicka-Birula, 1975 [113])

They conclude that “Quantum electrodynamics thus constitutes a programme rather than a closed theory.”

The problems, Iwo and Zofia Białynicki-Birula are referring to are especially severe in the relativistic do-

main, where fermion-pair-creation or other high-energy processes have to be taken into account. Although

there has been progress in the mathematical formulation of QED [114], it has shown its practical value until

nowadays predominantly as basis for perturbative corrections of scattering processes.44 However, scattering

processes happen typically in very special experimental situations or for very high energies. Their theoreti-

cal description is based on some well-defined and simple reference states, which describe the system before

and after the scattering event has taken place [8]. But not all types of systems can be represented within the

strict boundaries of this assumption. Most importantly, it is very unpractical to describe ground states of

(strongly) coupled light-matter systems as a scattering process.45 One (but not the only) important reason

that hampers applying QED to other than scattering processes is that the standard technique of renormal-

ization can only be performed order by order in a perturbation series [8].

One of the few attempts to go beyond scattering problems by introducing a “space-time resolved ap-

proach” to QED has been undertaken by Wagner et al. [115]. They also investigated within this approach the

possibility of a purely computational renormalization scheme [116], yet only for very simplified models. To

employ the usual methods of electronic-structure theory, we would need a well-defined Hamiltonian formu-

lation of QED. Such formulations indeed do exist46, but the problems that Iwo and Zofia Białynicki-Birula

mentioned remain. There is for example no definite answer on how to deal with the many of the occur-

ring divergences, besides removing them by artificial cutoffs (which makes calculations depend on these

cutoffs) [118].

1.3.2 The solid ground: the Pauli-Fierz Hamiltonian

The energy-scales that are involved in usual chemical and materials-science processes are usually small

in comparison to the involved rest masses, such that relativistic effects of the matter-degrees of freedom

can be neglected. However, the description of the electromagnetic field needs to be relativistic on these

energy scales.47 This suggests to regard the (semi-)nonrelativistic “limit” of QED (NR-QED) that considers

nonrelativistic charged particles and the electromagnetic field. This scenario is very well studied and thus

especially its mathematical properties are comparatively well understood. We summarize in the following

how NR-QED can be constructed and discuss the most important conceptual and mathematical issues. We

follow hereby the excellent book by Spohn [9].

44Note that basically all of the aforementioned impressive predictions belong into this group.
45In principle, one could perform a scattering description of bound states as well. The problem is then more practical. Assume we

would have a QED theory that captures bound-state resonances (live long, but not infinitely long). The spectrum goes (from -∞ if
no positron interpretation is done) to ∞ and we have no idea where the special "ground-state resonance" is lying. So we would need
to probe all in/out states and minimization is useless. If we instead have a Hamiltonian that is bounded from below, the variational
principle tells us “where to look” for the ground state, i.e., we just need to minimize the energy.

46See for example Ref. [117, part 5] for a physicist’s definition and Ref. [118] for a mathematically rigorous discussion and definition
of the QED Hamiltonian.

47Note that there are also non-relativistic formulations of the electrodynamics, which however have a limited practical applicability.
See, e.g., Ref. [119].
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Definition 1.1: Maxwell-Lorentz Equations

For a charge density of Ne electrons and Nn nuclei with masses mi , charges qi and positions ri , i =
1, ..., Ne +Nn

ρ(r, t ) =
Ne+Nn∑

i=1
qiδ(r− ri ), (1.18)

we associate a current j(r, t ). Both are linked by the continuity equation

∂tρ(r, t )+∇· j(r, t ) = 0. (1.19)

For simplicity, we constrain the description explicitly to length scales, were the contribution of the
aforementioned form-factor is negligible [9] and thus consider point-particles in this definition.
The evolution of the Ne+Nn particles and the electric field E and the magnetic field B is governed by
the 4 Maxwell’s equations and Newton-Lorentz’s equations for the particles. The first two Maxwell’s
equations describe the evolution of E and B the under the influence of the current by

∂t B(r, t ) =−∇×E(r, t ), (1.20a)

∂t E(r, t ) =c2∇×B(r, t )+µ0c2j(r, t ), (1.20b)

where c is the speed of light and µ0 the vacuum permeability. The other two Maxwell’s equations
are constraints to the evolution that read

∇·E =ρ(r, t ), (1.20c)

∇·B =0. (1.20d)

Newton-Lorentz’s equation for the evolution of the i-th particle under the influence of E and B reads

mi
d2

dt 2 ri (t ) = eE(ri , t )+ c−1 d
dt ri ×B(ri , t ). (1.21)

The fundamental inconsistency of the classical theory of coupled light-matter systems

To derive the Hamiltonian or equivalently the equations of motion of NR-QED, we can apply the correspon-

dence principle [120] to its classical analogue. Thus, there is no need of, e.g., performing a limiting procedure

from a more fundamental theory and we will follow this route here. The classical correspondence to NR-QED

is Lorentz-Maxwell theory that defines a set of coupled equations of motion (Def. 1.1) which govern the dy-

namics of N charged particles that are coupled to their own electro-magnetic radiation field. Already on the

classical level, this coupling is problematic. To see this, let us shortly consider the well-defined equations of

motion of a point charge in an external electromagnetic field (Newton-Lorentz equations). Neglecting mag-

netic fields for the moment, we can write the Newton-Lorentz equation for a nonrelativistic point charge of

the mass m and charge e as

m
d2

dt 2 r(t ) = eE(r, t ), (1.22)

where E(r, t ) is the electric field. Since we assumed that E(r, t ) is external, i.e., prescribed, this equation

together with a suitable initial condition (e.g., r = ṙ = 0) constitutes a well-defined initial value problem. It is

however important to know E(r, t ) exactly at the position r of the particle for all times t ≥ t0 bigger or equal

to the initial time t0. In Lorentz-Maxwell theory, we then want to couple Eq. (1.22) with Maxwell’s equations
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(see Def. 1.1). This means that E(r, t ) is not anymore some prescribed function, but a dynamical quantity

that has to be self-consistently determined by the coupled equations (this is of course also true for all other

variables). This allows for example for back-reactions by the field on the particles and vice versa. On the

other hand, there is the well-defined theory of Maxwell’s equations that react to a prescribed charge density

ρ(r, t ). For instance, the electric field of a static charge distribution is obtained simply by solving Gauss’s law,

cf. Eq. (1.20c) (the other equations do not play a role in this simple case)

E(r, t ) =
∫

dr′ρ(r′)r′/|r− r′|3. (1.23)

In the case that ρ(r) = δ(r− r′) is just a point charge, we E is not anymore well-defined at every point, but

diverges exactly at the position of the charge. We have to conclude that connecting Eq. (1.23) and Eq. (1.22)

leads to an inconsistency. Note that this issue is resolved in Schrödinger quantum mechanics for matter

systems with the Coulomb interaction, but without taking into account the transversal degrees of freedom

of the electromagnetic interaction. The debate on this has a long and interesting history and for further

details, the reader is referred to, e.g., the essay by the famous mathematical physicist John Baez [121].

The resolution: regularization and renormalization

Nevertheless, we need to “cure” this inconsistency for our theory and the usual way to do so is by a so-called

regularization procedure for short distances. This means in practice that we consider a small sphere instead

of a point charge, which directly removes the divergence in Eq. (1.23). Still, we need to decide about the exact

shape and size of this sphere, which is formally done by introducing a form-factor in the equations.48 By the

introduction of the cutoff, we remove small length scales from the description that “come from a more re-

fined theory” [9, p. 15]. The regularization removes the divergence of the self-energy, i.e., electrostatic energy

of the particles corresponding to the Coulomb force (1.23). But it still contributes to the energy-momentum

relation of the coupled theory, which consequently differs from the one of a free particle. Since the latter is

an experimental fact, we need to “fix” the coupled energy-momentum relation by performing a renormal-

ization. We see here that although mostly discussed in the area of quantum field theory, the technique of

renormalization is already required on the classical level. In the case of Lorentz-Maxwell theory, this means

that we choose the particle’s mass as a parameter that we utilize to fit the theory to the experiment [9, part 6

and part 7].

We see that the description of coupled light-matter systems is a very challenging topic, even on the “sim-

plest,” i.e., the classical, level and there are many other subtleties and interesting issues.

The quantization of the classical theory: gauge dependence

Starting from the classical Lorentz-Maxwell theory, we now introduce NR-QED by the correspondence prin-

ciple. The standard way to do this is to employ the canonical quantization procedure, which requires the

Hamiltonian formulation of the classical theory. Regarding the matter part, this is straightforward, but for

the Hamiltonian formulation of Maxwell’s theory, care has to be taken. To describe the electromagnetic field

in terms of canonical variables, one usually introduces the vector and scalar potential A and φ. These are

48There are different ways to do this and certain connected issues. See [9, part 2/part 4] for details
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connected to the fields E,B by

E(r, t ) =− 1
c ∂t A(r, t )− c∇φ(r, t ) (1.24a)

B(r, t ) = 1
c ∇×A(r, t ), (1.24b)

which is not a unique correspondence but leaves a so-called gauge freedom. This means that the quantiza-

tion procedure depends on the gauge [10]. In the nonrelativistic description, it is very convenient to employ

the so-called Coulomb gauge

∇·A(r, t ) = 0. (1.25)

The Coulomb gauge removes the longitudinal part of the vector potential, which by means of Gauss’s law (Eq.

(1.20c)) also fixes the scalar potential φ(r, t ).49 The remaining two transversal degrees of freedom of A = A⊥
describe the two known polarizations of the electromagnetic field. This means that in the Coulomb gauge,

there is no “superfluous” field component and thus it can be seen as kind of maximal gauge. That is why

basically all derivations of NR-QED are done in the Coulomb gauge. However, there are also other gauges

that are maximal in the same sense, e.g., the Poincare gauge and employing these might be advantageous in

certain scenarios [11].

The Hamiltonian of NR-QED: how to construct a well-defined mathematical theory of light-matter inter-

action

However, to discuss the quantization of the Maxwell-Lorentz theory we stick to the standard case. We em-

ploy Coulomb gauge and follow the prescription of the canonical quantization, which leads the so-called

Pauli-Fierz Hamiltonian. Since this is a standard procedure that can be found in several textbooks, we only

summarize the most important aspects. We again follow closely the book of Herbert Spohn [9]. The Pauli-

Fierz Hamiltonian describes the quantum dynamics of N charged particles that are coupled to the (vacuum)

electromagnetic field. Since we are interested in molecular systems, we further divide N = Ne + Nn in Ne

electrons and Nn nuclei. The quantum formulation does not remedy the inconsistencies of the classical

theory, but adds further problems. The most important property of a Hamiltonian of a quantum theory is

hermiticity (which in mathematical literature is usually called self-adjointness). Importantly, it is possible to

prove the self-adjointness of the Pauli-Fierz Hamiltonian under the following two conditions [9, part 13.3].

1. We need to remove the self-energy of the particles analogously to the classical case.

2. We need to introduce a further “suitable” ultraviolet cutoff. This comes on top of the classical cutoff

that we already included by quantizing extended instead of point charges. Still, the new cutoff just

further renormalizes the mass and in most situations, we can include it as in the classical case by

using the physical instead of the bare mass of the charge carriers. However, although the proof for

self-adjointness provides a definition of the cutoff, it remains arbitrary up to a certain degree.

A Hamiltonian that obeys these conditions is the Pauli-Fierz Hamiltonian of Def. 1.2

A remark on the validity of Pauli-Fierz theory

We want to conclude this subsection with a small remark on the interpretation Pauli-Fierz theory. This

paragraph is not necessary to follow the course of this text and can be skipped by the fast reader.

49To see this, compare Eq. (1.20c) with the definition of E in terms of b A,φ, cf. Eq. (1.24a): ρ =∇·E =∇· (−1/c∂t A− c∇φ) =−c∇2φ.
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Definition 1.2: Pauli-Fierz Hamiltonian

A system consisting of Ne electrons and Nn nuclei with masses mi and charges qi , i = 1, ..., Nn +Ne

that are minimally coupled to the electromagnetic field in the Coulomb gauge are described in the
nonrelativistic energy regime by the Pauli-Fierz Hamiltonian

ĤPF =
Ne+Nn∑

i

1
2mi

(
−i~∇i − qi

c
Â⊥(ri )

)2
+ 1

8πε0

Ne+Nn∑
i 6= j

qi q j

|ri − r j |

+ 1

2

∑
k,s

(
(−i∂qk,s )2 +ω2

k q2
k,s

) (1.26)

Here i is the imaginary unit, ~ the Planck constant and ε0 the vacuum permittivity. We denoted the
field operator of the (transversal) vector potential with Â⊥ that reads

Â⊥(r) =
√

~c2

ε0

∑
k,s

1

ωk

(
âk,s Sk,s (r)+ â†

k,s S∗
k,s (r)

)
, (1.27)

where

Sk,s (r) = 1p
V

nk,s e ik·r (1.28)

are the mode functions for a plane wave with wave-vector k and frequency ωk = ck (k ≡ |k|). We
denote with V = a3 the volume of the quantization box with side-length a. Furthermore, nk,s denotes
the two polarization vectors (s = 1,2) for every mode. To arrive at the form (1.26), we have defined the
displacement coordinates

qk,s =
√

~
2ωk

(â†
k,s + âk,s ) (1.29)

−i∂qk,s =i
√

~ωk
2 (â†

k,s − âk,s ). (1.30)

Pauli-Fierz theory as defined in the previous section is mathematically a well-defined quantum theory,

i.e., the Hamiltonian of definition 1.2 is self-adjoint and it has eigenstates that can be described by a many-

particle wave function. However, to remove the occurring divergences of the theory, we have to introduce a

cutoff that is in principle arbitrary. Thus, for high-energy processes the accuracy of the theory is somewhat

unclear. Nevertheless, the range of validity, on which these mathematical issues are not problematic, is

huge:

The claimed range of validity of the Pauli-Fierz Hamiltonian is flabbergasting... As the bold claim

goes, any physical phenomenon in between [gravity on the Newtonian level and nuclear- and

high-energy physics], including life on Earth, is accurately described through the Pauli-Fierz

Hamiltonian. (Spohn [9, p. 157])

The conclusion that Pauli-Fierz theory provides a useful description of, e.g., molecules as complex as DNA

or whole organisms is indeed “flabbergasting.” Thus, it seems that Dirac’s vision has become true (see the

quotation in the beginning of Sec. 1.3.1): we have found a mathematical theory that describes “a large part of

physics and the whole of chemistry.” We just need to solve this theory by “approximate practical methods of

applying quantum mechanics [...], which can lead to an explanation of the main features of complex atomic

systems without too much computation.”

Interestingly, although Pauli-Fierz theory is known since the 1930s, no practical method has yet been de-
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veloped that is capable to solve the theory for any relativistic scenarios. Spohn remarks on this reductionist’s

perspective:

Of course, our trust is not based on strict mathematical deductions from the Pauli-Fierz Hamil-

tonian. This is too difficult a program. Our confidence comes from well-studied limit cases. [...]

In the static limit we imagine turning off the interaction to the quantized part of the Maxwell

field. This clearly results in Schrödinger particles interacting through a purely Coulombic po-

tential, for which many predictions are accessible to experimental verification. But beware, even

there apparently simple questions remain to be better understood. For example, the size of

atoms as we see them in nature remains mysterious if only the Coulomb interaction and the

Pauli exclusion principle are allowed. (Spohn [9, p. 157])

Another example for such a limit is the standard form of cavity QED that we will derive in the next section

from Pauli-Fierz theory by performing the long-wavelength approximation. We will see in the course of this

thesis, that only finding the (approximate) ground state of cavity QED is an utmost difficult task. Without the

great knowledge of the many-electron problem that we have nowadays, this would probably be an impossi-

ble task. This explicitly shows the limitation of the very common (reductionist’s) point of view that defines

a hierarchy between more general theories and their limit cases. Although Pauli-Fierz theory is more funda-

mental in the sense that it is more general than, e.g., many-electron Schrödinger theory, it is the predictions

of the lower member that are the most important justification for the higher lying member.

This is illustrates how long the way from writing down a Hamiltonian until describing nature really is.

And most importantly, it is not “just mathematics” that is required to go this way as the reductionist’s hy-

pothesis suggest. This has been pointed out already in 1972 by Anderson [122] with several examples from

molecular and solid-state physics. The impressive success of the cavity-QED models is another examples

that prove this far too simple idea wrong: the power of these models lies especially in their validity in set-

tings, where the explicit mathematical derivation from first-principles, i.e., the Pauli-Fierz Hamiltonian is

not possible (see Sec. 1.2). Spohn summarizes this in the following way:

[If t]he Hamiltonian is a self-adjoint linear operator, [... o]f course this does not mean that

we have solved any physical problem. It just assures us of a definite mathematical framework

within which consequences can be explored. (Spohn [9, p. 158])

This is the reason for the long discussion of the mathematical foundations of Pauli-Fierz theory in this sub-

section. To develop new methods that accurately describe electron-photon interaction from first principles,

we need a (mathematically and physically) firm ground. With the corresponding methods, we will however

not “solve” Pauli-Fierz theory in the sense that we diagonalize ĤPF . There are no analytical solutions known

and even the simplest case of one particle, coupled to the Maxwell-field is basically numerically inaccessible.

But we need such a “definite mathematical framework” to derive approximate theories.
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Definition 1.3: Atomic units

The system of atomic units (denoted by [a.u.]) is defined by the following base units:

mass me the electron mass
charge e the electronic charge
action ~ the reduced Planck constant
permittivity 4πε0 the inverse Coulomb constant

This means that we measure mass in multiples of the electron mass etc. This is formally done by setting these
four fundamental constants to one. Derived from these base units, we have the following derived units (we list
only the most important ones)

length a0 = 4πε0~2/(me e2) 1a0 = 0.529Å “bohr”
energy Eh = ~2/(me a2

0) 1Eh = 27.211eV “Hartree”

Furthermore, we can derive the numerical value of the speed of light c = 1/α ≈ 137 [a.u.], where we denoted
with α the fine-structure constant α= e2/(4πε0~c).

1.3.3 NR-QED in the Long-Wavelength Limit

In this subsection, we derive the cavity-QED Hamiltonian from Pauli-Fierz theory. The physical setting,

defined by this limit is the basis for our analysis in the following chapters. Since we aim to understand

strong-coupling phenomena that require the strong mode confinement of cavities, we constrain the elec-

tromagnetic field description to only a few modes. These modes are assumed to have long wavelengths in

comparison to the spatial extension of the considered matter systems, such that the dipole approximation

is valid.50 Regarding the matter-description, we only consider the (adiabatic) electronic structure in the

electrostatic potential of (quasi)static or clamped nuclei. This means that we constrain our description to

settings, where the Born-Oppenheimer approximation can be applied and disregard the dynamics of the

nuclei and their quantum nature. This setting is however sufficient to describe a large range of chemical

processes [123].51

Despite these many simplifications, we are still confronted with an extraordinarily difficult problem.

Also in this limit, there are currently only two special cases, for which analytical solutions are known.52

The starting point: the macroscopic description of Pauli-Fierz theory

The starting point of the derivation is the non-relativistic theory of quantum electrodynamics, which is de-

scribed by the Pauli-Fierz Hamiltonian ĤPF (Def. 1.2). Since we are interested in processes with subatomic

length and energy scales, we use from now on a suitable unit system, so-called atomic units (see Def. 1.3)

We start the derivation with the macroscopic description of Maxwell’s equations, which separates the

charge current

j(r, t ) = jb(r, t )+ j f (r, t )

50Note that the dipole approximation is accurate also in more general settings in the context of cavity QED, e.g., nanoplasmonic
environments.

51See also Ch. 2.
52The first considers one electron in a harmonic potential [9, part13.7] and the second N electrons without interaction in a box with

periodic boundary conditions [124].
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into its bound part jb and the free current j f . The former is generated by the magnetization M and polariza-

tion P of the matter system as

jb(r, t ) =∇×M(r, t )+∂t P(r, t ).

We can then define the displacement field D = ε0E+P and the magnetization field H = 1
µ0

B−M, which are

generated by the free current as

j f (r, t ) =−∇×H(r, t )+∂t D(r, t ).

This construction is in a sense artificial, because the actual forces that are exerted by the field are only due

to the total electric and magnetic fields E,B. But it is very suited for the following theoretical considerations,

because it separates out the part of the electromagnetic field that is exclusively produced by the (bound)

charges of our system.

The connection to the macroscopic form of (1.26) is given by the unitary Power-Zienau-Woolley (PZW)

transformation

ÛP Z W = exp

(
−iα

∫
drP̂⊥(r) · Â⊥(r)

)
,

where we only need to transform the transversal fields, because of the Coulomb gauge. With the choice of

our matter system, we can explicitly define the polarization

P(r) =−
Ne∑
i=1

ri

∫ 1

0
δ3(r− sri )ds +

Nn∑
i=1

Zi Ri

∫ 1

0
δ3(R− sRi )ds, (1.31)

where we separated electronic ri and nuclear coordinates Ri and denoted the charge of the i -th nucleus by

Zi . Since we included all physical charges in the definition of P, we trivially have j f = 0.53

The dipole approximation

We can now introduce the dipole approximation by disregarding the integration over s in the definition of P

(Eq. (1.31)) or equivalently by setting

A(r)uA(0), (cf. 1.6)

where we assumed that the coordinate frame origin is located at the center of charge. Specifically, this leads

to the transformation

ÛP Z W,di p = exp

(
−i

p
4π

∑
k,s

Sk,s (0)nk,s ·R

)
qk,s , (1.32)

where nk,s is the polarization vector and Sk,s (0) ∝ 1/
p

V the (absolute value of the) mode function of the

photon mode with wave vector k and polarization s (see Def. 1.2). Additionally, we have defined the total

53This follows, because we treat a closed system here. In a more general setting, the free current could, e.g., represent an external
current that pumps the cavity mode.
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dipole of the matter system

R =−
Ne∑
i=1

ri +
Nn∑
i=1

Zi Ri . (1.33)

Further, we constrain the description to a finite number of M photon modes, where M cannot be chosen

arbitrarily, since the dipole approximations breaks down for very large M [124]. In the following, we will

usually assume that M is very small (corresponding to the enhanced modes of an optical cavity) and thus,

this issue will not be problematic. Note that Eq. (1.32) is also called length-gauge transformation and it is

the generalized form of the transformation Ud (defined above Eq. (1.7)) that was employed in the derivation

of the cavity-QED models. Furthermore, we subsume α = k, s and apply a canonical transformation that

exchanges the role of the photon coordinates and momenta

−i∂qα →−ωαpα

qα→−iω−1
α ∂pα .

The non-relativistic QED Hamiltonian in the long-wavelength limit reads then

ĤLW = Ĥn + Ĥe + Ĥne + Ĥp + Ĥep + Ĥnp , (1.35)

where we defined the nuclear Hamiltonian

Ĥn =
Nn∑

i

1

2Mi
∇2

Ri
+ 1

2

Nn∑
i 6= j

Zi Z j

|Ri −R j |
,

with the nuclear masses Mi . The electronic Hamiltonian reads

Ĥe =
Ne∑
i

1

2
∇2

ri
+ 1

2

Ne∑
i 6= j

1

|ri − r j |

and the interaction Hamiltonian between both matter degrees of freedom is given by

Ĥne =1

2

Nn∑
i 6= j

Z j

|ri −R j |
.

The Hamiltonians for the contributions of all the M photon modes can be collected together by

Ĥp + Ĥep + Ĥnp =1

2

M∑
α

[
−∂2

pα +ω2
α

(
pα− λα

ωα
·R

)2]
,

where the light matter interaction becomes explicit by the appearance of the total dipole R. We also intro-

duced the fundamental light-matter coupling constant for mode α

λα =p
4πSα(0)εα. (1.36)
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The Born-Oppenheimer approximation

The Hamiltonian (1.35) describes the electrons and nuclei of a matter systems, which are basically all de-

grees of freedom molecules and solids.54 It is thus a suited basis for a first-principles description of, e.g.,

the phenomena of polaritonic chemistry. Nevertheless, the accurate description of these degrees of free-

dom is very challenging and in many cases, the electronic and nuclear dynamics can be separated (Born-

Oppenheimer approximation). The electrons are then described in the electrostatic potential of the nuclei

with fixed coordinates Ri (clamped nuclei). The electronic energy as a function of the Ri (potential energy

surface) defines then an effective potential for the nuclear dynamics. In this work, we focus on the electronic

part of the matter-description (electronic structure, see also Ch. 2). However, since electrons and nuclei cou-

ple in exactly the same way (with their dipole operator) to the photon modes, a large part of our discussion

can be generalized straightforwardly to the nuclear theory. For further details about additional implications

of the approximation for the coupled light-matter systems and possible improvements, the reader is referred

to Ref. [125].

To derive the electron-photon theory formally, we let Mi → ∞ for i = 1, ..., Nn . Since me ¿ Mi , this

approximation has a wide range of validity.55 Thus, the kinetic energy of the nuclei
∑

i
1

2Mi
∇2

Ri
→ 0 and we

can treat them as fixed classic charges with coordinates Ri . Under the Born-Oppenheimer approximation

(abbreviated by BOA in the equations), the nuclear contribution

Ĥn
BO A−→ 1

2

Nn∑
i 6= j

Zi Z j

|Ri −R j |

is merely a constant that we can neglect in many scenarios. We will consider the term only for compar-

isons of different nuclear configurations, e.g., to study simple chemical reactions. The electron-nuclear

interaction has then a prescribed local potential Ĥne
BO A−→ v(r) =∑Nn

i=1
1

|Ri−r| that we include in the electronic

Hamiltonian

Ĥe
BO A−→Ĥe + v(r).

We also neglect the constant contribution of the nuclear charge to the total dipole R
BO A−→ −∑N

i=1 ri , where we

have removed the index of Ne → N for convenience. We note that the Hamiltonian (1.35) is symmetric with

respect to the simultaneous inversion of r →−r and pα →−pα. Additionally, there is the ambiguity of the

sign of the electric charge [126]. That is why one can find different definitions of the bilinear coupling term

in the literature. Importantly both choices, pα±λα
ωα

·R, lead to the same expectation values of the observables.

We make use of this freedom and redefine

R =+
N∑

i=1
ri ,

which is the more common choice in the literature.

Collecting all the terms, we arrive at the coupled electron-photon Hamiltonian in the long-wavelength

limit or the cavity-QED Hamiltonian that is explicitly given in Def. 1.4. It will be the basis for (most of) the

discussions of the rest of this thesis.

54According to the standard microscopic model of matter, that neglects the inner structure of the nuclei.
55However, there are also many situations, when the Born-Oppenheimer approximation fails, but these cases are beyond the scope

of this work. The interested reader is referred to, e.g., the review by Worth and Cederbaum [123].

39



CHAPTER 1. STRONG COUPLING

Definition 1.4: Cavity-QED Hamiltonian

A system consisting of N nonrelativistic electrons that are coupled via their dipole to M modes of the
electromagnetic field in the length gauge are described by the cavity-QED Hamiltonian

Ĥ =
N∑
i

[
1

2
∇2

ri
+ v(ri )

]
+ 1

2

N∑
i 6= j

1

|ri − r j |
+ 1

2

M∑
α

[
−∂2

pα +ω2
α

(
pα+ λα

ωα
·R

)2]
(1.37)

Here R = +∑N
i=1 ri is the total dipole of the matter systems and for each mode α, ωα denotes the

frequency and

λα =p
4πSαεα (1.38)

is the light-matter coupling constant, that includes the polarization vector εα and the (effective) mode
function Sα. In free space, the modes are plane waves and thus, Sα is given by the simple expres-
sion Sα = 1p

V
(cf. Eq. (1.28)). However, inside a cavity the mode functions may have a nontrivial

form [127].
For later convenience, we further differentiate the contributions

Ĥ = T̂ + V̂ +Ŵ + Ĥph + Ĥi nt + Ĥsel f ,

where

T̂ =
N∑
i

1

2
∇2

ri
, V̂ =

N∑
i

v(ri ), Ŵ = 1

2

N∑
i 6= j

1

|ri − r j |
,

Ĥph = 1

2

M∑
α

[
−∂2

pα +ω2
αp2

α

]
, Ĥi nt =

N∑
i

M∑
α
ωαpαλα · ri , Ĥsel f =

1

2

N∑
i , j=1

(λα · ri )
(
λα · r j

)

A remark on the gauge choice

We conclude this subsection with a remark on the specific gauge choice in Ĥ . In the length (PZW) gauge, we

describe the photon degrees of freedom with the (transversal) displacement field

D̂⊥ =
M∑
α=1

ωα

4π
λαpα

as canonical variable with corresponding momentum

B̂ =
M∑
α=1

(−i∂pα )λα×εα.

We recover the electric field as

Ê =4π
(
D̂⊥− P̂⊥

)
with the (transversal) polarization

P̂⊥ =∑
α

1

4π
λα(λα ·R).
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The original creation and annihilation operators for the electromagnetic field modes have now the form56

âα = 1p
2ωα

(−i∂pα − iωαpα+ iλα ·R
)

â+
α = 1p

2ωα

(−i∂pα + iωαpα− iλα ·R
)

This has consequences for the interpretation of photon-observables. Most importantly, the expectation

value

Ẽph =〈
Ĥph

〉=〈
1
2

M∑
α

[
−∂2

pα +ω2
αp2

α

]〉
(1.40)

does not correspond to the energy of the electromagnetic field that is defined as 1
8π

∫
dr(E2 +B2) in terms of

the electric field, but is instead connected to the displacement-field D. To calculate the photon energy (in

its standard definition), we have to consider instead

Eph =〈
Ĥph + Ĥi nt + Ĥsel f

〉
(1.41)

Correspondingly, the photon number of mode α is calculated as Nph = 1
ωα

Eph − 1
2 = ∑

α 〈N̂ph,α〉, where we

defined the photon number operator for mode α

N̂ph,α = 1

ωα

(
−1

2

∂2

∂p2
α

+ ω2
α

2

(
pα− λα

ωα
·R

)2)
− 1

2
, (1.42)

For the sake of completeness, let us also define to “photon-number” operator with respect to Eq. (1.40), i.e.,

Ñph,α = 1

2ωα

[
−∂2

pα +ω2
k p2

α

]
− 1

2
, (1.43)

that we call the mode occupation to differentiate it from Nph,α.

This illustrates that in the length gauge, the electronic and photonic degrees of freedom are (partly)

mixed. Consequently, a part of the electron-photon interaction is described only by matter quantities as,

e.g., the occurrence of the dipole-self-interaction Ĥsel f shows. This is a convenient starting point to develop

new first-principles methods for light-matter interaction, since the description of matter is much better

understood. For instance, one could approximate the light-matter interaction by only taking Ĥsel f into

account and would end up with a matter-only theory, which provides a good (qualitative) description of

certain scenarios [128, 125]. Without the PWZ transformation, cf. Eq. (1.32), such a mixing does not occur

and we describe the electromagnetic field by the vector potential and the electric field exactly as in the

Coulomb gauge of NR-QED. Within the long-wavelength description, this is called the velocity gauge. Instead

of Ĥsel f , we would find in this gauge the diamagnetic term, mentioned in Sec. 1.2, that is proportional to Â2.

56Note that −i∂+pα =−i∂pα is the canonical momentum operator that is hermitian.

41



CHAPTER 1. STRONG COUPLING

42



Chapter 2

MATTER FROM FIRST PRINCIPLES: ELECTRONIC-STRUCTURE

THEORY

Before we investigate how the coupled light-matter problem can be approached from a first-principles per-

spective (which is the topic of Sec. 3), we discuss in this chapter the “simpler” problem of matter-only sys-

tems. How to accurately describe the microscopic details of matter is a topic so well studied that many

techniques have already become basic textbook knowledge. Nevertheless, we discuss this topic in the fol-

lowing in great detail and with a particular focus on the conceptual level. This serves on the one hand to

provide a complete picture also for the unacquainted reader. On the other hand, we aim at highlighting for

each method the essential ingredients that makes it numerically efficient, yet accurate. We then show that

this efficiency is lost, once we consider the standard form of the light-matter problem based on individual

electrons and photons (Sec. 3). An analysis of this drawback provides already the physical rationale why a

polariton picture would be preferable (part II).

The “keystone” [123] of the first-principles description of matter is the Born-Oppenheimer approxima-

tion that we also have employed in the derivation of the cavity-QED Hamiltonian in the previous section.

Within the Born-Oppenheimer approximation, the dynamics of the electrons and nuclei are decoupled,

which allows to separate the description of matter into methods that focus on nuclear effects (such as vibra-

tions or rotations) and so-called electronic-structure theory. The latter comprises all approaches to describe

the electronic degrees of freedom of matter systems including the majority of all known first-principles

methods.1 A very prominent role in electronic-structure theory is played by the ground state, that deter-

mines fundamental properties of matter systems such as the equilibrium geometry or the effective screen-

ing of the Coulomb interaction inside a solid. It also plays a key-part in understanding chemical processes

like reactions that often can be described in the quasistatic picture of the Born-Oppenheimer approxima-

tion. Many first-principles methods exclusively aim to accurately describe electronic ground states and we

put the focus on such methods in the following.

The accurate description of the ground state of a many-electron system is an extraordinary challeng-

ing problem that is a research topic since the beginnings of quantum mechanics. Consequently, many ap-

proaches have been developed for this task and it depends strongly on the specific scenario, which one is

the best choice. However, there are certain generic features that play a role in all approaches.

The most important example for that is the complexity that arises from the many-body problem and

that basically prohibits the exact description of most many-electron systems. The only explicitly known way

for such a description is to solve the Schrödinger equation for the many-body wave function. For a system

consisting of N electrons, the wave function depends on 4N coordinates,2 and thus, the configuration space,

1Note that there are also first-principles methods that, e.g., focus explicitly on the description of the coupled electron-nuclei dynam-
ics [129] or only the nuclei [130].

2Three spatial and one spin coordinate for each electron.
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i.e., the space of all these wave functions grows exponentially with N . For large N , this makes the concept

of the many-body wave function in practice useless. The complexity of the many-body problem occurs in

some way or the other in all electronic-structure approaches and it is the reason, why practical methods

always rely on approximations.

Another example of a generic feature of all electronic-structure methods is the particle-exchange sym-

metry. Electrons are fermions and a fermionic wave functions is antisymmetric with respect to the exchange

of the coordinates of any two electrons. As a consequence, fermions adhere to the Pauli principle, i.e., two

fermions cannot have the same quantum number. Accounting for the Pauli principle is fundamental for an

accurate description of the electronic structure.

The third example is the variational principle that defines the ground state as the minimizer of the total

energy. This suggests to determine the ground state by an explicit minimization of the energy, which is

the starting point of every electronic-structure method. To carry out this minimization, it is necessary to

characterize the state of the system, which in turn defines the energy functional. In fact, there are several

ways to do this characterization and each of these defines a class of electronic-structure methods. In the

following, we present three different electronic-structure approaches that adhere to the above principles:

1. Hartree-Fock (HF) theory (Sec. 2.2)

2. Density functional theory (DFT, Sec. 2.3)

3. Reduced density matrices (RDMs) that are the basis of variational RDM theory (Sec. 2.4.1) or one-body

RDM functional theory (RDMFT, Sec. 2.4.2)

Let us now briefly explain these approaches, highlighting the just defined generic principles.

HF theory is one of the simplest examples of the class of wave-function methods, that directly approx-

imate the many-body wave function. The HF wave function is one Slater determinant (single-reference

ansatz), which is the simplest many-body wave function that is antisymmetric and already provides a good

qualitative description of many systems. In general, wave function methods guarantee the particle-exchange

symmetry by employing Slater determinants. One can improve on the accuracy of HF by considering wave

functions built from more than one Slater determinant (multi-reference ansatz). Important examples for

this approach are configuration interaction, coupled cluster theory3 or multiconfigurational self-consistent

field theory [132, part 5]. More recently, tensor-network methods such as density matrix renormalization

group [133] theory have additionally enriched the spectrum of this approach. Such wave-function methods

yield until today the most precise results for many systems. However, their high precision usually comes

with equivalently high numerical costs. Systems with larger particle numbers of say N ' 100 can rarely

be described accurately with such methods. This is the manifestation of the many-body problem in wave

function methods.

In DFT instead, we drop the concept of the many-body wave function and describe the state of a system

with the (one-body) electron density ρ(r). The many-body problem manifests here more indirectly than for

wave-function methods. The reformulation of many-body quantum mechanics in terms of ρ leads to an

unknown quantity, which is called the exchange-correlation functional. Constructing approximations for

this functional is a very difficult task and severely limits the applicability of functional methods to certain

system classes. The most common starting point for the development of functionals is the Kohn-Sham (KS)

construction that describes the state of the system with one Slater determinant exactly as in HF theory. An

important reason for this choice is that the Slater determinant accounts for the fermionic antisymmetry.

3Note however that in the most common practical coupled cluster methods, the wave function is not entirely reconstructable [131].
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Usual approximate DFTs have numerical costs that scale much better with the particle number than wave-

function methods and thus can in principle achieve accurate results for very large systems.4

Employing RDMs as a basic variable provides yet another perspective on many-electron systems. For

instance, we can describe the expectation value of the energy of an N -electron system exactly in terms of

the 2-body RDM (2RDM). The configuration space of such a description does not grow with the particle

number and thus a variational minimization in terms of the 2RDM is in principle feasible. However, the

many-body problem also arises in this description in the form of conditions that determine the exact con-

figuration space, i.e., the set of all 2RDMs. The number of these so-called N -representability conditions

grows exponentially with the particle number N . Thus, in practical variational minimizations of the energy

with respect to the 2RDM (variational 2RDM theory) only a subset of conditions is considered.

A special role is here taken by the 1-body RDM (1RDM)γ that has comparatively simple N -representability

conditions. These reflect the exchange symmetry of the particle species and thus provide an alternative to

employing Slater-determinants to enforce the antisymmetry of electrons. Although γ is not sufficient to de-

scribe the energy of a many-electron system in a linear way, it carries all information on the system by virtue

of a generalized Hohenberg-Kohn theorem (Gilbert’s theorem). This establishes RDMFT as an alternative to

DFT that employs γ instead of ρ as the basic variable. Usual approximate RDMFTs are numerically more

expensive than DFT, but conversely, they can account for multi-reference effects in an easier way.

We want to remark on a fourth and last common feature of all electronic-structure methods, which is

their computational complexity. Independently of the details of a certain method, we always exchange a

linear problem on a huge configuration space, i.e., solving the many-body Schrödinger equation, with a

nonlinear problem on a comparatively small configuration space. Importantly, the equations of electronic-

structure (and in general many-body) methods involve usually nonlinear operators and some form of self-

consistency, which is a challenging combination. To do this in practice, it is not sufficient to employ, e.g.,

a solver for partial differential equations from a standard library. But we usually need specific algorithms

that have been designed to solve the equations of a specific theory. Thus, electronic-structure methods are

fundamentally connected to computational mathematics. That we are nowadays able to apply a method like

HF to problems that involve many hundred electrons is a consequence, more of algorithmic improvements

than of the increase of computer power.

4State of the art DFT methods can describe systems with more than 1000 particles. See for instance Ref. [134], where the authors
present results for more then 8000 electrons.
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CHAPTER 2. ELECTRONIC-STRUCTURE THEORY

2.1 The wavefunction, symmetry and the many-body problem

We start our survey on (equilibrium) electronic-structure theory with the proper definition of the problem

that we want to solve. We aim to accurately describe the ground state of a system, consisting of N electrons

that repel each other via the Coulomb interaction exposed to some local potential v(r). Usually v is thought

as the electrostatic potential of some classic charges at fixed positions that represent the nuclei in the Born-

Oppenheimer approximation (see Sec. 1.3.3), but we do not have to specify this for the general theory. This

setting is described by the (electronic-structure) Hamiltonian

Ĥ =
N∑
i

[
1

2
∇2

ri
+ v(ri )

]
+ 1

2

N∑
i 6= j

1

|ri − r j |
, (2.1)

that can be derived in several ways, e.g., by the canonical quantization of the corresponding classical theory

or as the static limit of the Pauli-Fierz Hamiltonian (Def. 1.2), i.e., by turning off the interaction to the quan-

tized part of the Maxwell field.5 Eq. (2.1) defines a linear operator6 that has a well-defined spectrum and is

bounded from below.7 Hence, we can define the ground state Ψ0 that by a variational minimization of the

energy expectation value E = 〈Ψ|ĤΨ〉 over all “physical” wave functionsΨ, i.e.,

E0 = 〈Ψ0|ĤΨ0〉 = inf
Ψ

〈Ψ|ĤΨ〉 , (2.2)

where we will discuss the term “physical” in the following paragraphs.8 This variational principle is of cen-

tral importance in electronic-structure theory and it will play a fundamental role for all methods that we

present in the following. Sloppily we can say that the goal of (equilibrium) electronic-structure theory is to

(approximately) solve the minimization problem (2.2) with Hamiltonian (2.1).

2.1.1 The ground state of a two-electron problem

The general definition of the electronic-structure problem by Eqs. (2.1) and (2.2) is quite abstract and for the

unacquainted reader, it might be hard to imagine how difficult solving this problem really is. To make things

more tangible, we will put Hamiltonian (2.1) aside for a moment and consider the problem of two electrons

in one spatial dimension and without spin.

The one-particle problem

We start with one particle in a “box,” that we define simply by constraining the domain of all quantities to

an interval L ⊂R and zero-boundary conditions. The energy of this system is described by the Hamiltonian

Ĥ = Ĥ(x) =− 1
2∂

2
x , (2.3)

5Equivalently, we can derive Hamiltonian (2.1) from the cavity-QED Hamiltonian, cf. Eq. (1.37).
6We generally indicate operator by the ’ ˆ ’ symbol. However, because we work in the real-space picture, we will often drop the symbol

for operators that obviously only depend on the position, such as r̂ ≡ r or v̂(r̂) ≡ v(r). The reason is that they act multiplicative and thus
are represented by a function.

7Both follows from the proof for self-adjointness of Ĥ that is valid for a very large class of local potentials v(r) (Kato-Rellich theorem).
See for example Ref. [part 6][135].

8Note that for certain potentials v , it can be proven that the ground state exists and thus we can exchange the inf by a min [135, part

6.2]. This includes the important case where v(r) =∑Nn
i 1/|r−Ri | describes the electrostatic potential of Nn nuclei at the positions Ri .
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2.1. THE WAVEFUNCTION, SYMMETRY AND THE MANY-BODY PROBLEM

that is just the kinetic energy operator t̂ (x) =− 1
2∂

2
x on the domain. According to the prescription of standard

many-body quantum mechanics, we can describe the state of the system by a wave function

Ψ(x) ∈ h1[L], (2.4)

where we denote with h1[L] the Hilbert space of square-integrable functions.9

To determine the ground stateΨ0 of this system, we employ the variational principle

E0 = 〈Ψ0|ĤΨ0〉 = inf
Ψ∈C

〈Ψ|ĤΨ〉 . (cf. 2.2)

This means (assuming no degeneracy) that Ψ0 is the one (normalized) wave function10 with the lowest en-

ergy expectation value chosen from the set C ⊂ h1[L] of all allowed wave functions, which we call the con-

figuration space.

We can solve this minimization problem simply by diagonalizing the kinetic energy operator, i.e.,

− 1
2∇2

xψi (x) = k2
i /2ψi (x), (2.5)

where the ψi (x) =p
2/L sin(xki ) are the “box states” with the momenta ki = iπ/L. Thus, the configuration

space is C = span(ψ1,ψ2, ...) and the ground state Ψ0 = ψ1(x) is just the box-state with the lowest allowed

momentum k1 =π/L.

The two-particle problem on a first glance

Let us now consider two particles in a box. Their energy is described by the Hamiltonian

Ĥ = Ĥ(r1,r2) =
2∑

i=1
− 1

2∂
2
x , (2.6)

that is just the sum of the kinetic energy operators for each particle (with index i ) on the domain. To describe

the state of the system, we need a wave function that depends on two coordinates, i.e.,

Ψ(x1, x2) ∈ h2. (2.7)

The linear structure of the theory suggests now that we define the two-body Hilbert space

h2[L] = h1[L]⊗h1[L] (2.8)

simply as the product of the one-particle space h1[L]. This is equivalent to employing the wave function

ansatz

Ψ(x1, x2) =
∞∑

i , j=1
ci jψi (x1)ψ j (x2), (2.9)

9A function f : [a,b] → C is square-integrable if its (L2-)norm is finite, i.e.,
∫ b

a | f (x)|2dx <∞. This is a necessary condition for the

interpretation of |ψ(x)|2 as probability amplitude.
10Note that ifΨ0 exists and is not degenerate, it must be an eigenstate of Ĥ , because Ĥ is self-adjoint on h1[L] and thus has according

to the spectral theorem [135, part 1] an eigenrepresentation that is bounded from below, i.e., Ĥ =∑
i=0 Ei |Ψ̃i 〉〈Ψ̃i | with E0 < E1 ≤ E2....

If we expand Ψ0 = ∑
i ci Ψ̃i , we see that the lowest energy is given by Ψ0 ≡ Ψ̃0. If there is degeneracy, i.e., E0 = E1 = ...+Em for some

finite m, thenΨ0 =∑m
i=1 ci Ψ̃i . However, it might be thatΨ0 ∉ h1[L] and thus, the system cannot reach its infimum. For instance, this

happens in the free-space case, where L →∞.
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where we introduced the two-index expansion-coefficient ci j ∈ C. To guarantee the normalization |Ψ|2 =
1 of the wave function, the coefficients need to satisfy the sum rule

∑
i |ci |2 = 1. Thus, if we perform the

minimization over C = h2[L], we find the ground state

Ψ0(x1, x2) =ψ1(x1)ψ1(x2),

with eigenvalue E0 = 2π/L. Obviously, this state does not describe a valid configuration of electrons, because

it does not adhere to the Pauli-principle.

What many differentiates from one: exchange symmetry

The reason is that we have not performed the minimization over the correct configuration space. Charac-

terizing this space is a crucial step to solve the many-electron minimization problem. In fact, the physically

correct configuration space is considerably smaller than h2. The true ground state of the “two electrons in a

box” problem is the lowest eigenstate of Ĥ that is also antisymmetric under the exchange of the coordinates,

i.e.,

Ψ(x1, x2) =−Ψ(x2, x1). (2.10)

We call this the exchange symmetry, which plays a fundamental role all theoretical descriptions of quan-

tum many-body systems. This is especially true in the realm of first-principles methods, where we do not

only utilize the variational principle as a formal definition, but actually perform the minimizations of the

form (2.2) with large-scale numerical algorithms. To do so, we need to parametrize C in some way and for

that, the antisymmetry of electrons is one of the most important tools as we will see in the following.

How to parametrize the antisymmetric space: Slater determinants

Let us therefore regard again our wave function ansatz (2.9) with the expansion coefficients ci j . Since the

indices correspond explicitly to the particle coordinates, we can simply transfer the condition (2.10) to the

coefficients by demanding

ci j =−c j i .

We can subsume this condition into the expansion and get the more common form11

Ψ(x1, x2) = 1p
2

∑
i , j

ci j
(
ψi (x1)ψ j (x2)−ψ j (x1)ψi (x2)

)
=1/

p
2
∑
i , j

ci j |ψi (x1)ψ j (x2)|−
(2.11)

of an expansion in terms of the (two-body) Slater determinantsΨi j (x1, x2) = 1/
p

2
(
ψi (x1)ψ j (x2)−ψ j (x1)ψi (x2)

)=
1/
p

2|ψiψ j |−. The set of all these two-body Slater determinants spans the antisymmetric two-particle Hilbert

space

h2
A =h1 ∧h1

≡A h2,
(2.12)

11We redefine here the coefficients ci j → ci j
p

2 slightly such that the normalization conditions / sum rules do not change.
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where the operator A turns the tensor product ⊗ into an antisymmetric tensor product ∧ or “antisym-

metrizes” a given tensor [136].

Thus, we can parametrize the correct configuration space by employing the ansatz (2.11). This means

that we calculate the matrix elements Hi j = 〈ψi |Ĥφ j 〉 and reformulate the original minimization prob-

lem (2.2) in terms of the coefficients:

E [ci j ] = 〈Ψ[ci j ]|ĤΨ[ci j ]〉 . (2.13)

To calculate the 2-body matrix elements Hi j , let us see how Ĥ acts on one Slater determinant, built by the

box states. We have

Ĥ
(
ψi (x1)ψ j (x2)−ψ j (x1)ψi (x2)

)=[
2∑

i=1
− 1

2∂
2
xi

](
ψi (x1)ψ j (x2)−ψ j (x1)ψi (x2)

)
=[− 1

2∂
2
x1
ψi (x1)

]
ψ j (x2)− [− 1

2∂
2
x1
ψ j (x1)

]
ψi (x2)

+ [− 1
2∂

2
x2
ψ j (x2)

]
ψi (x1)− [− 1

2∂
2
x2
ψi (x2)

]
ψ j (x1)

=2(k2
i /2+k2

j /2)
(
ψi (x1)ψ j (x2)−ψ j (x1)ψi (x2)

)
.

We see that Slater determinants, constructed from the eigenstates of t̂ (x), are the eigenfunctions of the

many-body Hamiltonian Ĥ(x1, x2) = t̂ (x1)+ t̂ (x2). Thus, we know that the ground state is given by ci j = 1 for

i = 0, j = 1 (or vice versa) and ckl = 0 for all other combinations of indices: the ground state of Ĥ is a single

Slater determinant, constructed from the lowest two eigenstates of t̂ (x).

Including a local potential

Let us now generalize the description and consider a local potential v̂(x). Since the potential now should

describe the geometry of the problem, we can formally assume L →∞. The many-body Hamiltonian reads

then

Ĥ =
2∑

i=1
t̂ (xi )+ v̂(xi ). (2.14)

We can straightforwardly generalize our solution strategy from before, if instead of Eq. (2.5), we consider the

eigenvalue problem

[t̂ (x)+ v̂(x)]ψi (x) = eiψi (x). (2.15)

The physical ground state is simply given as the Slater determinant Ψ0(x1, x2) = 1/
p

2|ψ0ψ1|− with ground

state energy E0 = e0 +e1.

Solving a minimization problem in practice: the basis set

For almost all choices of v , Eq. (2.15) cannot be solved analytically and requires a numerical solver. This

means that we need to parametrize the single-particle states (orbitals) ψi in a known basis set with say B

elements, i.e., ψi = ∑B
j=1 b j

i ξ j . An obvious choice would be a (sufficiently large) discretized interval in real

space, such that ξ j (x) = θ j (x), where j = 1, . . . ,B denote the B grid points and θ j (x) defines the discretiza-

tion.12 The differential operators would then be approximated by, e.g., finite-differences (see Ch. 7). This will

12A possible choice would be θx j = d−1/2
x Θ(dx /2−|xi −x|), where dx is the spacing andΘ denotes the Heaviside step-function.
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introduce an error, which however can be controlled, i.e., with increasing B , the approximate solutions will

converge to the exact results. We call such a procedure convergence with respect to the basis set.

Of course, we can also choose a different basis and in fact, discretizing the real-space is often not the best

choice. For example, we might need very large B to converge with respect to the basis set. Another option is

to employ the eigenfunctions of the kinetic energy operator, which for L →∞ are plane waves [137, part 2].

Employing this basis is equivalent to describing the whole problem in Fourier space. The obvious advantage

of such a choice is the analytically known form of the basis for all x ∈ R and thus, the description is not

constrained by a box of finite volume. However, the accurate description of small distances will be inefficient

in this basis. In fact, plane waves are a standard tool to describe the bulk of many condensed-matter systems,

which are modelled as infinitely extended periodic systems [137]. These two examples demonstrate how

strongly the basis choice depends on our knowledge of the problem.

Plane waves and discretized real-space bases are in this sense the most generic bases. To describe for

instance finite-systems, usually neither of the two is used, but so-called atomic orbitals. These are especially

designed bases with the aim to reduce the necessary number of orbitals to a minimum. The basic idea

is to make use of the analytically known eigenstates of the Hydrogen atom and the most straightforward

approach is thus to use the lowest say Ba of these eigenfunctions centered at the positions of all the Nn

nuclei of the system. The basis set consists then of B = Ba Nn of such atomic orbitals, which is in most

cases considerably smaller then any basis set obtained from a parametrization of the discretized real space.

Another very common approach is to employ Gaussian functions instead of the Hydrogen orbitals because

of their convenient mathematical properties. These are the two most employed strategies to obtain quantum

chemical basis-sets.13

However, we want to stress that also real-space bases are used in practice14 because they allows for a

description of systems with less foreknowledge and a considerably easier visualization [138].

The interacting problem

To finalize our survey, there is one last missing piece, which is the inclusion of the interaction. The repulsion

between two electrons in 3d is described by the Coulomb operator that reads (employing the coordinates

r1,r2)

ŵ(r1,r2) = 1

|r1 − r2|
. (2.16)

This is a two-body operator, because it depends on two coordinates, but in contrast to, e.g., Eq. (2.14), it

cannot be expressed as a sum of two one-body operators. We call this the order of an operator: ŵ has the

order two, but for instance
∑2

i=1[t̂ (xi )+ v̂(xi )] has the order one. It is a fundamental property of interaction

operators that their order is larger than one. Importantly, this spoils our solution strategy from above.

To demonstrate this, let us consider a generic interaction operator in 1d w(x1, x2)15 that we add to Hamil-

tonian (2.14), i.e.,

Ĥ =
2∑

i=1
t̂ (xi )+ v̂(xi )+ ŵ(x1, x2). (2.17)

13The interested reader is referred to, e.g., the corresponding chapters in the textbook of Helgaker et al. [132].
14Also in this work, see Ch. 6.
15Note that the one-dimensional version of the Coulomb operator w(x1, x2) = 1

|x1−x2| has very different properties than its 3d version.

Thus, in 1d-model calculations the soft-Coulomb potential w(x1, x2) = 1√
(x1−x2)2+ε2

with ε> 0 is usually considered (see also Sec. 2.5).
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We start with the orbital set that we need to construct the Slater determinants. A reasonable choice could be

the eigenstates of t̂+ v̂ that we know to calculate numerically. However, Slater determinants of these orbitals

cannot be eigenstates of the interacting problem and thus, we have to consider the general ansatz

Ψ(x1, x2) = 1p
2

∑
i , j

ci j
(
ψi (x1)ψ j (x2)−ψ j (x1)ψi (x2)

)
(cf. 2.11)

=∑
i , j

ci jΨi j .

If we apply the full Hamiltonian to one of these Slater determinantsΨi j ,

ĤΨi j =
[

2∑
i=1

t̂ (ri )+ v̂(ri )+ ŵ(r1,r2)

]
Ψi j

=
[

2∑
i=1

t̂ (ri )+ v̂(ri )

]
Ψi j︸ ︷︷ ︸

2(e1+e2)Ψi j

+ŵ(r1,r2) 1p
2

(
ψi (x1)ψ j (x2)−ψ j (x1)ψi (x2)

)
,

we see that the interaction term couples the two orbitals of Ψi j for every i , j . This means that (without

further information on the systems like symmetries etc.) we cannot simplify the general ansatz (2.11) for an

interacting problem. Even if we chose a highly optimized orbital basis, we have to perform the minimization

E [ci j ] = 〈Ψ[ci j ]|ĤΨ[ci j ]〉 . (cf. 2.13)

with respect to in principle all entries of the coefficient matrix ci j .

2.1.2 Solving a generic many-electron problem and the exponential wall

Let us now transfer the concepts and tools from the two-electron example to the general case of N electrons

in three spatial dimensions, including spin. Thus, we consider spin-spatial coordinates x = (r,σ), where

r ∈R3 describes a position and σ ∈ {↑,↓} is the spin-quantum number.

The antisymmetric N -electron space

We start with the definition of the antisymmetric N -particle space, i.e., the generalization of Eq. (2.12).

Therefore, we consider again the single-particle Hilbert space h1 that is spanned by some spin-spatial or-

bital basis {ψ̄i (x)} (where we assume basis states to be orthonormalized, i.e.,
∫

drψ̄∗
i (r)ψ̄ j (r) = δi j ), such that

every single-particle state can be expressed as

Ψ(x) =
∞∑

i=1
ci ψ̄i (x), (2.18)

where the ci ∈ C are the expansion coefficients (with corresponding sum rule
∑

i , j |ci j |2 = 1 for normaliza-

tion). From this starting point, we can now successively build Hilbert spaces h2,h3 for more particles as

antisymmetric product spaces, i.e.,

hN
A =

N∧
l=1

h1. (2.19)
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The basis states of hN are the N -body Slater determinants

ΨI (x1, . . . ,xN ) = 1p
N !

∑
π j ∈PN

(−1) j ψ̄π j (I1)(x1) · · ·ψ̄π j (IN )(xN )

≡ 1p
N !

|ψ̄I1 , . . . ,ψ̄IN |−, (2.20)

where PN denotes the permutation group on N elements and the index j is chosen such that it is even (odd)

for an even (odd) permutation π j ∈ SN . Thus, every wave function Ψ(x1, . . . ,xN ) ∈ hN
A can be parametrized

as

Ψ(x1, . . . ,xN ) =∑
I

c IΨI (x1, . . . ,xN )

=Ψ[c I ],
(2.21)

where c I = c I
I1,...,IN

∈ C is the coefficient of the I -th Slater determinant including the orbitals with indices

I1, . . . , IN . The according sum rule is
∑

I |c I | = 1. Note that the introduction of Slater determinants is one of

the few known ways to guarantee the antisymmetry of a wave function and it is thus a fundamental tool of

most electronic-structure theories.

The closed-shell setting

In the following, we will usually consider the special case of closed-shell systems, which is very common in

electronic-structure theory [132] and covers a broad range of in practice relevant systems.16 For that, we

assume that N is even and define

ψ̄2i (r,σ) =ψi (r)α(σ)

ψ̄2i+1(r,σ) =ψi (r)β(σ),
(2.22)

where {α,β} ≡ {↑,↓} denote the two spin functions.17

This means that each spatial orbital is occupied twice and the system is spin-saturated. We can thus

remove the spin-coordinate from our description (by a trivial integration).

The ground state of a many-electron system

With the ansatz (2.21), we can reformulate the original minimization problem (2.2) in the following way:

First, we choose a specific basis {ψ j (x)}, expand Ψ=Ψ[c I ] in Slater determinants of this basis according to

Eq. (2.21) and calculate the general energy expression as a functional of the expansion coefficients c I , i.e.,

E [c I ] = 〈Ψ[c I ]|ĤΨ[c I ]〉 . (2.23)

To find the ground state, we then minimize E [c I ] with respect to the c I . The solution c I
0 definesΨ0 =Ψ[c I

0].

16For instance, this excludes systems where certain magnetic effects or spin-orbit coupling play a role [137]. The generalization to
odd N and spin-dependent Hamiltonians is in principle straightforward. However, approximate methods for the spin-restricted case
are generally better understood.

17We choose this nomenclature, because it is very common in the quantum chemistry literature.
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The non-interacting case

Importantly, the just described strategy strongly simplifies for every systems that is described by operators

of order one, i.e., operators that can be decomposed as

Ô(r1, ...,rN ) =
N∑

i=1
ô(ri ). (2.24)

An important example for this are non-interacting systems with the Hamiltonian

Ĥ =
N∑
i

[
1

2
∇2

ri
+ v(ri )

]
. (2.25)

To find the ground state of Ĥ , we simply have to calculate the N /2 (assuming that N is even) lowest eigen-

states of 1
2∇2

r + v(r) and construct a Slater determinant out of those, using Eq. (2.22). This construction of a

many-body state by successively “filling up” one-body states is often called aufbau principle (see Sec. 2.1.3).

Thus, the non-interacting N -electron problem (and any other problem of order one) reduces effectively

to N one-electron or orbital problems. With state-of-the-art algorithms and higher-performance clusters,

such (and nonlinear versions of such) eigenvalue problems for orbitals can be very efficiently solved even for

spatially very extended systems (that in turn require large orbital bases). We call a wave function consisting

only of one Slater determinant a single-reference wave function.

Interaction and the exponential wall

As in the two-particle case, any form of interaction spoils this simple solution strategy. For instance, the

electronic-structure Hamiltonian (Eq. (2.1)) includes the Coulomb interaction operator 1
2

∑N
i 6= j

1
|ri−r j | that

has order two. This operator in principle couples all Slater determinants of the general (or multi-reference)

ansatz

Ψ(x1, . . . ,xN ) =∑
I

c IΨI
N (x1, . . . ,xN ), (cf. 2.21)

with the N -dimensional coefficient tensor

c I = c I
j1,..., jN

. (2.26)

Thus, we cannot simplify the expansion as we have done for the non-interacting case and need to consider

the full coefficient tensor. If we consider M basis states, this tensor has a dimension of

D = M N , (2.27)

that grows exponentially with the particle number. If we wanted to compute the wave function for say a Ben-

zene molecule (C6H6) that has N = 6∗6+6 = 42 electrons with a small basis set of say M = 10 orbitals, the

coefficient tensor would have D = 1042 entries, which could hardly be determined by any imaginable com-

putation system. For a system with N = 80 electrons, we approach the approximated number of particles of

the universe.18 Clearly, we can exclude some of this entries by smart basis choices and symmetry considera-

tions. State-of-the-art methods have been employed to calculate the (real-space) many-body wave function

18Source: https://www.universetoday.com/36302/atoms-in-the-universe/amp/, accessed 15.07.2020.
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(for certain systems) of about 50 electrons [12].19 However, the scaling of Eq. (2.27) remains and represents

an “exponential wall” as Nobel laureate Walter Kohn called it [13].

The problem of the exponential wall is so severe that the concept of the many-body wave function for

larger systems has basically no value beyond its use for certain theoretical considerations. Walter Kohn went

so far as to suggest that

“in general the many-electron wavefunction Ψ(r1, ...,rN ) for a system of N electrons is not a

legitimate concept, when N > N0, where N0 ≈ 1000.” (Kohn,1999 [13])

Regarding the above-mentioned current state-of-the-art, Kohn’s guess of N0 seems even understated. In

practice, this means that most of our knowledge on electronic-structure relies on alternative descriptions

that carry less information than the full many-body wave function.

2.1.3 Excursion: exchange symmetry in quantum mechanics

Since exchange symmetry will play a central role in the course of this thesis, we want to make a little detour

recapitulating the concept of exchange symmetry. This more historically excursion supplements the chapter

and is not necessary to follow the course of this text. The fast reader can directly continue with Sec. 2.2.

The origin of quantum indistinguishability

To the best of our knowledge, all electrons have identical physical properties, i.e., the same mass, charge and

spin and thus, a valid definition of a many-body Hamiltonian like Eq. (2.6) or Eq. (2.1) must be symmetric

with respect to the exchange of particles coordinates. From the symmetry of the Hamiltonian we can deduce

the exchange symmetry or “special circumstances” of the wave function as Wolfgang Pauli called it in one of

his famous articles on quantum mechanics:

Wenn wir es mit mehreren gleichartigen Teilchen zu tun haben, treten besondere Verhältnisse

ein, die daher rühren, daß der Hamiltonoperator stets invariant ist bei irgendwelchen Vertauschun-

gen der Teilchen.

If we deal with many similar [indistinguishable] particles, special circumstances occur that arise

from the Hamilton operator being invariant under any permutations of particles.

(Pauli, 1933 [140])

It is clear that also a classical system consisting of many identical particles would be described by a sym-

metric Hamiltonian. However, such classical particles (imagine billiard balls) are distinguishable, even if

they have identical physical properties. The reason is that we can in principle locate their position at any

instance of time and collect them in a trajectory. This allows to define a label for every trajectory, which in

turn distinguishes the balls. The situation changes, if we employ, e.g., a statistical description. This means

that instead of describing explicitly the trajectory of each billiard ball, we employ a probability distribution

that describes the probability to find a billiard ball at a certain position at a given time instance. In such a

description, we obviously lose the distinguishability.

The most common formulations20 of quantum mechanics are also probabilistic and thus they are (at

19In certain (usually effectively one-dimensional) model descriptions, the many-body wave function has been calculated even for
larger N . See for example Motta et al. [139].

20For a discussion on possible alternative approaches, see for example Ref. [141].
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least in practice) similar to the latter case.21A typical argument why quantum particles must be indistin-

guishable extends on the trajectory example above: the knowledge of a trajectory in time and space contra-

dicts Heisenberg’s uncertainty principle [142].22 A less “hand-wavy” argument by means of the counting of

states in a fictive experiment was given by Dirac already in the very beginnings of the development of quan-

tum mechanics [143]. For a very detailed discussion of this argument, the reader is referred to the book by

Stefanucci and Van Leeuwen [144, part 1].

The consequence of indistinguishability: particle statistics

To the best of our knowledge, the indistinguishability of quantum particles is unquestioned until nowadays

and usually regarded as a fact [142, 137, 144]. This means in practice that although we formally need to

introduce (labelled) coordinates to describe N electrons, we have to make sure that the predictions of the

theory cannot be used to differentiate the electrons. Since only expectation values of observable operators

correspond to possible measurements in experiments, we must guarantee indistinguishability on this level.

For instance, to obtain the expectation value of the energy of a two-particle system, we need to calculate the

integral

E =
∫

dx1dx2Ψ
∗(x1,x2)Ĥ(x1,x2)Ψ(x1,x2). (2.28)

Since the wave function occurs quadratically in such expressions, we have more freedom to do such a sym-

metrization on the level of Ψ than on the operator level. Dirac [143] concluded already in 1926 that as a

consequence, many-body wave functions need to be either symmetric or antisymmetric23 under a pair-wise

permutation Px,y of two coordinates x,y:

Px1,x2Ψ(x1,x2) =Ψ(x2,x1)
!=Ψ(x1,x2) ←→ symmetry (2.29a)

Px1,x2Ψ(x1,x2) =Ψ(x2,x1)
!=−Ψ(x1,x2) ←→ antisymmetry. (2.29b)

These symmetry properties define the two fundamental particle classes, that we consider until today:24 we

call particles that are described by a symmetric or antisymmetric many-particle wave function bosons or

fermions, respectively. In Ref. [143], Dirac further connected the fundamental exchange symmetry of the

particle to its statistical properties: symmetric particles follow Bose-Einstein statistics [145, 146] and anti-

symmetric particles follow Fermi-Dirac [147] statistics. The different particle statistics are undoubtedly one

of the most important elements of quantum theory and alone, i.e., without taking into account many other

elements of the theory, they have an impressive explanatory power. Einstein showed for example already

in 1925 [146], i.e., before Heisenberg and Schrödinger formulated the first well-defined theories of quantum

mechanics [148, 149], that Bose-Einstein gases exhibit a phase state, the condensate, which is characterised

21However, ontologically there are huge differences between classical mechanics and quantum mechanics, were the details depend
on the specific interpretation of quantum mechanics. We refer the interested reader to the well-documented WIKIPEDIA article on the
topic and the reference therein: https://en.wikipedia.org/wiki/Interpretations_of_quantum_mechanics.

22From this argument follows that quantum particles that are very far away from each other (such that they can be described by
separate wave functions that do not overlap) are indeed distinguishable. Dicke used this argument, when he introduced his model of
N two-level system coupled to one photon mode [72].

23Note that there are effective Hamiltonians that have even more complicated symmetries, e.g., the effective Hamiltonian of certain
topologically nontrivial systems. See Ref. [137, part 9] for a good overview about such scenarios.

24Note that particles with different symmetry properties can be defined (See also the previous footnote). However, such definitions
require some kind of effective theory and thus the according particles are usually not considered as fundamental. This holds also for
the polaritons that we will introduce in part II. They are electron-photon hybrid particles.
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by extreme coherence between all the gas particles, letting them act as one large object.25

Pauli’s principle

Regarding the explanatory potential of fermion statistics, many phenomena could be named, especially in

the realm of electronic-structure theory, where electrons are described as fermions. Most importantly, one

can show that fermions obey Pauli’s exclusion principle, which is a crucial element of the modern model of

atoms. Pauli defined his principle in the following way:

Es kann niemals zwei oder mehrere äquivalente Elektronen im Atom geben, für welche [...] die

Werte aller Quantenzahlen [...] übereinstimmen. Ist ein Elektron im Atom vorhanden, für das

diese Quantenzahlen bestimmte Werte haben, so ist dieser Zustand “besetzt”.

There are never two or more equivalent electrons in the atom which have the same quantum

number. If there is an electron in the atom with certain quantum numbers, this state is “occupied.”

(Pauli, 1925 [151])

A remarkable deduction from Pauli’s principle is for example the explanation of the stability of matter. Lieb

[152] showed under very weak assumptions employing the atom model of electrons and static nuclei that

Pauli’s principle is necessary and sufficient to guarantee that any matter system built by such constituents

is stable, i.e., it has a well-defined ground state.

A historical example of the importance of Pauli’s principle

To illustrate the importance of Pauli’s principle, let us make a very brief detour to the 1930ies that is based

on the first chapters of the book by Gavroglu and Simões [153]. At that time, chemistry and physics were

two (almost completely) separate research fields. But with the formulation of quantum mechanics and the

corresponding model of the atom, physicists paved the way for establishing quantum chemistry. In this

since then ever growing research field, researchers try to understand physical models and experiments of

chemical systems by connecting quantum theory with the theoretical knowledge of chemistry. However, the

development of quantum chemistry was initially very slow and it took a lot of time and especially modern

computers until the real success story of the field started. Physicists like Dirac started to promote the point

of view that chemistry was merely an application of physical laws, but they had to realize very fast that this

application is much more difficult than anybody could have ever imagined. Walter Kohn summarized this

in his Nobel lecture in the following way:

“There is an oral tradition that [...] Dirac declared that chemistry had come to an end - its con-

tent was entirely contained in that powerful [i.e., the Schrödinger] equation. Too bad, he is said

to have added, that in almost all cases, this equation was far too complex to allow solution.”

(Kohn,1999 [13])

On the other hand, Chemistry always relied (and is still relying) on heuristic rules and tables, like Mendeleev’s

perodic table [154], Hund’s rule [155] or Mulliken’s “correlation diagram” [156]. And most chemists doubted

that the mathematically very challenging quantum theory could be ever useful for understanding such kind

of rules. The only exception is Pauli’s principle, which is somewhat special in comparison to other con-

cepts like the wave function or the Hamilton operator. In fact, Pauli’s principle is a rule: Only by utilizing

25Already Einstein predicted this peculiar phase state in the cited paper but it took until 1995 for its first experimental realization
[150]. Since then, many more Bose-Einstein condensates have been realized experimentally and one can find an considerable amount
of literature about the topic. A good introduction to the topic can be found in the textbook by Altland and Simons [137, part 6.3].
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the principle and a simple version of the physicist’s atom model, chemists could generalize and combine

several of their own rules and concepts. Thus, from all the complex apparatus of the newly developed quan-

tum theory, it was the conceptually most simple part, Pauli’s principle, that played a key role in establishing

the fruitful connection between physics and chemistry. It is needless to say that this connection played

a very important role in the further development of quantum mechanics itself. Nowadays, we know that

solving Schrödinger’s equation for many-particle systems like larger molecules is de facto impossible and a

first-principles description of such systems requires methods that have been developed by mathematicians,

physicists and chemists, often in close collaboration. We will see in the following that Pauli’s principle plays

an important role in all these methods.

Bohr’s aufbau principle

Another consequence of fermion statistics that plays an important role in electronic-structure theory is

Bohr’s aufbau principle (building-up principle), which Pauli defined in the following way:

Dieses von Bohr aufgestellte Prinzip besagt, daß bei Anlagerang eines weiteren Elektrons an

ein Atom die Quantenzahlen der schon gebundenen Elektronen dieselben Werte behalten, die

ihnen im zugehörigen stationären Zustand des freien Atomrestes zukommen.

This by Bohr established principle states that when a further electron is absorbed, the quantum

numbers of an atom’s bound electron keep the values, that they would have in the corresponding

stationary state of the free atom rest. (Pauli, 1925 [151])

The strength of the aufbau principle is especially visible in effective single-particle methods such as HF

theory (see Sec. 2.2) to describe many-body systems. In such methods, we solve (nonlinear) eigenvalue

equations for single-particle states (orbitals). The aufbau principle then tells us how to “occupy” these or-

bitals with electrons to obtain the many-body state: if our systems consists of N electrons, we will occupy

the N energetically lowest orbitals. In this sense, the aufbau principle combines the exclusion principle (we

only populate every state by one electron) with the variational principle (we try to obtain the lowest en-

ergy). However, other aufbau principles inspired by Bohr’s principle have been developed, which in one or

the other way fill up some levels.26 This shows the strength of the very concept of an aufbau principle in

electronic-structure theory.

26See for instance Refs. [157, 158, 159].
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2.2 Hartree-Fock theory

In the last section, we have discussed the problems connected to the N -electron wave function that for a

general interacting system is a superposition of arbitrary Slater determinants, i.e.,

Ψ(x1, . . . ,xN ) =∑
I

c IΨI
N (x1, . . . ,xN ). (cf. 2.21)

There is however the special setting of non-interacting electrons, for which the N -body problem basically

reduces to a one-body problem. The corresponding many-body state is given by one Slater determinant.

In HF theory, we try to find the “best fit” between the non-interacting and interacting problem by simply

truncating the expansion (2.21) after the first element, i.e., we consider a single-reference wave function

ansatz

Ψ(x1, . . . ,xN ) ≈ΨHF (x1, . . . ,xN ) = 1p
N !
|ψ̄1 . . . ,ψ̄N |−. (2.30)

to describe the interacting problem.

The HF minimization problem

For our derivations, we assume spin-restriction, i.e., we consider systems with even particle number and

define

ψ̄2i (r,σ) =ψi (r)α(σ)

ψ̄2i+1(r,σ) =ψi (r)β(σ),
(cf. 2.22)

where {α,β} denote the two spin functions (see the discussion around Eq. (2.22)). This restricted HF is the

most common version of HF theory. We saw already that wave functions likeΨHF are the solutions of non-

interacting problems, i.e.,ΨHF is the ground state of any Hamiltonian of the form

Ĥni =
N∑

i=1
t̂ (ri )+ v̂(ri ), (2.31)

if we identify ψ1, ..,ψN /2 according to the aufbau principle with the lowest N /2 eigenstates of t̂ + v̂ . One

can thus say that in single-reference methods, we approximate the interacting with a non-interacting wave

function.27 However, there are many possibilities for such an approximation and we have to define a qual-

ifier that determines one out of these. In wave-function methods such as HF theory, this qualifier is always

the energy (we will employ a different qualifier in Sec. 2.3). We thus can define the HF ground state by the

variational principle, i.e.,

E HF
0 = 〈ΨHF

0 |ĤΨHF
0 〉 = inf

ΨHF
〈ΨHF |ĤΨHF 〉 , (2.32)

with the N -electron electronic-structure Hamiltonian that we defined in the previous section

Ĥ =
N∑

i=1
t̂ (ri )+ v̂(ri )+ 1

2

N∑
i , j=1

ŵ(ri ,r j ). (cf. 2.1)

27This statement is independent of the assumed spin-restriction of our example.
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The features of HF theory: the upper energetic bound and the definition of correlation

It is clear that the ansatz Ψ ≈ΨHF constrains the full configuration space that we have to consider to find

the exact ground state of Ĥ . Since due the variational principle,Ψmust be the wave function with the lowest

possible energy expectation value, we can deduce that the HF energy

E HF
0 ≥ E0 (2.33)

is an upper bound of the exact many-body energy E0. We call methods with this property variational. The

difference between exact and HF energy, the so-called correlation energy

Ec = E0 −E HF
0 ≤ 0, (2.34)

thus must be zero or negative. Consequently, HF defines a kind of “baseline” for all electronic-structure

methods that from this perspective “only” aim to accurately describe Ec . Because the HF wave function cor-

responds to a non-interacting system that as we have seen in the last section can be reduced to an effective

one-body problem, the correlation energy is often called many-body energy.

The HF energy: the “quantum” contribution and exchange symmetry

Let us now calculate this energy expression explicitly. We have

EHF =〈ΨHF |ĤΨHF 〉

=
N∑

i=1
〈ΨHF |[t̂ (ri )+ v̂(ri )

]
ΨHF 〉+ 1

2

N∑
i , j=1

〈ΨHF |ŵ(ri ,r j )ΨHF 〉 ,

where the first, i.e., the one-body part (after some algebra, see Ref. [132, part 5.4]) reads

E (1)[{ψi }] =2
N /2∑
i=1

∫
drψ∗

i (r)
[
t̂ (r)+ v̂(r)

]
ψi (r)

=2
N /2∑
i=1

〈ψi |t̂ + v̂ |ψi 〉 ,

where we have defined the one-body integrals 〈ψi |ô(1)|ψi 〉 =
∫

drψ∗
i (r) [ô(r)+ v̂(r)]ψi (r) for a given one-body

ô(1). Note that the factor 2 is due to the spin-restriction. The second term involves the two-body operator

ŵ(r,r′) and reads [132, part 5.4]

E (2)[{ψi }] =
N /2∑

i , j=1

[
2
∫

drdr′ψ∗
i (r)ψ∗

j (r′)ŵ(r,r′)ψi (r)ψ j (r′)

−
∫

drdr′ψ∗
i (r)ψ∗

j (r′)ŵ(r,r′)ψ j (r)ψi (r′)
]

≡
N /2∑

i , j=1

[
2〈ψiψ j |ŵ |ψiψ j 〉−〈ψiψ j |ŵ |ψ jψi 〉

]
.

Here, we have introduced the notation 〈ψiψ j |ô(2)|ψkψl 〉 =
∫

drdr′ψ∗
i (r)ψ∗

j (r′)ô(2)(r,r′)ψi (r)ψ j (r′) to abbre-

viate the integrals with respect to a two-body operator ô(2). We call the first term of E (2) the Hartree or
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mean-field energy contribution,

EH = 2
N /2∑

i , j=1
〈ψiψ j |ŵ |ψiψ j 〉 , (2.35)

that can be evaluated in two steps by first calculating the Hartree potential

v̂H (r) =
N /2∑
j=1

∫
dr′ψ∗

j (r′)ŵ(r,r′)ψ j (r′) (2.36)

and then the energy expression EH = 2
∑N /2

i=1 〈ψi |v̂H |ψi 〉. The name mean-field stems from the usual inter-

pretation of 〈v̂H 〉 as the mean Coulomb potential of all the electrons. Importantly, 〈v̂H 〉 is equivalent to the

Coulomb potential of a classical charge distribution. The second term of E (2) instead is called the exchange

(or Fock) contribution,

EX =−
N /2∑

i , j=1
〈ψiψ j |ŵ |ψ jψi 〉 (2.37)

that arises because of the negative terms of the Slater determinant and thus has no classical counter-part.

The name stems from the fact the two body integrals occurring in Eq. (2.37) can be obtained from the inte-

grals in Eq. (2.35) by exchanging the indices on one of the two sides. The exchange contribution represents

thus a quantum-mechanical correction to the classical or mean-field energy. Although this correction is

usually much smaller than the other energy terms in E HF , it makes the HF description considerably more

accurate than the older Hartree theory that only takes the mean-field into account [132].

Collecting all the terms, we get the following expression for the HF energy

E HF [{ψi }] = 2
N /2∑
i=1

〈ψi |t̂ + v̂ |ψi 〉+
N /2∑

i , j=1

[
2〈ψiψ j |ŵ |ψiψ j 〉−〈ψiψ j |ŵ |ψ jψi 〉

]
(2.38)

We see that the HF energy is a functional of the N /2 orbitals {ψ1, ...,ψN /2}.

The HF minimization problem and the Fock operator

To minimize E HF with respect to the orbitals, we need to guarantee their orthonormality, i.e.,

〈ψi |ψ j 〉 = δi j ∀ i , j . (2.39)

The standard way to do so, is to constrain the minimization of the functional by introducing a Lagrangian

multiplier, ε̃i j , for every condition. Instead of the original minimization problem of Eq. (2.32), we minimize

the Lagrangian

LHF [{ψi }, (λi j )] = E HF [{ψi }]−2
N /2∑

i , j=1
ε̃i j (〈ψi |ψ j 〉−δi j ) (2.40)
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with respect to the orbitals and the Lagrange multipliers.28 As it is customary, we treat the orbitals ψi and

their complex conjugates ψ∗
i as independent and consider LHF [{ψi ,ψ∗

i }, (λi j )].29 A necessary condition for

a minimum of LHF is stationarity with respect to all variables

0 = δLHF [{ψi }, (λi j )] =
N /2∑
i=1

[∫
dr

δLHF

δψi (r)
δψi (r)+

∫
dr

δLHF

δψ∗
i (r)

δψ∗
i (r)

]
+

N /2∑
i , j=1

∂LHF

∂λi j
dλi j . (2.41)

This leads to three independent sets of conditions, where the latter just gives back the orthonormality con-

ditions of Eq. (2.39) and the former two are equivalent to each other. For notational convenience, we utilize

the second set of conditions (with respect to ψ∗
i ) and obtain

N /2∑
j=1

ε̃i jψ j (r) = [
t̂ + v̂

]
ψi (r)+

N /2∑
j=1

[
2
∫

drψ∗
j (r′)ŵ(r,r′)ψ j (r′)ψi (r)−

∫
drψ∗

j (r′)ŵ(r,r′)ψi (r′)ψ j (r)

]
. (2.42)

To simplify this expression, we can define the Coulomb-operator Ĵ j
30 that acts as

Ĵ jψi (r) =
∫

dz′ψ∗
j (r′)w(r,r′)ψ j (r′)ψi (r) (2.43)

and the Exchange-operator K̂ j that acts as [160]

K̂ jψi (r) =
∫

dz′ψ∗
j (r′)w(r,r′)ψi (r′)ψ j (r). (2.44)

The right-hand side of Eq. (2.42) can then be expressed as

Ĥ 1ψi (r) = [
t̂ + v̂

]
ψi (r)+

N /2∑
j=1

[
2 Ĵ j − K̂ j

]
ψi (r), (2.45)

where we introduced the Fock-operator Ĥ 1, that acts on one orbital and thus is can be seen as an effective

one-body Hamiltonian.

Solving the HF equations: a nonlinear orbital eigenvalue problem

Importantly, Ĥ 1 is hermitian and thus, we can apply a unitary transformation to Eq. (2.42) such that ε̃i j =
εiδi j becomes diagonal. In this canonical formulation, Eq. (2.42) obtains the form of an eigenvalue equation

Ĥ 1ψi (r) = εiψi (r). (2.46)

for HF orbitals ψi and the orbital energies

εi =〈ψi |Ĥ 1ψi 〉

=〈ψi |
[
t̂ + v̂

]
ψi 〉+〈ψi |

N /2∑
j=1

[
2 Ĵ j − K̂ jψ j (r)

]
ψi 〉

28Note that we introduced the factor 2 in front of the Langrange-multiplier term for later convenience.
29It is important to realize that our goal is to perform a free minimization over all possible functions f (r) that depend on one variable.

In this space, there are in principle functions with f (r) 6= f ∗(r). However, our formalism is constructed such that the solution f0 has the
correct property f0 = f ∗0 .

30Note that the Coulomb-operator is connected to the Hartree potential by v̂H =∑
j Ĵ j .
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=〈ψi |
[
t̂ + v̂

]
ψi 〉+

N /2∑
j=1

[
2〈ψiψ j |ŵ |ψiψ j 〉−〈ψiψ j |ŵ |ψ jψi 〉

]
. (2.47)

The set of these equations for all N /2 orbitals are called the Hartree-Fock equations, which have to be solved

(numerically) to obtain the Hartee-Fock ground state of the Hamiltonian (2.1).

Importantly, Eq. (2.46) is not a usual, i.e., linear eigenvalue equation. The Fock-operator Ĥ 1 = Ĥ 1[{ψi }]

depends on its own eigenstates and thus the eigenvalue problem of Eq. (2.46) is in fact nonlinear. We call Ĥ 1

a nonlinear one-body operator, which has very different properties from linear operators. We can utilize Ĥ 1

to find the HF ground state or to determine approximate ionization potentials and electron affinities (Koop-

man’s theorem [132, Sec. 10.5]). However, the higher lying “eigenstates” of Ĥ 1, the so-called unoccupied

orbitals, have only limited physical meaning. In fact, the validity Koopman’s theorem is a very special fea-

ture of the Fock-matrix and similar nonlinear one-body operators (see Sec. 2.4) in other electronic-structure

theories do not have the same level of explanatory power. In comparison, the eigenfunctions and eigen-

values of the many-body Hamiltonian have a clear physical interpretation: they simply denote the possible

states with corresponding energy levels that the physical system can adopt.

Another practical consequence of the nonlinearity of Ĥ 1 is that solving the HF equations is numerically

a very challenging task that is not comparable with an ordinary eigenvalue equation. For instance, there

are simple many-body systems, for which the Schrödinger equation is analytically solvable.31 But there is

no known analytic solution of the HF equations. The only known way to solve Eq. (2.46) is a so-called self-

consistent field (SCF) procedure. For that, we linearize Ĥ 1[{ψi }] ≈ Ĥ 1[{ψ0
i }] locally around some starting

guess of orbitals {ψ0
i }, solve Eq. (2.46) for this Ĥ 1[{ψ0

i }] to obtain new orbitals {ψ1
i } and update Ĥ 1[{ψ1

i }]. We

proceed with this iterative procedure until the orbitals {ψn+1
i } ≈ {ψn

i } do not change significantly, i.e., until

self consistence of Eq. (2.46).32

Although we know from experience that this procedure converges in most cases, we can neither guar-

antee convergence, nor can we be sure that the converged result is the global minimum of EHF that we

are searching for. The reason is again the nonlinearity of the problem that makes a mathematical analysis

very difficult. There are certain hints that EHF is not convex, which would suggest that solutions of the HF

equations could correspond to local minima, but this has not yet been proven.33

The cornerstone of (molecular) electronic-structure theory

Let us finish our brief discussion of HF theory with a quotation of one of the most important textbooks on

molecular electronic-structure theory:

“The Hartree-Fock wave function is the cornerstone of ab initio electronic-structure theory. [...

It] yields total electronic energies that are in error by less than 1% and a wide range of impor-

tant molecular properties such as dipole moments, electric polarizabilities, electronic excitation

energies, magnetizabilities, force constants and nuclear magnetic shieldings are usually repro-

duced to within 5-10 % accuracy. Molecular geometries are particularly well reproduced and are

mostly within a few picometres of the true equilibrium structure.

The Hartree-Fock wave function is often used in qualitative studies of molecular systems, par-

ticularly larger systems. Indeed, the Hartree-Fock wave function is still the only wave function

that can be applied routinely to large systems, and systems containing several hundred atoms

31For example the Harmonium model that consists of two interacting electrons in a Harmonic potential.
32In part III, we will present some algorithms that are capable to perform HF minimizations.
33See for example the discussion in Ref. [161] and the references therein.
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have been studied at this level of approximation. For accurate, quantitative studies of molecu-

lar systems, the Hartree-Fock wave function is by itself not useful but it constitutes the starting

point for more accurate treatments.”

(Helgaker et al., 2000 [132, p. 433])

This summarizes the performance of HF theory and its importance in the big field of electronic-structure

methods.34 Being one of the conceptually and computationally simplest electronic-structure methods, we

will repeatedly consider HF theory in the following chapters, when we discuss the coupled electron-photon

problem.

However, as Helgaker et al. have pointed out, in many cases, HF is not sufficient for an accurate descrip-

tion of many-body systems and we need more accurate methods . In the next two sections, we will thus

discuss some approaches to go beyond HF theory and try to include the aforementioned correlation energy

in the description.

2.3 Density functional theory

In the last section, we have discussed how we can describe an interacting many-body system by a single

Slater determinant, i.e., an effective non-interacting wave function. This is an approximate description

that neglects correlation, i.e., all effects that intrinsically require a multi-reference description. However,

if we give up the concept of the many-body wave function (and with this the standard description of quan-

tum states), we can in principle describe any many-particle system by such a single-reference wave func-

tion. This is called the Kohn-Sham (KS) construction of DFT and it represents for a huge class of systems

the best trade-off between efficiency and accuracy in comparison to all alternative descriptions. It is not

overstated to say that KS-DFT “is indispensable for modern quantum-chemical modeling of materials and

molecules” [162].

Because of the single-reference ansatz, KS-DFT is in practice very similar to HF. A KS-DFT calculation

means to solve the KS equations, which constitute a nonlinear eigenvalue equation. In many cases, this

is computationally even less demanding than solving the HF equations. Conceptually however, DFT is very

distinguished from any type of wave-function method. In fact, one can see DFT as an alternative formulation

of quantum mechanics.35

The density as basic variable

As the name suggests, DFT is based on the (single-particle) electron density, that is defined as

ρ(r) = N
∑

σ1,...,σN

∫
dr2 · · ·drNΨ

∗
0 (x,x2, ...,xN )Ψ0(x,x2, ...,xN ) (2.48)

34Note that HF plays a less pronounced role for extend systems, such as solids. One reason is simply that performing HF-calculations
in k-space is in most cases numerically very expensive. Here, the local-density approximation of KS-DFT has a comparable role to HF
for molecular systems (see next section).

35For instance, Tokatly argues that DFT can be interpreted as a hydrodynamic formulation of quantum mechanics [163, 164].
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for an N -electron system with ground state wave function Ψ0(x1, ...,xN ) that is the lowest eigenstate of the

electronic-structure Hamiltonian, cf. (2.1),

Ĥ =
N∑

i=1

[
t̂ (ri )+ v(ri )

]+ 1
2

N∑
i , j=1

w(ri ,r j ) (2.49)

=T̂ + V̂ +Ŵ .

We renamed the three occurring terms, T̂ = ∑N
i=1 t̂ (ri ), etc. for later convenience. Already in 1964, Walter

Kohn and Pierre Hohenberg have proven that ρ(r) entirely determines the ground state of Ĥ [165]. On a first

glance, it might sound counter-intuitive that all the relevant information of the 4N -dimensional wave func-

tionΨ0 is contained in a merely 3-dimensional quantity. However, the wave function is simply an auxiliary

quantity that allows us to formulate the standard theory of quantum mechanics, based on linear operators.

The information that determines the physical setting in the electronic-structure Hamiltonian is actually the

local potential v(r) that is also merely three-dimensional.

For instance, if we want to describe a diatomic molecule with nuclei at the positions R1,R2 and charges

Z1, Z2, we would model this by considering the local potential v(r) = Z1
|r−R1|+

Z2
|r−R2| . We can arbitrarily enlarge

this system with further nuclei by adding Coulomb terms to the local potential. But for all these systems,

the kinetic and the interaction operators are the same. These operators are thus said to be universal. Any

many-electron system in the non-relativistic setting is thus completely defined by the 3-dimensional local

potential and the number of electrons N and judged from this perspective, the concept of a theory based on

the electronic density might sound more reasonable.

In the realm of DFT, v(r) is called the external variable that determines the corresponding internal vari-

able ρ(r). This variable pair (ρ, v) is defined by the structure of the Hamiltonian (2.49). To see this, let us

calculate the expectation value of the potential term

〈V̂ 〉 =〈Ψ|
N∑

i=1
v(ri )Ψ〉

= ∑
σ1,...,σN

∫
dr1r2 · · ·drNΨ

∗(x1,x2, ...,xN )

[
N∑

i=1
v(ri )

]
Ψ(x1,x2, ...,xN )

=
∫

drv(r)N
∑

σ1,...,σN

∫
r2 · · ·drNΨ

∗(x,x2, ...,xN )Ψ(x,x2, ...,xN )

=
∫

drv(r)ρ(r),

where we used the exchange symmetry of Ψ from the second to the third line. This term defines the pair of

external and internal variable and it is at the center of the Hohenberg-Kohn proof [166] of the existence of

the one-to-one mapping

v(r)
1:1←→ ρ(r). (2.50)

The simplicity of this argument illustrates the fact that there are many possible functional theories, depend-

ing on the structure of the Hamiltonian. A famous example is current-density functional theory [167] that

can describe systems with external magnetic field or reduced density matrix functional theory that we will

introduce in Sec. 2.4.2. All these functional theories are based on the same type of proof,36 which we do

36For very general proof of this statement, see Penz et al. [166].
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not recapitulate at this point. We will instead present (one version of) the proof in the realm of coupled

electron-photon systems in Sec. 3.3.2.

The universal density functional

The Hohenberg-Kohn theorem establishes DFT with the density ρ as the fundamental variable to describe

many-electron systems. We thus can replace the wave function in the variational principle, cf. Eq. (2.2), by

the density and write

E0 = inf
ρ

E [ρ], (2.51)

where E [ρ] describes the energy of the system with Hamiltonian (2.49) as a functional of the density ρ.

We can further specify this expression, because also the ground state wave function Ψ =Ψ[ρ] is uniquely

connected to ρ and thus we have

E [ρ] =〈Ψ[ρ]|ĤΨ[ρ]〉
=〈Ψ[ρ]|T̂Ψ[ρ]〉+〈Ψ[ρ]|V̂Ψ[ρ]〉+〈Ψ[ρ]|ŴΨ[ρ]〉

=T [ρ]+
∫

drv(r)ρ(r)+W [ρ].

(2.52)

We used here that the potential energy 〈V̂ 〉 = ∫
drv(r)ρ(r) can be explicitly written in terms of ρ. The remain-

ing part of E [ρ] is called the universal functional37

F [ρ] = T̂ [ρ]+Ŵ [ρ]. (2.53)

This reformulation has however a fundamental problem: Although the Hohenberg-Kohn theorem proves

the existence of F , it does not provide an explicit expression for it, because the proof is not constructive (see

Sec. 3.3.2). As a matter of fact, most of the research in the field of DFT aims on understanding how this

functional looks like. This is a very difficult task and only many years of research lead to the remarkable

accuracy of state-of-the-art DFT.

The Kohn-Sham construction

The first crucial step toward a useful density-functional is the KS construction [170] that makes use of the

increased flexibility of the density description. The basic idea is to employ as in HF, a non-interacting wave

function, the KS wave functionΨs (we denote all quantities in the auxiliary system with an s). We have seen

in HF theory, that this is a very good starting point to describe the interacting problem and at the same time,

a single Slater determinant can be calculated relatively cheaply by effective orbital equations. However, in

contrast to HF theory, the fundamental variable in DFT is the density and not the wave function. Thus,

the KS wave function is a purely auxiliary quantity that in principle is not related to the many-body wave

function of the system. The connection between the non-interacting Kohn-Sham system described by the

Hamiltonian

Ĥ s =
N∑

i=1
t̂ (ri )+ v s (ri ) (2.54)

37For details on mathematical issues of the universal functional as defined by Hohenberg and Kohn and an alternative more general
definition, the reader is referred to the publications by Levy [168] and Lieb [169].
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and the physical system described by Hamiltonian (2.49) is given by their densities, i.e., we demand

ρs (r) = ρ(r). (2.55)

Since the connection between density and potential is unique, i.e., there is one and only one interacting

system with the density ρ, there is also one and only one non-interacting system with the density ρs = ρ.

Thus, the Hohenberg-Kohn theorem also proves that the KS potential is unique.

Connecting the physical and the KS system

The original construction due to Kohn and Sham [170] to connect the KS and the physical system is based

on the energy. For that we define the Kohn-Sham energy (using Eq. (2.55))

E s [ρ] = T s [ρ]+
∫

drv s (r)ρ(r) (2.56)

and then re-express the physical (many-body) energy as

E [ρ] =
∫

drv(r)ρ(r)+F [ρ]

=T s [ρ]+
∫

drv(r)ρ(r)+F [ρ]−T s [ρ]

≡T s [ρ]+
∫

drv(r)ρ(r)+EH xc [ρ].

(2.57)

This defines the Hartree-exchange-correlation energy

EH xc [ρ] =T [ρ]−T s [ρ]+W [ρ]

=EH [ρ]+Exc [ρ], (2.58)

that usually is further divided in the mean-field or Hartree part EH [ρ] = 1
2

∫
drr′ρ(r)w(r,r′)ρ(r′), that is an

explicit functional of ρ, and the remaining unknown part Exc , that is called exchange-correlation energy (in

analogy to the HF energy definitions, see Sec. 2.2). If we assume that this functional is differentiable with

respect to ρ-variations,38 we can define the ground state by the stationarity condition

0 = δE [ρ]

δρ

= δT s [ρ]

δρ
+ v(r)+ δEH [ρ]

δρ
+ δExc [ρ]

δρ
.

The first term

δT s [ρ]

δρ
=−v s [ρ]

38In fact, it can be shown that this functional is not differentiable. There are ways to circumvent this problem (see, e.g., [166]), but
from a mathematical point of view this issue is not yet resolved. In practice, this seems to play only a secondary role. However, one
should not underrate such mathematical issues. Many advances in DFT were in fact triggered by mathematical research such as the
Levy-Lieb constrained search formulation [168, 171, 169]. For a good introduction in this topic from a physicist’s perspective, the reader
is referred to the respective section in the textbook by Dreizler and Gross [172].
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can be calculated by Eq. (2.56) (see [172, part 4.1] for details), the third term is just the Hartree-potential

identical to the definition of HF theory,

vH [ρ] =
∫

dr′ρ(r′)w(r,r′), (cf. 2.36)

and the last term defines the unknown exchange-correlation potential

vxc [ρ] = δEH xc [ρ]

δρ
. (2.59)

It follows that the potential of the auxiliary system is

v s [ρ](r) = v(r)+ vH [ρ](r)+ vxc [ρ](r). (2.60)

Under our assumption that E [ρ] is differentiable, this relation uniquely defines the KS system. We want to

remark at this point that there are alternative constructions to define the KS system avoid certain mathemat-

ical subtleties. For instance via the force-balance equations [173] or by considering more general definition

spaces [166].

The KS equations

Since Ĥ s does not contain interaction terms, its ground state is (assuming no degeneracy39) described by

one Slater determinant

Ψs (x1, ...,xN ) = |ψ1 · · ·ψN |−, (2.61)

which can be determined by a set of orbital equations

[
t̂ (r)+ v s (r)

]
ψi (x) = εiψi (x). (2.62)

These are called the KS equations. We see that in contrast to HF theory, the KS equations do not include a

nonlocal term like the Exchange operator (cf. Eq.(2.44)) and are thus formally simpler. However, approxi-

mations to the unknown exchange correlation potential usually have strong nonlinear dependencies on the

density, or derivatives of the density. A very sophisticated class of approximate functionals, so-called hy-

brids, even lift the assumption of a local v s completely and include the HF exchange energy.40 Nevertheless,

the KS equations define a nonlinear eigenvalue problem for the effective one-body Hamiltonian Ĥ s . This

is very similar to HF theory and accordingly the solution strategies are basically the same.41 For example

KS-DFT calculations also require an SCF procedure (see Sec. 2.2) that is called the KS scheme.

The quest for the universal functional: approximations to the exchange-correlation potential

Although the KS scheme simplifies the functional construction, we have not gained much so far with respect

to HF theory, because we do not know the form of the exchange-correlation functional. The formalism itself

does not give us any hint, how vxc could look like and thus, there is literally nothing else than “intuition” or”

39This assumption makes the derivations in the following simpler, but it is not necessary for the KS construction. For details, see
Ref. [172].

40See for example the review by Perdew and Kurth [174] for an overview on the main classes of known functionals.
41Although the locality of most exchange-correlation potentials makes a large difference in practical calculations. Especially, KS-DFT

can be applied to condensed matter systems considerably more easily than HF.
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experience” to construct functionals. The historically first functional has been proposed by Kohn and Sham

in Ref. [170], where they introduced the KS scheme. This local-density approximation (LDA) is based on one

of the few many-electron systems that can be solved analytically, i.e., the homogeneous electron gas (HEG).

Importantly, the electron-density of the HEG ρHEG is constant and thus, we can explicitly parametrize the

total energy E HEG (ρHEG ) as a function of the density.42 Utilizing definition (2.57), we can then (analytically)

derive the exchange-correlation energy expression [175]

E HEG
xc (ρ) ≡ E LD A

X [ρ] =−3

4

(
3

π

)1/3 ∫
drρ4/3(r), (2.63)

where we formally reintroduced the spatial dependence of ρ(r) = ρHEG = const . Additionally, we removed

the index “C,” because a non-interacting system as the HEG per definition does not have correlation. This

procedure can be generalized to the interacting homogeneous electron gas, yielding a functional E LD A
xc that

includes correlation effects.43 The local-density approximation is then simply to apply E LD A
xc to systems that

is not homogeneous, i.e., to consider ρ = ρ(r) as we have already anticipated in Eq. (2.63). Despite its sim-

plicity, the LDA is impressively accurate for a large range of systems, especially in the realm of condensed

matter, where the LDA has a similar significance as HF for molecular systems. But also for certain classes of

chemical systems, the LDA is very accurate and often also better than HF [174]. However, the LDA is by far

not sufficient to reach “chemical accuracy,” i.e., the accuracy required in electronic-structure calculations

to make realistic predictions.44 This has only been achieved with the historically second class of function-

als, which are the generalized gradient approximations (GGAs). The GGA functionals are conceptually a

straightforward generalization of the LDA, because they consider besides ρ also its gradient, i.e.,

EGG A
xc = EGG A

xc [ρ,∇ρ]. (2.64)

However, from the definition of the LDA in 1966 until 1985, when Perdew [178] constructed the first GGA

functional that provided significantly better results, passed almost 20 years. This illustrates how difficult

functional construction in DFT really is. However, once an accurate functional is constructed, its potential

is enormous because the the KS equations that have to be solved remain basically the same. Thus it is prob-

ably no wonder that the publication of Perdew marks a turning point in the history of DFT. Since 1985, the

number of proposed exchange-correlation functionals and publications has grown exponentially [179] and

started the “incredible success story” [180] of DFT. Modern functionals include, e.g., even higher derivatives

of the density (for example the meta-GGAs) and the Fock or exchange contribution of HF (hybrid function-

als) [174, 172]. Such theoretical ideas define the principal form of the functionals, but the precise contri-

bution of the different theoretical levels usually cannot be predicted. Many successful KS-DFT functionals

have thus been constructed by fitting to experimental data.45

Despite these huge efforts and certain systematic improvements, it is difficult to compare and judge the

performance of the many existing functionals. Theoretically, there is one universal functional and one could

expect that the known functionals somehow “converge” into one direction, i.e., they approximate increas-

ingly better the exact functional. However, the opposite seems to be true: there is basically no functional

42Note that E HEG (ρHEG ) is really a function and not a functional, because ρHEG is just a number.
43This model cannot be solved analytically anymore, but it still can be reduced to the numerical calculation of one integral in the

many-body coordinate space. This can be done very efficiently by Monte-Carlo integration. For an exhaustive discussion on the ho-
mogeneous electron gas, the reader is referred to Ref. [176].

44See for example the Nobel-lecture of Pople [177].
45The interested reader is referred to the recent report by Medvedev et al. [162] that highlights the history of functional construction

and reflects critically on the strong focus on fitting that has become common practice nowadays.
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that is accurate for all material classes, but instead, there are many specific problems that require specific

functionals.46 Consequently, applying KS-DFT in practice is everything but easy and requires experience

and a careful literature research. Discussing functional construction in more depth is beyond the scope of

this text and thus, we refer the reader for further details to the already cited literature. To name a few further

examples, the review of Jones [179] provides a very good introduction to the topic of density functionals in-

cluding its very interesting history and the review by Burke [180] provides a perspective on the recent state

of DFT.

As a last example for an exchange correlation functional, we want to mention the exact exchange (EXX)

approximation which will play an important role in the generalization of DFT to coupled electron-photon

systems (see Sec. 3.2). The EXX approximation is exceptional in comparison to most other known KS-DFT

functionals, because it does not rely on empirical (or in the special case of the LDA analytical) knowledge.

The idea is to approximate the interacting system with a single-reference wave function exactly as in HF.

However, the EXX functional is local, which requires to solve an auxiliary equation inside the SCF routine.

This is a non-unique problem and thus there are several possibilities to define this auxiliary equation. The

most common way is the optimized effective potential (OEP) approach together with the Krieger-Li-Iafrate

(KLI) approximation [172], but there are also other possible constructions [181]. Importantly, the EXX func-

tional is usually more accurate than HF but at the same time as generic. This makes it an important tool for

developing first-principles methods in settings that are not covered by the electronic-structure Hamiltonian.

We conclude our brief survey on KS-DFT functionals with a small example that shows the significance

of density functionals in modern material science and chemistry. Despite all the problems and difficulties

with KS-DFT, accurate functionals are known nowadays and they are basically the only tool that exists to

calculate the properties of many realistic matter systems. This is well-reflected in the extraordinary number

of citations of the corresponding publications. The most famous example is the paper [182] in which Perdew,

Burke and Enzerhof propose their PBE functional, which has become within merely two decades the most

cited paper of all physics. According to Google scholar, there are more than 110000 publications that refer to

this publication.

A remark on the KS scheme and alternatives

With the KS scheme, we have reduced the problem of calculating the 4N -dimensional wave function on find-

ing the N lowest eigenstates of the nonlinear one-particle operator Ĥ s . This is on obvious computational

advantage over the exponential wall of the many-body problem. Still, it is much more expensive than our

starting point, i.e., a direct minimization of E [ρ] (Eq. (2.51)). In fact, people have tried to construct theories

that are directly based on ρ (nowadays known under the term orbital-free DFT) even before DFT was devel-

oped. A famous example is Thomas-Fermi theory,47 developed already in 1927, which provides however a

very poor description of quantum systems. For example, matter is not stable in Thomas-Fermi theory [183].

There have been advances in the field, but still the accuracy of known explicit density functionals is very

low.48 The crucial point of the KS construction is that the contribution of the unknown vxc [ρ] to the total

energy is considerably smaller than the contribution of the universal functional F [ρ] (cf. Eq. (2.52)). The

reason is that the Slater-determinant includes already a very large part of the quantum mechanical problem

into our description (as we know from HF theory). Thus, DFT is almost exclusively utilized in the KS picture

and often DFT and KS-DFT are used interchangeably.

46See for example the extensive assessment of density functionals in quantum chemistry by Mardirossian and Head-Gordon [84].
47See for example the review by Jones [179] and the references therein.
48See Ref. [184] for a recent review on the topic.
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When DFT fails: the strong-correlation regime

In this last paragraph, we want to discuss the (actual) limitations of KS-DFT (and other single-reference

methods). Although density functionals can in principle exactly describe every physical setting that is in-

cluded in the electronic-structure Hamiltonian (Eq. (2.1)), there are scenarios, where all known KS-DFT

functionals are severely inaccurate. The research on functional construction has shown that in such settings,

the form of the exact functional is very intricate. For instance, the exact functional of the non-interacting

HEG is given by a formula as simple as Eq. (2.63). Systems that do not deviate too much from the HEG like

typical conductors are usually very well described by KS-DFT. However, for other seemingly simple systems,

such as two separate Hydrogen atoms, it turns our that the exact functional has a very complicated form.

The principal reason for this difference is the single Slater determinant ansatz in the KS system that is a

very good starting point for the HEG, but a very bad starting point for two separate atoms. The (spatial part

of the) KS wave function for the ground state of two electrons reads simply

Ψs (r1,r2) =ψ(r1)ψ(r2), (2.65)

where ψ is the doubly-occupied spatial orbital of a spin-singlet.49 The exact ground state of two separate

Hydrogen atoms after a proper symmetrization reads instead

Ψ(r1,r2) = 1p
2

(
ψa(r1)ψb(r2)+ψa(r2)ψb(r1)

)
, (2.66)

whereψa(b) = exp(−(r −Ra(b)))/
p
π is the ground state of the Hydrogen located at Ra(Rb), where |Ra−Rb | >>

1 such that the orbitals do not overlap. AlsoΨ describes a spin-singlet,50 but it requires two different spatial

orbitals, which are degenerate, i.e., they have the same energy eigenvalue. From the wave function perspec-

tive, this special situation requires thus a multi-reference ansatz, i.e., a wave function constructed from more

than one Slater determinant. This is clearly an extreme case but the problem is quite generic: whenever the

(valence) electrons of a system are sufficiently localized, we can assign orbitals to them that have only small

overlaps and we recover a similar scenario as described by Eq. (2.66). This happens in chemistry, whenever

orbital energies are (nearly) degenerate, e.g., when bonds are stretched [133]. Another example are materials

with partially filled electron shells such as transition metals or their oxides [185], which exhibit very special

properties [186] such as high-temperature superconductivity [81], Mott metal-insulator [82] transitions or

colossal magnetoresistance [187]. We call such physical systems strongly correlated51 and they constitute

the hardest challenge for electronic-structure methods.52

We have so far only discussed the wave-function perspective, where strong correlation manifests in

the multi-reference character of the ansatz. In KS-DFT however, we describe every system with an single-

reference ansatz of the form (2.65). The multi-reference character needs thus to be captured by the exchange

correlation potential. In this simple case, the potential would need to create a kind of barrier between the

49Ground-states are normally singlets, i.e., spin-saturated.
50Note that the antisymmetry is contained in the spin-function: 1p

2
(α(σ1)β(σ2)−α(σ2)β(σ1)).

51Note that in the realm of electronic-structure theory, one often calls the contribution of such near-degeneracies static correla-
tion(see for instance Ref. [188]). Additionally, there is the dynamical contribution to the correlation energy that corrects the HF energy
of a tightly bound electron pair such as in Helium [189]. This type of correlation can be usually very well described with single-reference
methods such as KS-DFT.

52A description of the electronic-structure in full real-space is usually not possible for strongly-correlated systems. Instead, they are
often described with effective models like the Hubbard model [85] (see also the discussion in Sec. 1.1) or a lattice of Hydrogen molecules
with stretched bonds [133]. However, even such simplified models are extremely challenging for electronic-structure methods.
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two atoms, the so-called intra-system steepening [190]. This leads to one effective orbital of the form

ψ(r) ≈ψa(r)+ψb(r), (2.67)

which then is occupied twice. It is clear that the exact form of this potential is very sensitive to specific

parameters such as the precise distance between the atoms and the orbitals that are involved. Consequently,

it is very difficult to construct general exchange correlation potentials for strongly-correlated electrons.

However, the failure for the strongly correlated system that we just described is related to the KS con-

struction and not to DFT per se. Complementarily to the non-interacting KS system that is obtained by

setting the interaction W = 0 to zero in the Hamiltonian (2.1), there is the strong-correlation limit with zero

kinetic energy, T = 0. For Coulomb systems, this limit can even be solved analytically and one can define

a DFT based on this auxiliary system [191, 192]. This approach has several promising analytically derivable

features, but the functional construction has not been very fruitful so far. As the long history of KS-DFT

shows, functional construction is a very delicate task and one basically has to start from scratch in every

new setting. In part II, we will also make use of the flexibility of DFT and construct an auxiliary system for

coupled electron-photon systems that is explicitly correlated. This unusual auxiliary system will, in contrast

to strongly-correlated DFT, even facilitate functional construction.

Discussing strong correlation and the corresponding methods in more detail is clearly beyond the scope

of this work and we instead refer the reader to the literature, e.g., Refs. [137, 133, 82, 86, 185]. However, we will

discuss in the next section another approach to describe many-body problems that in fact has been used to

construct methods that showed excellence accuracy in certain strongly-correlated systems. This approach

will play an important role for the auxiliary construction in part II.

2.4 Reduced density matrices in electronic-structure theory

To complete our discussion of electronic-structure methods, we will introduce in this section the concept

of reduced density matrices (RDMs). We can utilize these to describe many-body systems in an exact way

without the explicit use of the wave function. For instance, we can describe the expectation value of the

electronic-structure Hamiltonian exactly in terms of the 2-body RDM (2RDM). The configuration space of

such a description does not grow with the particle number and thus a variational minimization in terms of

the 2RDM is in principle feasible. However, the many-body problem also arises in this description in the

form of conditions that determine the exact configuration space, i.e., the set of all 2RDMs. The number of

these so-called N -representability conditions grows exponentially with the particle number N and thus, one

only can consider a subset of conditions in practice.

A special role is here taken by the 1-body RDM (1RDM)γ that has comparatively simple N -representability

conditions. These reflect the exchange symmetry of the particle species and thus provide an alternative to

employing Slater-determinants to ensure, e.g., the Pauli-principle. Although γ is not sufficient to describe

the energy of a many-electron system in a linear way, it carries all information on the system by virtue of

a generalized Hohenberg-Kohn theorem (Gilbert’s theorem). This establishes RDMFT as an alternative to

DFT, employing γ instead of ρ as the basic variable.

Importantly, methods based on RDMs are usually more efficient than wave-function methods for de-

scribing strongly correlated systems beyond models [27, 193].
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2.4.1 What are reduced density matrices?

To illustrate the role of RDMs, we consider a system consisting of two electrons that can move freely in

some volume V ⊂ R3. The corresponding Hamiltonian is simply the kinetic energy operator T̂ . Let us now

calculate the energy

E =〈Ψ|T̂Ψ〉

=
∫

dx1dx2Ψ
∗(x1,x2)

[
2∑

i=1
− 1

2∇2
ri

]
Ψ(x1,x2)

=
∫

dx1dx2Ψ
∗(x1,x2)

[− 1
2∇2

r1

]
Ψ(x1,x2)+

∫
dx1dx2Ψ

∗(x1,x2)
[− 1

2∇2
r2

]
Ψ(x1,x2). (2.68)

We see that the energy expression separates in one term that is only dependent on x1 and another term that

is only dependent on x2. However, we know that the indices are just place-holders and we can arbitrarily

exchange them if we respect the exchange symmetry. If we exchange x1 and x2 in the second term, we get∫
dx1dx2Ψ

∗(x1,x2)
[− 1

2∇2
r2

]
Ψ(x1,x2) =−

∫
dx1dx2Ψ

∗(x1,x2)
[− 1

2∇2
r2

]
Ψ(x2,x1)

=
∫

dx1dx2Ψ
∗(x2,x1)

[− 1
2∇2

r2

]
Ψ(x2,x1)

=
∫

dx1dx2Ψ
∗(x1,x2)

[− 1
2∇2

r1

]
Ψ(x1,x2), (2.69)

where in the last line we renamed the variables for our convenience (we also changed the index of the ∇-

operator). We see that exchanging the indices of the (antisymmetric) wave function within an expectation

value does not change its sign. Inserting this equality (2.69) back in the energy expression (2.68), we get the

simplified expression,

E =
∫

dx1dx2Ψ
∗(x1,x2)

[− 1
2∇2

r1

]
Ψ(x1,x2)+

∫
dx1dx2Ψ

∗(x1,x2)
[− 1

2∇2
r2

]
Ψ(x1,x2)

=
∫

dx1dx2Ψ
∗(x1,x2)

[− 1
2∇2

r1

]
Ψ(x1,x2)+

∫
dx1dx2Ψ

∗(x1,x2)
[− 1

2∇2
r1

]
Ψ(x1,x2)

=2
∫

dx1dx2Ψ
∗(x1,x2)

[− 1
2∇2

r1

]
Ψ(x1,x2).

It is obvious that we can generalize this example for any many-body operator of order one Ô =∑N
i=1 ô(ri ), cf.

Eq. (2.24). The expectation value of Ô reads for two particles

O =〈Ψ|ÔΨ〉

=2
∫

dx1dx2Ψ
∗(x1,x2) [ô(r1)]Ψ(x1,x2). (2.70)

Importantly, in order to get from the first to the second line in this equation, we do not need to have any

knowledge about the system besides the exchange-symmetry ofΨ, the number of particles N and the order

of Ô. This is the key insight to understand the role of RDMs: Although we have to introduce coordinates

for all the N particles of a system to define the quantum-mechanical wave function and corresponding

operators, the expectation value of any of these operators depends only on the order of the operator. For

operators of type (2.24), we only need one spatial coordinate and this motivates the definition of the (spin-
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summed) one-body reduced density matrix (1RDM)

Γ(1)(r;r′) = 2
∑
σ1,σ2

∫
dr2Ψ

∗(r′,σ,x2)Ψ(r,σ,x2). (2.71)

If we know Γ(1), we can calculate any expectation value

O =
∫

drô(r)Γ(1)(r;r′)|r′=r, (2.72)

where the subscript |r′=r means that we first apply ô and then set r′ = r. The 1RDM is exactly the part of the

expectation value (2.70) that is independent of the actual operator and in this sense, it carries all “one-body

information” of a system.

The 1RDM with respect to local and nonlocal operators

We want to remark briefly on the one-body nature of Γ(1) = Γ(1)(r;r′) that in fact depends on two coordinates.

The definition (2.71) explicitly differentiates between the coordinates of the wave function and its conjugate

in the expectation value. This is crucial to calculate expectation values of so-called nonlocal one-body op-

erators like the kinetic energy

E =
∫

drt̂ (r)Γ(1)(r;r′)|r′=r = 2
∑
σ1

∫
drdx2Ψ

∗(r′σ1,x2)
[− 1

2∇2
r

]
Ψ(rσ1,x2).

The differential operator only acts onΨ, but not onΨ∗ and thus, we need to introduce a second coordinate

r′ that is not affected by t̂ (r). If we instead want to calculate the expectation value of the local potential

V̂ =∑2
i=1 v(ri ), we find

V =〈Ψ|V̂ |Ψ〉

=2
∫

dx1dx2Ψ
∗(x1,x2) [v(r)]Ψ(x1,x2)

=
∫

drô(r)Γ(1)(r;r).

This is nothing else than the one-body density,

Γ(1)(r;r) = ρ(1)(r)(≡ ρ(r)), (2.73)

that we defined in the Sec. 2.3. We see that the expectation values of local operators can be calculated with

the one-body density, but for nonlocal operators, we need the full 1RDM.53 This seemingly subtle difference

plays an important role in the many-body description. For instance, the exact kinetic energy is not a func-

tional of the density and thus part of the universal functional F [ρ] of DFT (Eq. (2.53)). In fact, this kinetic

part of F typically makes up the largest contribution and thus, approximations have to model especially this

part. This insight is the basis of 1RDM functional theory (RDMFT), where the 1RDM is employed as basic

variable instead of the density (see Sec. 2.4.2). The unknown part of the corresponding universal function

has thus a considerably smaller contribution to the total energy than in DFT.

53Note that the calculation of the kinetic energy expectation value does not require the full 1RDM. This can be illustrated in a dis-
cretized picture, where we approximate the Laplace operator with finite-differences of some order. The matrix form of the 1RDM
becomes then explicit by, e.g., defining Gi j = Γ(1)(ri ;r j ). The density, i.e., the local part of G is the diagonal ρ = Gi i and to apply the
Laplace operator, we would need the first n off-diagonals, where n is the order of the finite-differences approximation. Importantly, we
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The hierarchy of RDMs

Having motivated the definition of the 1RDM, let us now generalize the concept to systems with N particles

and (non-)local operators of any order p. Let

Ψ(x1, ...,xN )

be the wave function of a system of N electrons and

ΓN (x1, ...,xN ;x′1, ...,x′N ) =Ψ∗(x′1, ...,x′N )Ψ(x1, ...,xN ) (2.74)

the corresponding (N -body) density matrix. We define a general non-local operator of the order p

Ô(p)
nl = 1

p !

∑
i1,...,ip

o(p)nl (ri1 , ...,rip ;r′i1
, ...,r′ip

), (2.75)

and a general local operator of the order p

Ô(p)
l = 1

p !

∑
i1,...,ip

o(p)l (ri1 , ...,rip ). (2.76)

Accordingly, we define the p-body reduced density matrix (pRDM)

Γ(p)(r1, ..,rp ;r′1, ..,r′p ) = N !

(N −p)!

∑
σ1,...,σN

∫
dr(N−p+1) · · ·drN

ΓN (r1σ1, ...,rpσp ,xp+1, ...,xN ;r′1σ1, ...,r′pσp ,xp+1, ...,xN ).

(2.77)

Additionally, we denote the 1RDM in the following by

γ(r;r′) ≡ Γ(1)(r;r′) (2.78)

because of its special importance. We call the diagonal of the pRDM,

ρ(p)(r1, ..,rp ) =Γ(p)(r1, ..,rp ;r1, ..,rp ), (2.79)

the p-density. Note that ρ(1) = ρ, defined in Eq. (2.48). With these definition, the expectation value of any

operator Ô54 with respect toΨ can be expressed as

O =〈Ψ|ÔΨ〉

=
∫

dr1 · · ·drN Ô(ri1 , ...,rip ;r′i1
, ...,r′ip

)ΓN (r1, ..,rN ;r′1, ..,r′N )|r′1=r1,...,r′N=rN
(2.80)

≡Tr[ΓN Ô],

where in the last line we formally rewrote the contraction as a trace operation for later convenience. This

expression can be reduced for operators of the order p with the aid of the RDMs. In the nonlocal case, we

do not need all off-diagonals and this is why the Laplace operator is called a semilocal operator. This fact inspired the formulation of
kinetic energy functional theory in which the author was involved [4].

54Note that local operators are included in the definition of nonlocal operators. We explicitly differentiate between both to stress the
difference between RDMs and densities.
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operator class example RDM Expectation value

1-body, local local potential V̂ =∑N
i=1 v(ri ) 1-density 〈V̂ 〉 = ∫

drv(r)ρ(r)
1-body, non-local kinetic energy T̂ =∑N

i=1− 1
2∇2

ri
1RDM 〈T̂ 〉 =− 1

2

∫
dr∇2

rγ(r;r′)|r′=r

2-body, local Coulomb interaction Ŵ = 1
2

∑
i , j

1
|r−r′| 2-density 〈Ŵ 〉 = 1

2

∫
drdr′ 1

|r−r′|ρ
(2)(r,r′)

Table 2.1: Examples of operator classes with important examples and corresponding RDM. For instance, to
calculate the expectation value of a local operator of order 1 like such as the local potential v , we need the
1-density.

have for an operator Ô(p)
nl

O(p)
nl =〈Ψ|Ô(p)

nl Ψ〉

=
∫

dr1 · · ·drpÔ(p)
nl (r1, ...,rp ;r′1, ...,r′p )Γ(p)(r1, ..,rp ;r′1, ..,r′p )|r′1=r1,...,r′N=rN

(2.81)

≡Tr[Ô(p)
nl Γ

(p)].

The expectation value of a local operator Ô(p)
l is calculated as

O(p)
l =〈Ψ|Ô(p)

l Ψ〉

=
∫

dr1 · · ·drpÔ(p)
l (r1, ...,rp )ρ(p)(r1, ..,rp ) (2.82)

≡Tr[Ô(p)
l ρ(p)].

We want to stress that the above definitions are straightforward generalizations of our two-particle example

and there is nothing new to understand here. We will need these expressions in the following for some

theoretical considerations. In practice, we will mostly be confronted with operators of order 1 and only one

local operator of order 2, which is the Coulomb interaction. See Tab. 2.1 for an overview about these for us

important cases.

From the normalization ofΨ, i.e., 〈Ψ|Ψ〉 = 1 we can derive also the normalization of the different pRDMs,

which corresponds to the following sum rule∫
dr1 · · ·rpΓ

(p)(r1, ..,rp ;r1, ..,rp ) = N !

(N −p)!
. (2.83)

Additionally, all the pRDM and the (p +1)RDM of one system are related by55

Γ(p)(r′1, ..,r′p ;r1, ..,rp ) = p +1

N −p

∫
drp+1Γ

(p+1)(r′1, ..,r′p ,rp+1;r1, ..,rp ,rp+1). (2.84)

We conclude this overview with a comment on the prefactors in Eq. 2.77, which essentially stem from

the possible permutations of the coordinates. We chose them such that the expressions for the expectation

value, (2.81) and (2.82) are prefactor free. Other definitions are possible56 and employed in the literature.

55This follows directly from the definition and the sum rule (2.83).
56See for example the definitions in Ref. [194, part 2].
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Coulson’s Challenge: RDMs as basic variables

Let us recall at this point the basic task of electronic-structure methods that is to describe the electronic

state that minimizes the N -electron energy expectation value

E0 = infE

We have introduced this energy functional in Sec. (2.1) in terms of the many-body wave function, i.e.,

E [Ψ] = 〈Ψ|ĤΨ〉 = 〈Ψ|T̂Ψ〉+〈Ψ|V̂Ψ〉+〈Ψ|ŴΨ〉 .

Then, we discussed in Sec. 2.3 that by means of the Hohenberg-Kohn theorem, we can identifyΨ=Ψ[ρ] and

thus reformulate the energy as a functional of ρ:

E = E [ρ]

However, from Eq. 2.77 and Tab. 2.1 we can derive another form of the energy functional, expressed only

with respect to RDMs, i.e.,

E = E [ρ,γ,Γ(2)] = T [γ]+V [ρ]+W [ρ(2)]. (2.85)

Due to relation (2.84), we can even rewrite the energy

E = E [Γ(2)]

solely in terms of the 2RDM.57 This reformulation is exact and has no unknown part. In fact, this functional

is even linear. It is thus very tempting to reformulate the variational principle (Eq. (2.2)) as

E0 = inf
Γ(2)∈C 2

Γ

E [Γ(2)] (2.86)

and determine E0 by a functional variation over the space of 2RDMs C 2
Γ . SinceΓ(2) is a merely four-dimensional

quantity (independently on the number of electrons that are described) this functional minimization should

be possible even for very large systems. Especially, Γ(2) is not limited by a single-reference construction and

thus, it describes the properties of strongly-correlated systems exactly [195]. This has been first pointed out

in 1955 by Löwdin [196] and in the following years, variational 2RDM theory became a highly popular re-

search area [195]. However, the variational calculations based on Eq. (2.86) usually resulted in energies that

were considerably smaller than the exact references. The reason was that it was not known how to charac-

terize the configuration space C 2
Γ . This led to violations fo the Pauli principle by bosonic contributions the

energy. C.A. Coulson summarized the problem some years later in the following way:

"It has frequently been pointed out that a conventional many-electron wave function tells us

more than we need to know. [...] There is an instinctive feeling that matters such as electron

correlation should show up in the two-particle density matrix [...] but we still do not know the

conditions that must be satisfied by the density matrix. Until these conditions have been eluci-

dated, it is going to be very difficult to make much progress along these lines."

(Coulson, 1960 [197])

57Note that the 2-density ρ(2) is not sufficient for such a re-expression, because the 1RDM cannot be connected to ρ(2) by Eq. (2.84).
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This is what A. J. Coleman, one of the most important protagonists of the research area, later termed “Coul-

son’s challenge” [195] and it has not been completely resolved until today. In 1995, the National Research

Council of the USA named the conditions on the 2RDM, nowadays called N -representability conditions,58 as

one of the ten most prominent research challenges in quantum chemistry [198].

The N -representability problem

Although we have discussed several minimization problems in this chapter, the problem of N -representability

has not yet been occurred, at least not specifically. Strictly speaking, we could have called the task to

parametrize of the space of antisymmetric wave functions, an N -representability problem. However, we

were able to solve this problem by going to the special basis of Slater determinants (see Sec. 2.1). The next

parametrization that we have considered was for the space of single-particle densities to perform DFT min-

imizations. Clearly, not every function f (r) that depends on one variable is a one-body density according to

Eq. 2.48. Without being entirely conscious about this question, practitioners of the field used DFT for many

years. However, no issues occurred. The reason is that the N -representability conditions of the density are

very simple as Gilbert [199] could prove in 1975: every non-negative function that is finite (and thus can

be normalized to N ) is an N -representable density. Astonishingly, there is no trace of quantum effects like

the exchange-symmetry or the Pauli principle in these conditions. The electron-density is basically equiva-

lent to a classical charge density. This reflects one important advantage of the KS construction: it allows to

include the antisymmetry of the electrons explicitly. In, e.g., orbital-free formulations of DFT this is much

more difficult.59

In this sense, the one-particle density is an exceptional RDM: the properties of all other RDMs are cru-

cially influenced by the exchange symmetry of the system’s particles. In fact, the antisymmetry plays the

key-role in Coulson’s challenge. To see this, let us recapitulate the definition of the pRDM

Γ(p)(r′1, ..,r′p ;r1, ..,rp ) =( N
N−p

) ∑
σ1,...,σN

∫
dr(N−p+1) · · ·drN

Ψ∗(r′1σ1, ...,r′pσp ,xp+1, ...,xN )Ψ(r1σ1, ...,rpσp ,xp+1, ...,xN )

=Γ(p)[Ψ],

(cf. 2.77)

that is a functional ofΨ in the sense that for everyΨ, Eq. (2.77) defines the map

Ψ→ Γ(p). (2.87)

The question of N -representability, or more precisely pure-state N -representability concerns the other di-

rection of this map,

Γ(p) →Ψ. (2.88)

Given a function g that depends on 2p coordinates, the pure-state conditions are necessary and sufficient

for the existence of an N -body wave function Ψ with g = Γ(p)[Ψ] according to Eq. (2.77). If there was no

58Coleman introduced this name, when he proved the first known set of conditions for γ [136]. N stands for the number of particles
in the system.

59Note that besides the N -representability, there is the v-representability problem that concerns the more specific question, which
densities (or RDMs) can be “produced” by physically meaningful potentials v . Importantly, it would be sufficient to determine all
v-representable quantities, since these are automatically N -representable. The v-representability problem has stimulated many con-
ceptual advances of DFT [172, part 2.3] and RDMFT [200, 201], but a direct application similar to the N -representability conditions is
very difficult. See for example Ref. [202, 203].
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exchange symmetry, the integration in Eq. (2.77) would be trivial and the only N -representability condi-

tion would be the positivity (or positive semi-definiteness)60 of Γ(p) that directly follows from the quadratic

structure of the definition. However, the coordinates of a (single-species) wave function are symmetric or

antisymmetric under permutations, which is a crucial feature of the quantum mechanical description as we

have discussed in detail in Sec. 2.1.

The pure-state N -representability problem61 has only been (formally) solved in its full generality for the

1RDM

γ(r,r′) =N
∑

σ1,...,σN

∫
dr2 · · ·drNΨ

∗(r′1σ1,x2, ...,xN )Ψ(r1σ1,x2, ...,xN ).

Klyachko [204] published in 2006 a prescription to construct a set of conditions, known as the generalized

Pauli constraints [205], that guarantee the one-to-one correspondence between γ and the (antisymmetric)

many-body wave function. However, the number of these conditions grows exponentially with the particle

number N and the number of basis states B and hence utilizing them in practice is basically impossible.62

There is ongoing research on approximation strategies that might result in numerically feasible methods yet

only for very simplified model problems [207, 208].

Ensembles

The whole problem can be significantly simplified, if we generalize our description from pure states to statis-

tical ensembles which occur, e.g., in the theory of open quantum systems [209]. Such mixed states cannot be

described by one wave functionΨ, but require the introduction of the (von-Neumann) density matrix [209]

ΓN
E =∑

i
wiΓ

N
i , (2.89)

where ΓN
i is the N -body density matrix corresponding to a pure state Ψi , 0 ≤ wi ≤ 1 and

∑
i wi = 1. This

defines the ΓN
E as a convex combinations of the pure states ΓN

i . Γ describes the statistically mixed state

with probability wi to find the system in the state Ψi . A specific example is the canonical ensemble of

statistical physics with temperature T . The weight functions are then given as wi = exp(−Ei /(kB T ))/Z ,

where Z =∑
i exp(−Ei /(kB T )) is the partition function Ei is the energy expectation value of system i and kB

is the Boltzmann constant. We can calculate the expectation value of an N -body operator Ô in the ensemble

by generalizing Eq. (2.80), i.e.,

O =∑
i

wi 〈Ψi |ÔΨi 〉

=∑
i

wi Tr[ΓN
i Ô]

≡Tr[ΓN
E Ô].

(2.90)

If we replace ΓN with ΓN
E in Eq. 2.77, we can straightforwardly generalize the concept of RDMs to ensembles.

The advantage of the ensemble picture lies in the mathematical structure of Eq. (2.89). The set C N
ΓE

≡ E N

of all ensemble N -body density matrices ΓN
E is convex and the pure state density matrices ΓN are simply its

60A pRDM is positive-semidefinite, if for any wave function ψ(x1, ...,xp ) it holds that 〈ψ|Γ(p)ψ〉 ≥ 0.
61N -representability plays also an important role in quantum information theory, where it is usually called the quantum marginal

problem.
62See for example the work by Theophilou et al. [206], where the application of the generalized Pauli constraints has been explored

numerically.

78



2.4. REDUCED DENSITY MATRICES IN ELECTRONIC-STRUCTURE THEORY

extreme elements. This follows directly from Eq. (2.89) that defines any ΓN
E as a convex combination of the

ΓN .

Importantly, this property carries over to the sets E p of the (ensemble) pRDMs, because all RDMs are

linearly connected. This makes the parametrization of E p considerably easier than the corresponding set of

pure state pRDMs.63

Ensemble N -representability of the 1RDM

Let us demonstrate this with the example of the 1RDM N -representability conditions that have been derived

by Coleman [136] already in 1963. Given the 1RDM of a fermionic (bosonic) γ(r;r′) = ∑
i niφ

′
i (r′)φi (r) in its

diagonal representation, i.e.,
∫

dr′γ(r,r′)φi (r′) = niφi (r). Then the (necessary and sufficient) ensemble N-

representability conditions are

0 ≤ ni (≤ 1) (2.91a)∑
i

ni = N , (2.91b)

where the upper bound holds only for fermions. We call ni and φi natural occupation numbers and natural

orbitals respectively. This means, if we have a basis set with B elements, we have exactly B +1 conditions on

the natural occupation numbers, independently of the particle number N . This is enormous simplification

in comparison to the generalized Pauli constraints for pure states makes the conditions (2.91) applicable in

practice. Additionally, the conditions have a direct physical interpretation, because we can connect them to

the Pauli principle [205]: bosonic natural orbitals can be occupied arbitrarily often, but fermionic natural

occupation numbers are bounded by a maximal value of one. Here, the special case of ni = 1 for all i ≤ N and

n j = 0 else corresponds to a single-reference wave function. Thus, non-integer occupations are a signature

of the multi-reference character (or the correlation) of a system.

There are several ways to prove the above statement [136, 27, 200] and we want to outline one of them

for the fermionic case. This very instructive proof has been published by Giesbertz and Ruggenthaler [200]

for the special case of finite basis sets. The crucial step in the proof is the explicit knowledge of the con-

nection between γ and Ψ in the case, when Ψ is a single Slater determinant. We assume a basis set of

B orbitals, from which we can choose
(B

N

)
different combinations to construct an N -body Slater determi-

nant. We denote each of these sets with the collective index Ik = (1k , . . . , Nk ), where k = 1, ...,
(B

N

)
and define

ΨIk = 1/
p

N !|ψ1k · · ·ψNk |−. A simple calculation yields the corresponding 1RDM

γIk (r;r′) = ∑
i∈Ik

ψ∗
ik

(r)ψik (r).

Thus, the natural orbitals φik =ψik are identical to the orbitals of ΨIk and all natural occupation numbers

are one. This establishes for each Slater determinantΨIk a bijective map (or a one-to-one correspondence)

between the pure state N RDM ΓN
Ik
=Ψ∗

Ik
ΨIk and its 1RDM γIk

γIk

1:1↔ ΓN
Ik

. (2.92)

Next, we note that the γIk must be the extreme elements of the space of ensemble 1RDMs E 1, because we

63For a good introduction on the topic of convex sets in the realm of RDMs, the reader is referred to Ref. [210]. Mathematical details
are well-describe in Ref. [211].
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can construct any γ ∈ E 1 by

γ=∑
k

nkγIk ,

if 0 ≤ nk ≤ 1 and
∑

k nk = 1, i.e., by a convex combination of the γIk . On the other hand, we can construct

every ensemble N RDM

ΓN
E =∑

k
nkΓ

N
Ik

as a convex combination of the N -body density matrices ΓN
Ik

, since Slater determinants form a basis of the

antisymmetric N -body space. Crucially, we can employ the same prefactors nk , because of Eq. (2.92) which

completes the proof.

N -representability beyond the 1RDM

Unfortunately, such a simple connection between RDM space and E N is only possible for the 1RDM. To see

this, let us recapitulate the essential ingredients of the proof: we need on the one hand the convex structure

of the spaces of ensemble RDMs E N ,E 1 (and the linear connection between these spaces). On the other

hand, the proof relies crucially on the properties of Slater determinants, which allow to parametrize the an-

tisymmetric N -body space by single-particle wave functions, i.e., orbitals. Slater determinants thus connect

the N -body with the one-body space, which transfers to the RDM picture by connecting both the extreme

elements of E N and E 1.

Generalizing this construction to, e.g., the 2RDM thus does not work. The eigenfunctions of the 2RDM,

so-called geminals, depend on two coordinates and there is no practical way known to construct an antisym-

metric many-body wave function (or ensemble N -body density matrix) from geminals.64 This is one way to

understand the nowdays well-known fact that even in the ensemble case, the N -representability conditions

are only simple for the 1RDM. In 1967, shortly after Coleman published his proof of the 1RDM conditions,

Kummer [213] formally defined these conditions, but it took almost further 50 years, until this formal solu-

tion could be translated into a practical prescription: Mazziotti [214] published the solution of the (ensem-

ble) N -representability problem only in 2012. However, for all pRDMs with p > 1, the number of conditions

grows exponentially65 and thus, they are not applicable in practice. The exponential wall of the many-body

problem manifests thus in the number of N -representability conditions, instead of the dimensionality of

the configuration space. Nevertheless, these many years of research have been fruitful and methods that

only take a subset of all conditions into account have been successfully developed and implemented into

quantum-chemistry codes [27, 216, 217]. Such methods have proven to be capable to accurately describe

comparatively large strongly-correlated systems.66

64At least not without further approximations like the strong orthogonality assumption [212].
65In fact, the number of conditions grows even factorial, i.e., over-exponentially [215].
66For example, Fosso-Tande et al. [217] applied their variational 2RDM method to a system of 50 strongly-correlated electrons in 50

orbitals, which is compatible with state-of-the-art methods.
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2.4.2 One-body reduced density matrix functional theory

Although γ is not sufficient to describe an interacting many-body system in a straightforward linear way

such as the 2RDM (Eq. (2.86)), there exists an exact but nonlinear energy functional

E = E [γ]. (2.93)

This was first realized by Gilbert [199], who generalized the Hohenberg-Kohn theorem to this case in 1975

and established 1RDM functional theory (RDMFT). Exactly as in DFT, the exact functional E [γ] is not known,

but the contribution of the unknown part to E [γ] is smaller than in DFT. This is obvious from the definition

of the exact energy in terms of RDMs, i.e.,

E = T [γ]+V [ρ]+W [Γ(2)]. (cf. 2.85)

Since ρ(r) = γ(r;r) is included in γ, only the interaction contribution W (and not T +W ) must be approxi-

mated in RDMFT. Additionally, we can generalize the potential term

v(r) → v(r,r′) (2.94)

to nonlocal potentials such that

V =
∫

drv(r,r′)γ(r,r′)|r′=r. (2.95)

Nonlocal potential thus constitute the “natural” external partner to the internal variable γ (see Eq. (2.50) and

the surrounding text). Although they do not have a direct physical interpretation, nonlocal potentials occur

in some effective descriptions, e.g., pseudopotentials [218] and are thus a useful extension. The obvious

price to pay for these advantages is the necessity to deal with the full 1RDM as basic variable instead of the

simple density. Although not obvious from a first glance, the 1RDM severely complicates both, theory and

numerics.

This complication starts with the generalization of the Hohenberg-Kohn theorem. To make use of the

simple N -representability conditions (2.91), Gilbert’s theorem considers ensembles instead of pure states.

This means that the many-body system is described by the ensemble N -body density matrix ΓN
E and the

expectation value of an operator Ô is calculated by O = Tr[ΓN
E Ô], cf. Eq.(2.90). Conceptually, this is not

problematic, because the pure ground state of a system is included in the ensemble representation and thus

by means of the variational principle

E0 = inf
γ∈G 1

E

E [γ], (2.96)

The ground state will be also the solution of a variation over ensembles.67 Further, considering nonlocal

potentials v(r;r′), there is no full one-to-one correspondence to γ(r;r′): there are many potentials that lead to

the same ground state 1RDM.68 This changes the mathematical details of the construction, but it does not

67Note that this is strictly only true for the exact functional and there are indications that the performance of approximate functionals
can in some cases be increased by employing the pure state conditions [206].

68Note that the one-to-one correspondence is restored, if we consider the equilibrium states of grand-canonical ensembles instead
of pure ground states [200].
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prohibit the definition of the functional E [γ], which only requires

ΓN 1:1←→ γ. (2.97)

This is proven by Gilbert’s theorem69 and allows to define ΓN = ΓN [γ] and thus W =W [ΓN ] =W [γ].

The exchange-correlation functional of RDMFT

Obviously, the definition of E [γ] is not sufficient for a practical electronic-structure method, but we have to

find accurate approximate expressions for the unknown part W [γ]. Although the 1RDM covers a larger part

of the energy than the density in an exact way, it is the quality of the approximation of W [γ] that matters. In

analogy to DFT and HF, we can define as a first step

W [γ] = EH [γ]+Exc [γ], (2.98)

where EH is the classical or Hartree contribution (Eq. (2.35)) and Exc denotes the unknown exchange-

correlation functional (that is different from Exc [ρ] in DFT, cf. Eq. (2.57)). One interesting difference to

DFT is that the 1RDM is general enough to include exchange terms like in HF. Thus, HF theory is a special

case of RDMFT with the functional

Exc = EHF =
∫

drdr′γ(r;r′)w(r,r′)γ(r′,r). (2.99)

The challenge of RDMFT is thus to find functionals that go beyond EHF . Unfortunately, EHF is the only

known RDMFT functional that can be expressed explicitly in terms ofγ, i.e., orbital-free. All practical RDMFT

functionals are instead implicit functionals, i.e., they can only be formulated in terms of the natural orbitals

and natural occupation numbers,

Exc [γ] = Exc [φi ,ni ], (2.100)

where γ = ∑
i niφ

∗
i φi . In contrast to DFT, it is very difficult to connect this description in a useful way to a

KS system, i.e., a non-interacting auxiliary system. This has very severe consequences: although we solve

orbital equations in practical RDMFT algorithms, there is no clear underlying single-particle picture. For ex-

ample, we cannot define an effective one-body Hamiltonian70 which usually provides good approximations

for ionization potentials71 and that can be diagonalized efficiently.72

Functional construction in RDMFT

Despite the additional challenges of RDMFT in comparison to DFT, accurate exchange-correlation function-

als have been successfully constructed and implemented in electronic-structure codes. A comprehensive

69See Sec. 3.3.2 for the explicit proof for the more general (but in terms of the proof analogous) case of coupled electron-photon
systems.

70Although we can formally define such a one-body Hamiltonian, it has been proven by Pernal [219] that the spectrum of this Hamil-
tonian is infinitely degenerate, if the functional Exc = Exc [φi ,ni ] is implicit. This makes the one-body Hamiltonian in practice useless
and one important consequence is that standard RDMFT algorithms are usually numerically considerably less efficient than DFT algo-
rithms for the same number of orbitals.

71In HF, this is justified by Koopman’s theorem, which can be generalized (in a slightly modified form) to KS-DFT [220].
72There have been efforts to define a local RDMFT [221] for which such a one-body Hamiltonian can be constructed. A first imple-

mentation showed promising results while being computationally considerably more efficient than standard (nonlocal) RDMFT.
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discussion of these is beyond the scope of this work (the reader is referred to Ref. [193]), but we want to

briefly highlight some properties of typical functionals that will play a role in the subsequent chapters.

The most important feature of the (approximate) RDMFT description is clearly its inherent multi-reference

character, which is reflected in the (possible) non-integer occupation numbers. This is a considerable ad-

vantage of RDMFT over DFT, when it comes to the description of strong correlation. For instance, with

modern RDMFT functionals certain dissociation processes have been described very accurately [222] (and

many more qualitatively) and the Mott-insulating phase of certain strongly-correlated solids could be pre-

dicted [223].

Let us therefore briefly discuss the origin of the non-integer occupation numbers 0 < ni < 1 in RDMFT

solutions. We know already one functional that leads to 1RDMs with only integer occupation numbers, i.e.,

the HF functional (Eq.(2.99)). In fact, it has been shown by Lieb [224] that this holds for any Exc that only

depends linear on the occupation numbers. To go beyond single-reference, we therefore need to employ Exc

the depend nonlinearly on the occupation numbers.73

Another very important feature of typical RDMFT functionals is that they are more generic than, e.g.,

density functionals. Most DFT functionals are based on the paradigmatic homogeneous electron gas, which

defines a very special physical setting. Also in RDMFT, there is such a paradigmatic study case, which is how-

ever much less specific: any two-electron wave function can be exactly parametrized in terms of the 1RDM.

In this problem, only the particle number is specified, but the form of the Hamiltonian can be arbitrary.

This is a considerable advantage, when we want to apply RDMFT to problems that are not as well studied

as the electronic-structure Hamiltonian (Eq. (2.1)). For example, to apply the LDA to a one-dimensional

problem as we will do in Sec. 2.5, we cannot employ Eq. (2.63), which has been derived for the Coulomb

interaction in 3d, but need a different functional form [225]. Usual RDMFT functionals need instead some

two-body matrix elements as input parameter, which can be calculated for an arbitrary type of interaction.

For instance, we can apply the same functional in 1d or in 3d or in settings, where the Coulomb interaction

is modified [127].

The parametrization of the two-electron problem in terms of natural orbitals and natural occupation

numbers has been discovered already in 1956 by Löwdin and Shull [226]. The corresponding “Löwdin-Shull”

(LS) exchange-correlation functional reads

Exc = ELS = min
fi , f j

− 1
2

∑
i , j

fi f j
√

ni n j 〈φiφ j |ŵ |φ jφi 〉 , (2.101)

where fi = ±1 are phase factors that have to be determined for every problem separately. ELS is (up to the

phase factors) exact for two-electron systems and has been studied extensively in the last two decades to

obtain a general understanding of the universal RDMFT functional [193]. For larger electron numbers, the

functional is not exact anymore and needs to be adopted. Especially the in practice quite difficult minimiza-

tion over the phase factors is either completely removed or usually replaced by simple rules.

In this work, we will explicitly consider the simplest version of the “LS-type” of functional, which is ob-

tained by setting fi = 1 for all i . This functional has been constructed by Müller [227] already in 1984 in

a different context and without even a reference to the Löwdin-Shull construction. Later in 2002, when

the interest in RDMFT had increased Buijse and Baerends [228] rederived the Müller functional from more

physical considerations74 and it provides a reasonable qualitative description of a large range of electronic-

73One way to explain, why it is not possible to define a one-body Hamiltonian in RDMFT is exactly this nonlinearity (see Ref. [219]
and Sec. 7.3).

74The Müller functional is thus often called BB functional.
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structure problems, including strongly-correlated systems. The Müller functional reads

Exc = EM =− 1
2

∑
i , j

√
ni n j 〈φiφ j |ŵ |φ jφi 〉 . (2.102)

Nowadays, EM has become a reference in RDMFT, comparable to the LDA in DFT. A practical feature of EM

that very few other RDMFT (and DFT) functionals share, is its convexity, which guarantees a unique global

minimum [161]. Thus EM is especially well suited to test new numerical implementations.

Another interesting property of the Müller and many other RDMFT functionals concerns the corre-

sponding ground state energy, which have been observed to be a lower limit to the exact reference [229,

222].75 Thus, energetic improvements have to be positive, which is in a sense the contrary to variational

methods such as HF, where improvements are rigorously negative. This “negative variational” behavior is an

important guiding principle for the RDMFT functional construction [193].

The RDMFT minimization

In this final paragraph of the subsection, we will discuss the last missing piece to apply RDMFT in practice,

which is the minimization algorithm. We will employ a Lagrangian approach as in Sec. 2.2 (cf. Eq. (2.38)

and the following paragraph) for HF,76 which for RDMFT is however more involved. We do not calculate the

energy with respect to the N orbitals of a Slater determinant, but with respect to B natural orbitals {φ1, ...,φB }

and natural occupation numbers {n1, . . . ,nB }, where B ≥ N depends on the system and is thus a convergence

parameter. The generic energy functional of RDMFT reads

E [{φi }, {ni }] =
B∑

i=1
ni 〈φi |[t̂ + v̂]φi (r)〉+ 1

2

B∑
i , j=1

ni n j 〈φiφ j |ŵ |φiφ j 〉+Exc [{ni }, {φi }], (2.103)

where Exc has to be replaced by a specific exchange-correlation functional such as EM , cf. Eq. (2.102). The

goal is to minimize E [{φi }, {ni }] under the constraint that the natural orbitals are orthonormalized, i.e.,

ci j [{φ j }] =
∫

drφ∗
i (r)φ j (r)−δi j = 0, (2.104)

which is similar to the constraint (2.39) for the HF orbitals. Additionally, we need to enforce the N -represent-

ability conditions (2.91) that guarantee that the {φi }, {ni } are connected to a fermionic 1RDM. The first con-

dition on the individual eigenvalues, cf. Eq. (2.91a), can be incorporated explicitly by, e.g., the substitution

ni = 2sin2(2πθi ), (2.105)

allowing for a free minimization of the θi . However, the second condition (Eq. (2.91b)),

S [{ni }] =
B∑
i

ni −N = 0, (2.106)

75The usual explanation for this is that the exchange-correlation functional needs to enforce (in some indirect way as a functional
of the 1RDM) the N -representability conditions of the 2RDM. Approximate functionals often do not accomplish this and thus the
variation is performed over a too large configuration space, which leads to lower energies than the exact reference.

76We want to remind the reader that the HF algorithm can be almost directly transferred to KS-DFT problems, because both theories
employ a single-reference picture. See Sec. 2.3.
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needs to be enforced during the minimization. To accomplish this, we introduce the Lagrange multipliers

εi j and µ and consider the Lagrangian

L[{φi }, {θi }; {εi j },µ] = E [{φi }, {ni }]−µS [{θi }]−∑
i , j
εi j ci j [{φi }, {φ j }]. (2.107)

To find the RDMFT ground state defined by the variational principle, cf. Eq. (2.96), we optimize

L[{φi }, {θi }; {εi j },µ] with respect to all variables. A necessary condition for an optimum of L is stationarity

δL = 0, (2.108)

which is also sufficient for a minimum, if a convex functional such as EM is employed. If we consider φi and

φ∗
i as independent, we find

0 =δL

=
B∑

i=1

δL

δφ∗
i

δφ∗
i +

B∑
i=1

δL

δφi
δφi +

B∑
i=1

∂L

∂ni
dni

=8π
B∑

i=1
sin(θi )

[
∂E

∂ni
−µ

]
dθi +

B∑
i=1

∫
d3r δφ∗

i (r)

[
δE

δφ∗
i (r)

−
B∑

k=1
εkiφk (r)

]

+
B∑

i=1

∫
d3r

[
δE

δφi (r)
−

B∑
k=1

εi kφ
∗
k (r)

]
δφi (r),

which leads to the three sets of coupled equations

0 = ∂E

∂ni
−µ (2.109a)

0 = δE

δφ∗
i (r)

−
B∑

k=1
εkiφk (r) (2.109b)

0 = δE

δφi (r)
−

B∑
k=1

εi kφ
∗
k (r). (2.109c)

In practice, we will thus need a self-consistent procedure, in which we solve alternately the equations for

the ni and for the φi , keeping the other variables constant, respectively. Since the ni are just numbers, their

optimization can usually be done with a routine from a standard library.77 For the orbital optimization, we

have a nonlinear operator equation similar to the HF equations and thus, an SCF procedure is required.

Similarly to HF, where the stationarity condition defines the Fock operator (Eq. (2.45)), Eq. (2.109b) and

Eq. (2.109c) define a nonlinear one-body operator Ĥ (1). For Eq. (2.109b), we have

δE

δφ∗
i (r)

= Ĥ (1)φi = ni [t̂ + v̂]φi +ni v̂Hφi + δExc

δφ∗
i

. (2.110)

Importantly, this operator is not hermitian and thus cannot be interpreted as an effective one-body Hamil-

tonian [219].78 An important practical consequence of this fact is that we cannot transform Eq. (2.109b) (or

equivalently Eq. (2.109c)) into a nonlinear eigenvalue equation as we have done in Sec. 2.2 to derive the HF

77Nevertheless, the equations are nonlinear and thus also here caution is in order. In Sec. B, we present an explicit example that
demonstrates the challenges of such nonlinearities.

78We will discuss this with the concrete example of the Müller in Sec. 7.2.
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equations, cf. Eq. (2.46). This means that we have to determine all B 2 components of the Lagrange multiplier

matrix (εi j ). We will discuss how to accomplish this in practice in Sec. 7.

It should be stressed that usual RDMFT minimization algorithms are not only more expensive than DFT

calculations, but also considerably less stable, which is probably the most important bottleneck of state-of-

the-art RDMFT. The reasons for the unsatisfactory convergence of the proposed algorithms are not entirely

resolved and thus numerics is an especially important part of the actual research in the field [193, part 4].

Despite all the challenges of the 1RDM as a basic variable, one should not forget that RDMFT is much

younger than DFT and investigated by a considerably smaller community. Thus, many promising research

directions have only been identified but not yet fully investigated [193] and further significant improvements

of the theory are quite probable. Especially, when it comes to entirely new types of problems like the accurate

description of the electron-photon interaction, RDMFT could be an interesting starting point, because the

contribution of the unknown part of the universal functional is smaller than it is the case in DFT. We will

come back to this idea briefly in Sec. 3.3.2 and more specifically in Sec. 5.3.

2.5 Comparison of the methods

Figure 2.1: Ground-state potential energy surface E0(d) of the 1d H2 model (Eq. (2.113)), calculated exactly
(exact) and with three different electronic-structure methods: HF, KS-DFT with the LDA functional (LDA),
and RDMFT with the Müller functional (Mueller). The deviations between the different methods are dis-
cussed in detail in the text.

To get a feeling for the different approximation schemes that we have defined in the previous sections,

we want to conclude our survey on electronic-structure theory with a simple example. We consider a 1d

model of a hydrogen molecule (H2) that consists of two hydrogen atoms with distance or bond length 2d .

We can describe this scenario by the local potential

vd (x) =− 1√
(x −d)2 +1

− 1√
(x +d)2 +1

, (2.111)
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where −1/
√

(x −d)2 +ε2 with ε = 179 is the “soft Coulomb potential” of one elementary charge. The soft

Coulomb potential is usually employ in 1d studies, because it resembles many essential features of the stan-

dard 3d Coulomb potential [225]. Accordingly, we also approximate the interaction w by a soft Coulomb

expression

w(x, x ′) = 1/
√
|x −x ′|2 +1. (2.112)

The many-body Hamiltonian of this problem reads

Ĥ =T̂ + V̂ +Ŵ

=
2∑

i=1

[
− 1

2
∂2

∂x2
i
+ vd (xi )

]
+w(x1, x2) (2.113)

We now can apply any of our discussed methods to approximate the ground state of Ĥ for different values

of d . The resulting energy function E0(d) is called the ground-state potential energy surface (ground-state

PES), which plays a central role in electronic-structure theory. One of its most important applications is

the structure prediction of matter systems. In our example, this reduces to the (equilibrium) bond-length

of the H2 molecule, which is simply 2dmi n , where dmi n is the minimum of E0(d).80 But this is only one

application of the ground state PES and there are many more. For instance, the shape of E0(d) around the

minimum provides information about the energetic costs of bond stretching and the large d limit describes

the dissociated molecule. Thus, with the knowledge of the full function E0(d) we can understand compli-

cated processes such as chemical reactions. This shows that there are research questions, that only require

the knowledge of a small part of the ground-state PES and consequently methods that are accurate in this

part. But there are other problems, such as the description of the complete process of a dissociation, which

necessitate methods that accurately describe a large part of the ground-state PES.

Let us see now how the methods that we have discussed in this chapter perform in describing the ground-

state PES E0(d) of the 1d H2 model. Since the Hamiltonian (2.113) is very low-dimensional, we can calculate

the exact many-body wave function with a simple eigensolver even for large d . This makes the model an

ideal and often employed system to test the accuracy of new electronic-structure methods [225, 230]. We

will consider a generalized from of this model in part II to test our new methods for coupled electron-photon

problems.

In this section, we compare three levels of theory, that is HF, and one exemplary functional of KS-DFT

and RDMFT, respectively. For the former, we employ a 1d version of the paradigmatic LDA [225] and for

the latter, we choose the Müller functional. All calculations are performed in real space in a box with length

L = 30 a.u. and discretized with a spacing of dx = 0.1 a.u. In RDMFT, we have obtained converged results

with M = 20 natural orbitals.81 We have plotted E0(d) for the three cases together with the exact reference in

Fig. 2.1.

A first glance on the figure reveals already how challenging an accurate description of the electronic-

structure is: there is no method that performs well over the whole range of bond lengths. Clearly, there

are more sophisticated functionals for DFT and RDMFT that perform much better than our chosen exam-

ples, but H2 is also just a very simple problem. The accurate description of the ground-state PES over the

79For nuclei with a bigger charge, the soft Coulomb parameter ε needs to be adjusted to guarantee certain properties. We will make
use of this in Sec. 6.

80This can be understood by a simple gedanken experiment: without external driving, any initial configuration of nuclei will relax to
the configuration with minimal energy.

81See App. C.3 for the details on the convergence of RDMFT calculations.
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whole range of bond lengths is for many systems simply not possible. Methods that are accurate enough

are usually numerically too expensive and the most efficient methods can often only describe a small part

of the full ground-state PES. Close to the equilibrium position, single-reference methods are very accurate

with HF providing a reasonable qualitative description82 and KS-DFT leading the way in terms of efficiency.

However, methods based on only one Slater determinant become usually inaccurate for large bond-lengths.

We have discussed this in the last paragraph of Sec. 2.3 considering the dissociation limit d → ∞, where

we have to describe the two degenerate orbitals of the separate atoms. To describe this limit, we need two

Slater determinants, which corresponds to a multi-reference wave function and makes the system strongly-

correlated.

In HF and KS-DFT, we try to describe this inherently multi-reference scenario with only one Slater deter-

minant. We can observe the consequence of this approximation in Fig. 2.1: with increasing d , the E HF /LD A(d)

increases constantly, introducing an artificial attraction. Thus, according to the single-reference description,

the molecule would never dissociate but always feel a force that pushes the nuclei back to the equilibrium.

The exact solution instead saturates at the dissociation plateau with Edi ss ≈−1.34 a.u., where the atoms do

not interact anymore. However, since the LDA includes already some correlation, i.e, it corrects the approx-

imation of considering only one Slater determinant, its “tail” is closer to the exact result than the one of HF.

Around the equilibrium position, HF is however energetically superior to the LDA. Since the energy is an

especially important quantity to understand chemical reactions (e.g., to calculate reaction barriers), LDA is

not really useful for quantum chemistry. This illustrates why DFT has only been accepted by the quantum

chemistry community after the first generalized gradient approximation has been developed, which signif-

icantly increased the accuracy in such scenarios [174]. State-of-art functionals are capable to reproduce

the area around dmi n almost exactly for a large class of molecules [84]. In contrast to its bad performance

in terms of energetics, the LDA reproduces the correct equilibrium bond length of deq = 1.63 a.u. almost

exactly, whereas HF underestimates it with a value of d HF
eq ≈ 1.5 a.u. by about 6%.

The most sophisticated method that we have employed in our comparison is RDMFT with the Müller

functional and accordingly, E Müller
0 (d) is closest to the exact E0(d). Importantly, we see that E Müller

0 (d) does

not increase arbitrarily with d , but saturates at a constant value of about E Müller
di ss = −1.37. This is still sig-

nificantly lower than the exact reference, but more sophisticated functionals describe this regime very ac-

curately [231]. This is possible due to the inherent multi-reference character of the formalism and it is the

most important strength of RDMFT in general. The strongest limitation of state-of-the-art functionals is the

accurate description of the region around the equilibrium [193]. The Müller functional overestimates for our

example the equilibrium bond length with d Müller
mi n ≈ 1.70 a.u., which is only slightly better than HF. Although

simple molecules like H2 are described very well by improved functionals [222, 232], more complicated elec-

tronic structures are often better approximated by state-of-the-art DFT functionals [193]. As a last remark,

we note that E Müller
0 (d) is always lower than the exact reference, which is a typical feature of many RDMFT

functionals (see Sec. 2.4).

82One of the most precise electronic-structure methods for this regime is coupled cluster theory [131], which systematically improves
upon the HF ansatz and usually is significantly more accurate then typical DFT functionals. However, coupled cluster is also consider-
ably more expensive than DFT.

88



Chapter 3

LIGHT AND MATTER FROM FIRST PRINCIPLES

In the previous chapter, we have discussed the electronic many-body problem and presented a selection of

strategies from the big repertoire of state-of-the-art electronic-structure theory to deal with it. In the follow-

ing, we generalize these strategies to the coupled electron-photon space. We will see that this is straight-

forward in the sense that all tools and concepts from electronic-structure theory have a clear counterpart

in the coupled theory. Also all the features of the matter-only problem reappear, i.e., we will have to deal

with the complexity of the many-electron-photon problem. For that, the particle-exchange symmetry plays

an important role and we perform variational minimizations to find the ground state, which is in complete

analogy to equilibrium electronic-structure theory. This requires to characterize the system’s state and also

here we can utilize the same concepts: the wave function, the electron density plus the corresponding pho-

ton quantity that is the displacement field and (generalized) RDMs.

However, the exploration of the coupled electron-photon space using these tools is considerably more

difficult. One important reason is the enormous size of the corresponding Hilbert space that is a direct prod-

uct of the electronic and photonic Hilbert (sub)spaces. Additionally there is no further symmetry restriction

between these subspaces, e.g., there is no exchange symmetry between electronic and photonic coordinates.

Thus, the exponential wall grows considerably “faster” here than in the separate theories, which in particular

limits wave-function methods and the access to exact reference solutions. At the same time, simple approx-

imation schemes, such as the generalization of the Hartree-Fock ansatz (the “mean field”) do not account

for quantum effects of the interaction between electrons and photons, i.e., there is no quantum-mechanical

exchange. This is especially severe in equilibrium scenarios, because the mean-field (or classical) contribu-

tion of the electron-photon interaction is in many important cases trivially zero. Using the vocabulary of

electronic-structure theory, there is only correlation between static electrons and photons.

To accomplish the task to generalize electronic-structure methods to the coupled setting, we are there-

fore confronted with two complications: the coupled electron-photon space is substantially larger than the

electronic space alone. At the same time, the mean field description that is one of the most powerful tools

of electronic-structure theory, is considerably less useful for coupled systems.1 Thus, we have to approxi-

mate a larger configuration space with more expensive tools. A further substantial difference between the

electronic and the coupled electron-photon problem is the new type of interaction operator in the latter

case: whereas the Coulomb interaction acts as a 2-body operator that pairwise correlates all the particles,

the electron-photon interaction acts as a so-called 3/2-body operator (Sec. 3.3.1). This manifests in the fact

that in contrast to the electron number, which is defined by the physical problem, the photon number of a

system is a priori not determined. This has important consequences for the characterization of the photonic

state, which manifest differently in the wave-function, density-functional or RDM description.

1Note that in time-dependent scenarios, the mean-field approximation of the electron-photon interaction is capable to describe im-
portant effects, such as the formation of polaritons [23, 233]. Understanding such effects also in equilibrium scenarios is one important
motivation for this work.
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The purpose of this chapter is thus twofold: on the one hand, we introduce the challenges of the first-

principles description of the coupled electron-photon problem. We present already established approaches

to deal with that and discuss their limitations. But we also comment on possible improvements and fu-

ture directions. On the other hand, this analysis provides the background for part II. We will connect there

many of the here discussed issues and features of the electron-photon problem and introduce a new way

to construct the many-body wave function. We will make use of the increased flexibility that the cou-

pled electron-photon Hilbert space offers and employ electron-photon quasi-particles, i.e., polaritons to

construct a many-polariton space. This allows to generalize the concepts of electronic-structure theory in

yet another way to the coupled electron-photon problem and overcomes several fundamental issues of the

straightforward generalizations that we present in this chapter.
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3.1 The many-electron-photon space

In analogy to Sec. 2.1, let us start the discussion with the proper definition of the problem that we aim to

solve. We consider the cavity-QED setting (see Sec. 1.3.3) that is described by the Hamiltonian (Def. 1.4)

Ĥ =
N∑
i

[
1

2
∇2

ri
+ v(ri )

]
+ 1

2

N∑
i 6= j

1

|ri − r j |
+ 1

2

M∑
α

[
−∂2

pα +ω2
α

(
pα+ λα

ωα
·R

)2]
, (3.1)

For the matter part of the system, this corresponds to the electronic structure Hamiltonian (Eq. (2.1)) and

for the photon part, we consider M modes (with known mode functions) that are coupled to the total dipole

of the electrons. For each mode α, ωα denotes the frequency and λα = p
4πSα(0)εα the coupling vector.

Here, εα is the polarization direction of the mode and Sα(r0) ∝ 1/
p

V is the mode function at the center

of charge r0 (see Def. 1.4). To control the electron-photon coupling strength, we regard the absolute value

of λα = |λα| =
p

4πSα(0) as a tunable parameter.2 Although Ĥ can be seen as an abstract operator (and

we will sometimes make use of this picture), we have anticipated in Eq. (3.1) already the coordinate choice

that we will employ mostly in the following: as in Sec. 2, we will describe the matter system in real space

with coordinates r. For the photon modes, we will instead consider the canonical Harmonic-oscillator co-

ordinates pα,−i∂pα that are in the chosen gauge proportional to the displacement field pα ∝ Dα and the

magnetic field −i∂pα ∝ Mα, respectively (see Sec. 1.3.3). Thus, any eigenstate of Ĥ can be described by a

wave function

Ψ(x1, ...,xN , p1, ..., pM ), (3.2)

that depends on M photon pα and N spin-spatial electron coordinates x = (r,σ), whereσ ∈ {↑,↓} denotes the

spin-degree of freedom. Additionally,Ψ is normalized, i.e.,

1 =
∫

dr1 . . .drN dp1dpMΨ
∗(x1, ...,xN , p1, ..., pM )Ψ(x1, ...,xN , p1, ..., pM )

≡〈Ψ|Ψ〉 , (3.3)

where we generalized the ’braket’ notation to the coupled case in the last line. With these coordinates, Ψ is

antisymmetric under the exchange of electronic coordinates, i.e.,

Ψ(x1, ..,xi , ..,x j , ..,xN , p1, .., pM ) =−Ψ(x1, ..,x j , ..,xi , ..,xN , p1, .., pM ) ∀ i , j = 1, ..., N . (3.4)

Importantly, there is no symmetry with respect to the exchange of the displacement field coordinates pα ↔
pβ, since these are clearly distinguishable.3 We discuss this special coordinate choice in the next paragraph.

To complete the problem definition, we collect all Ψ that adhere to Eq. (3.4) in the set C . This constitutes

a domain on which Ĥ is bound from below (and self-adjoint)4 and thus, we can define the ground stateΨ0

with energy E0 = 〈Ψ0|ĤΨ0〉 via the variational principle

E0 = inf
Ψ∈C

〈Ψ|ĤΨ〉 . (3.5)

2This is justified, because via Sα(0) ∝ 1/
p

V enters the effective mode volume V into the Hamiltonian. This is one of the crucial
parameters to reach strong coupling as we have discussed in Sec. 1.1.

3The indices α,β correspond to modes with different frequencies ωα,ωβ
4This follows directly from the self-adjointness of the Pauli-Fierz Hamiltonian, see Sec. 1.3.3.

91



CHAPTER 3. LIGHT AND MATTER FROM FIRST PRINCIPLES

DeterminingΨ0 will be the topic of the following sections.

3.1.1 The multitude of many-body descriptions of photons

In Sec. 2.1, we have already discussed the antisymmetric many-electron space in great detail. Its parametriza-

tion in terms of Slater determinants turned out to be a very important tool for basically all the electronic

structure methods that we have discussed afterwards. Thus, we now want to follow the same route for the

many-photon space, which however leaves us more options. In Eq. (3.2), we have explicitly parametrized

the many-photon space by the displacement coordinates pα. The index α corresponds here to the mode

and not a specific photon. The advantage of these coordinates is their independence of the photon number.

Since the Hamiltonian (3.1) does not conserve the photon number, these coordinates allow to describe its

eigenstates with only one wave function (and not with a superposition of many wave functions that have a

different number of coordinates). This is practical for the first-principles perspective in general and espe-

cially in the cavity-QED setting, where the number of modes is not too big.

However, the most common parametrization of the many-photon space considers directly the photons,

which correspond to the quantized excitations of the electromagnetic field modes. It is an empirically known

fact that photons are indistinguishable (such as electrons) but they do not adhere to the Pauli-principle, i.e.,

many photons can occupy the same state. Thus the many-photon wave function must be symmetric under

particle exchange. If we exchange the antisymmetrization with a symmetrization, we can simply follow the

procedure of Sec. 2.1 to construct the many-electron space.5 To do so, we choose some one-photon space

h1 and define the n-photon space

Hn
S =S

n⊗
l=1

h1 (3.6)

as the symmetric product (denoted by S ) of orbital spaces. Any φn ∈Hn
S thus describes the state of n pho-

tons (or in general bosons), exactly as any ψ ∈ HN
A describes an N -electron (fermion) state (cf. Eq. (2.19)).

However, when we want to describe the eigenstates of Eq. (3.1), we do not know n a priori and thus, we have

to allow in principle for all possible values. The appropriate Hilbert space for this is the Fock space

F=
∞⊕

n=0
Hn

S . (3.7)

A general stateΦ ∈F is a superposition of φn with arbitrary n.

In contrast to the electronic problem, the one-photon or orbital basis of h1, i.e., the starting point of

the many-body construction is very easy to choose. The reason is that for photons, we usually do not have

to consider external currents or variations of the refraction index [234] that would shape the photon land-

scape in a similar way as the local potential shapes the electronic orbitals. Once we have solved the classical

Maxwell’s equations to obtain the mode functions, the quantum mechanical part of the photon problem

reduces to a sum of Harmonic oscillators with the Hamiltonian

Ĥph =
M∑
α

[
−∂2

pα +p2
α

]
=

M∑
α
ωα

(
â†
αâα+ 1

2

)
,

5This is how the photon many-body space is introduced in most textbooks, e.g., [10, 137, 144].
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where we have diagonalized Ĥph in the last line by introducing the annihilation âα =
√

ωα
2 (pα − 1

ωα
∂

∂pα
)

and creation operators â†
α =

√
ωα
2 (pα+ 1

ωα
∂

∂pα
). The eigenfunctions of Ĥph are known analytically (see also

Sec. 4.2.2), which makes them the standard basis choice in quantum optics. Additionally, there is usually

no photon-photon interaction term such as the Coulomb interaction and thus the description of the entire

photonic part of the system is basically as simple as the electrons-in-a-box problem (Sec. 2.1.1).

This analytical structure can be used to describe photon states in a very elegant manner. Any eigenstate

|nα〉 of the individual â†
αâα is given by multiple applications of creation operators to the vacuum state |0〉,

i.e., |nα〉 = (â†
α)n |0〉.6 A general n photon state |ϕn〉 reads then

|ϕn〉 = |n1, ...,nM 〉 = (â†
1)n1 ...(â†

M )nM |0〉 , (3.8)

where n = n1+...+nM . This representation is already geared to the symmetry of bosons that can occupy one

state configuration with several particles and which manifests here in the fact that the mode occupations

ni can have values different from zero or one. By that, we went completely around an explicit coordinate

representation and remain in the abstract state space. We see that the problem of the basis set choice, which

was an important part of the many-electron description is basically not present for the photon subsystem.

This is an important difference between the first-principles description of electrons and photons.

However, this means that any nontrivial behavior of the photon system stems from the electron-photon

interaction7

Ĥi nt =−
N∑
i

M∑
α
ωαpαλα · ri

that couples the electronic and the photonic Hilbert spaces.8 In other words, there is no photon-only many-

body theory, at least if we remain within the Pauli-Fierz picture and do not consider theories with an effective

photon-photon interaction.9 The special form of Ĥi nt is also the reason why eigenstates of Ĥ are superposi-

tions of |ϕn〉 with different n: the photon-part of the operator pα = 1/
p

2ωα(â†
α+ âα) does not conserve the

particle number.

The states |n1, ...,nM 〉 are connected to the displacement representation that we have employed in Eq. (3.2)

by ϕn
α(pα) = 〈pα|nα〉 = 〈pα|(â†

α)n |0〉. We can then express an M-mode state as

ϕn1,...,nM (p1, ..., pM ) = 〈p1...pM |n1, ...,nM 〉 = 〈p1...pM | (â†
1)n1 ...(â†

M )nM |0〉 . (3.9)

It is now crucial to realize that although this is a valid representation of the n = n1 + ...+nM -photon state,

it is not the coordinate representation of the photons. Thus, there is no exchange symmetry between the

different pα.

Although less common, we can employ also a coordinate representation for photons in analogy to the

standard representation of electronic wave function in terms of electron coordinates. For that, we asso-

ciate every such multi-mode eigenstate |n1, ...,nM 〉 with a specific photon-number sector, i.e., the zero-

6Note that following Refs. [200, 144], we chose here explicitly a non-normalized basis {|ϕn
α〉} of the n-photon sector, with

〈ϕn
α|ϕn

α〉 = n! for later convenience. The missing normalization factor is shifted to the resolution of identity in this basis, i.e.,

1= 1
n

∑M
α1 ,...,αn=1 |α1, ...,αn〉〈α1, ...,αn |, where |α1, ...,αn〉 = â†

α1
· · · â†

αn |0〉 as defined later in the text.
7Note that the form of the electron-photon interaction depends on the gauge. For instance, in the velocity gauge, one would have to

consider also the diamagnetic term that, e.g., renormalizes the photon frequency [99, 124].
8Note that although we have restricted the discussion to the cavity-QED setting, most of the general features, such as the construc-

tion of the coupled Hilbert space can be generalized straightforwardly to full minimal coupling.
9See for example Ref. [100].
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photon sector is merely one-dimensional and corresponds to |01, ...,0M 〉 ≡ |0〉, the single-photon sector is

M-dimensional and corresponds to the span of â†
α |0〉 ≡ |α〉 for all α and so on. For the multi-photon sectors

we see due to the commutation relations of the ladder operators the bosonic exchange symmetry appear-

ing, e.g., â†
α1

â†
α2

|0〉 = â†
α2

â†
α1

|0〉 ≡ |α1,α2〉 for α1,α2 ∈ {1, ..., M }. A general photon state can therefore be

represented by a sum over all photon-number sectors as

|Φ〉 =
∞∑

n=0

(
1p
n!

M∑
α1,...,αn=1

Φ̃(α1, ...,αn) |α1, ...,αn〉
)

, (3.10)

where Φ̃(α1, ...,αn) = 1p
n!
〈α1, ...,αn |Φ〉. It is no accident that the bosonic symmetry becomes explicit in this

representation since the different modesα determine how the photon wave functions looks like in real space

(for further details on this topic, see App. A.1).

The coupled electron-photon space

Having illustrated the principal differences between the photonic and the electronic part of the problem,

we now want to discuss the coupled many-body Hilbert space. Since every many-body space depends on

the underlying one-body space and thus also on the coordinate choice, we have several options here and we

will choose the displacement-coordinates. We choose a photonic one-body (or orbital) basis {χn
α(pα)} that

corresponds to the Hilbert space hα of mode α and construct the photonic space simply as

Hph =
M⊗
α=1

hα. (3.11)

Importantly, the description in terms of pα allows for an easier definition of the wave function, which is the

main reason, why we employ it. The coupled N -electron-photon space is hence given by

C =He ⊗Hph

=A
(⊗N

i=1h
1)⊗ M⊗

α=1
hα,

(3.12)

where h1 is the electronic one-body space and A is the antisymmetrizer (see Sec. 2.1). C is a proper con-

figuration space of the minimization problem (3.5), that we have to explore to find the ground state wave

function of the QED Hamiltonian (3.1).

3.1.2 The many-electron-photon wave function

Let us now see how we can parametrize wave functions of C to perform the variational minimization. For

simplicity, we consider a system consisting of 2 electrons that are coupled to one cavity mode with frequency

ω and coupling vector λ. This setting is already sufficient to illustrate the main challenges of the coupled

problem. The many-body wave function is represented in real space with two electronic and one photonic

variables Ψ(x1,x2, p), where x = (r,σ) is a spin-spatial coordinate. We choose an electronic basis set {ψk (x)}

and a photonic basis {χn(p)} and expand

Ψ(x1,x2, p) = 1p
2

∑
kl ,n

An
kl

(
ψk (x1)ψl (x2)−ψk (x2)ψl (x1)

)
χn(p)

=Ψ[An
kl ].

(3.13)
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The normalization of the wave function manifests then in the sum rule
∑

k,l ,n |An
kl |2 for the coefficient tensor

elements An
kl ∈C. We see that additionally to the electronic Slater determinant, that adds one index for each

electron to the coefficient tensor, we get one photonic index for every mode.10

The Hamiltonian (3.1) for this scenario reads explicitly

Ĥ =∑
k

[
−1

2
∇2

k + v(rk )+ 1
2 (λ · rk )2

]
︸ ︷︷ ︸

Ĥ e=∑
k he (r)=∑

k [t+v+hsel f ,1](rk )

−
2∑

k=1
ωpλ·rk︸ ︷︷ ︸

Ĥ ep=∑2
k=1 hep (rk ,p)

+ 1
2

(
− d2

dp +ω2p2
)

︸ ︷︷ ︸
Ĥ ph

+ 1

|r1 − r2|
+ (λ·r1) (λ·r2) .︸ ︷︷ ︸

Ĥ ee=hee (r1,r2)=[w+hsel f ,2](r1,r2)

(3.14)

For the chosen gauge (see Sec. 1.3.3), the interaction between electrons and photons appears in the bilinear

interaction term Ĥ ep and in the purely electronic dipole self-interaction Ĥ sel f ≡ 1
2

∑2
k,l=1 (λ·rk ) (λ·rl ) that

has a one-body (last term of Ĥ e ) and a two-body contribution (last term of Ĥ ee ).11 The energy expectation

value of this Hamiltonian computed with the ansatz (3.13) leads to an expression of the form:

E =E [An
kl ]

=〈Ψ[An
kl ]|ĤΨ[An

kl ]〉
=E e [An

kl ]+E ph[An
kl ]+E ep [An

kl ]+E ee [An
kl ],

(3.15)

Here, we have defined the electronic and photonic one-body energies E e and E p

E e [An
kl ] =1

2

∑
k ′,k

∑
l ,r

(
Ar∗

k ′l Ar
kl − Ar∗

k ′l Ar
lk

)〈Ψk ′ |heΨk〉 (3.16)

E ph[An
kl ] =∑

r ′,r

∑
kl

Ar ′∗
kl Ar

kl 〈χr ′ |hpχr 〉 , (3.17)

the electron-photon interaction energy E ep

E ep [An
kl ] =− ω

2

∑
r ′,r

∑
k ′,k

∑
l

(
Ar ′∗

k ′l Ar
kl − Ar ′∗

k ′l Ar
l k

)
〈Ψk ′ |λ·r|Ψk〉〈χr ′ |pχr 〉 , (3.18)

and the electron-electron interaction energy E ee

E ee [An
kl ] =1

2

∑
r

∑
k ′,k

∑
l ′,l

(
Ar∗

k ′l ′ Ar
kl − Ar∗

k ′l ′ Ar
lk

)〈Ψk ′Ψl ′ |hee |ΨkΨl 〉 . (3.19)

We see that the (exact) minimization of E [An
kl ] is comparable to the minimization of a 3-electron problem

and merely requires the implementation of the extra energy terms. In fact, on the exact wave-function level,

electronic and photon degrees of freedom are very similar. However, such a description is numerically infea-

sible already for most electronic problems. If also the photon modes have to be included, such descriptions

will be even more limited. This is illustrated by the fact that the largest matter-photon problem that has

been solved exactly so far consists of three particles (electron or nuclei) and one photon mode [235].

10We remind the reader that including more modes in this representation would not require any further symmetrization, be-
cause the p coordinates are distinguishable. For example, the 2-electron-2-mode wave function reads Ψ2e2m (x1,x2, p1, p2) =
1
2

∑
kl ,n1 ,n2

An1n2
kl

(
ψk (x1)ψl (x2)−ψk (x2)ψl (x1)

)
χn1 (p1)χn2 (p2).

11We remind the reader that this term is gauge-depended. In the velocity gauge for example, the Hamiltonian would exhibit the
diamagnetic term instead of the dipole self interaction. However, the bilinear interaction term instead is always present (though the
physical meaning of the photon observables change). See Sec. 1.3.3.

95



CHAPTER 3. LIGHT AND MATTER FROM FIRST PRINCIPLES

The mean field approximation: “Hartree-Fock for QED”

The substantial differences of the coupled electron-photon space become explicitly visible, when we try

to approximate the wave function. Let us as a first example consider the equivalent to the single-Slater-

determinant ansatz of HF theory, which is called the mean field (MF) approximation. This means that we

have to consider the simplest wave function that adheres to the symmetry (3.4), i.e., one basis element of

the coupled many-body space C . This is simply the product of one Slater determinant (the HF ansatz) and

a photon orbital

ΦMF (x1,x2, p) =ΨHF (x1,x2)χ(p)

= 1p
2

(
ψ1(x1)ψ2(x2)−ψ2(x2)ψ1(x1)

)
χ(p),

(3.20)

with the corresponding energy expression

E MF =〈ΦMF |ĤΦMF 〉 (3.21)

=
2∑

k=1
〈ψk |heψk〉+〈χ|hpχ〉−ω

2∑
k=1

〈ψk |λ·r|ψk〉〈χ|pχ〉+
(〈ψ1ψ2|hee |ψ1ψ2〉−〈ψ1ψ2|hee |ψ2ψ1〉

)
.

We see that the MF ansatz (3.20) entirely decouples electron and photon degrees of freedom, which has severe

consequences for the quality of the approximation. This is well-illustrated by discussing the electronic and

photonic subsystems separately. The electronic part of the energy expression is given by

E MF,e =
2∑

k=1
〈ψk |(he + vph)ψk〉+

(〈ψ1ψ2|hee |ψ1ψ2〉−〈ψ1ψ2|hee |ψ2ψ1〉
)

, (3.22)

where we have defined vph(r) =−ω〈χ|pχ〉λ·r. This is structurally the same expression as in HF, but with a

modified local potential and two-body interaction kernel. The photon-part of the energy reads

E MF,ph = 〈χ|hpχ〉−ωλ·R〈χ|pχ〉 , (3.23)

where R =∑2
k=1 〈ψk |rψk〉 is the total dipole of the electronic system. We see that on the photon side, we have

just a harmonic oscillator that is shifted by the electronic total dipole moment.12 The eigenstates of shifted

oscillators are coherent states which are very closely connected to classical fields [89]. Many systems such as

atoms but also many molecules do not have a static dipole, i.e., R = 0. In this case,

E MF,ph = 〈χ|hpχ〉 ,

which yields the photon vacuum-state χ0 as lowest energy state. The photon contribution to the total energy

is the trivial vacuum energy in this case. This important result can be generalized to arbitrary many modes

and particles [39]. We see that the MF approximation entirely neglects the quantum nature of the electron-

photon interaction.

With the ansatz of the form (3.20), we have derived coupled “Maxwell-HF” theory. Within this approach,

we cannot describe quantum properties of the electro-magnetic field beyond coherent states, which are

essentially classical [89, Ch. 2.1]. This is very different for the electronic mean-field theory, i.e., HF. We have

seen in Sec. 2.2 that the antisymmetry of the HF ansatz alone adds the Fock term to the equations, which

12Note that the dipole moment becomes the full electronic current in the general minimal coupling setting.
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is not derivable by any classical theory, and that significantly improves HF over the semiclassical Hartree

theory. On the contrary, the description of any “quantum effect” due to the electron-photon interaction

requires a multi-reference (correlated) wave function.

This does not mean that coupled Maxwell-HF theory or more generally, coupled Maxwell-matter the-

ories are not a reasonable extension of electronic structure theory. A prominent example is the coupled

Maxwell-Kohn-Sham approach, that calculates the Slater determinant of ΦMF with the KS-DFT machin-

ery [236, 237, 23]. Possible applications include the theoretical description of high-harmonic generation

[238], attosecond physics [239] or molecular systems weakly coupled to the modes of a cavity [233]. The

semiclassical approach is especially powerful to investigate time-dependent phenomena, where the solution

of Maxwell’s equations and their self-consistent implementation with the KS equations is highly nontrivial.

Inclusion of correlation: the generalized mean-field ansatz

To investigate the role of the quantum nature of the photon-field in cavity systems, we have to go beyond

the MF approximation. The straightforward way to do so is a more general wave function ansatz, which we

briefly want to discuss in the following.

We have concluded already that the configuration space of the ansatz (3.13) is not practically useful be-

yond very simple systems. If we nevertheless want to employ a wave function, we therefore need to truncate

the configuration space in a reasonable way. For that, we can utilize our knowledge about the electronic sys-

tem that is quite accurately described by, e.g., one Slater determinant (HF or KS-DFT). To make use of this

information, we could try to extend the mean-field wave function in a systematic way with the idea to re-

main as close as possible to the single-reference ansatz in the electronic subsystem. For instance, we could

use the mean-field ansatz ΦMF as a kind of basis and build the full wave function from superpositions of

different such ΦMF →Φr that we denote by an index r. One can see this as the “many-body generalization”

of the cavity-QED models of Sec. 1.2 (from Eq. (1.16) onwards): the Φr represent the electronic “levels” that

are coupled to the states of a photon-mode. We call this the generalized MF ansatz and for our 2-electron-

1-mode example, the corresponding wave function reads

Φg MF (x1,x2, p) =
B∑

r=1
ArΦr (x1,x2, p)

= 1p
2

B∑
r=1

Ar (
ψr

1(x1)ψr
2(x2)−ψr

2(x2)ψr
1(x1)

)
χr (p), (3.24)

where the expansion coefficients Ar ∈ C satisfy the normalization condition
∑B

r=1 |Ar |2 = 1. In this expan-

sion, we have sorted the problem according to the photon states that define different sectors labelled by r .

Note that only the full Slater determinants 〈Φr |Φr ′〉 = δr,r ′ between different photon sectors are orthogonal,

but not the electronic orbitals alone, i.e., 〈ψr
i |ψr ′

j 〉 6= δr,r ′ . Only within one sector r , we have 〈ψr
i |ψr

j 〉 = δi j .13

Clearly, this expansion is equivalent to the full many-body ansatz (3.13) for a complete basis set (B →∞).

The central idea behind Eq. (3.24) is that the number B of included MF statesΦr is small. The corresponding

generalized MF energy expression reads

E g MF =〈Φg MF |ĤΦg MF 〉
=E e

g MF +E ph
g MF +E ep

g MF +E ee
g MF

13If we assumed instead that 〈ψr
i |ψr ′

j 〉 = δi j δr,r ′ , the electronic and photon subsystems would decouple as in the MF description.
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=
B∑

r=1

2∑
k=1

|Ar |2 〈ψr
k |heψr

k〉+
1

2

B∑
r ′,r=1

2∑
k ′,k=1

Ar ′∗Ar 〈χr ′ |hpχr 〉〈ψr ′
k ′ |ψr

k〉

− ω

2

B∑
r ′,r=1

2∑
k 6=l=1

Ar ′∗Ar
(
〈ψr ′

k |λ·r|ψr
k〉〈ψr ′

l |ψr
l 〉−〈ψr ′

k |λ·r|ψr
l 〉〈ψr ′

l |ψr
k〉

)
〈χr ′ |pχr 〉

+
B∑

r=1
|Ar |2 (〈ψr

1ψ
r
2|w |ψr

1ψ
r
2〉−〈ψr

1ψ
r
2|w |ψr

2ψ
r
1〉

)
.

Let us briefly analyze the occurring terms. The purely electronic contribution is just the sum of the standard

MF terms of the involved Slater-determinants,

E e
g MF +E ee

g MF =
B∑

r=1
|Ar |2E e

r +
B∑

r=1
|Ar |2E ee

r ,

where we have defined E e
r =∑2

k=1 〈ψr
k |heψr

k〉 and E ee
r = (〈ψr

1ψ
r
2|hee |ψr

1ψ
r
2〉−〈ψr

1ψ
r
2|hee |ψr

2ψ
r
1〉

)
. This corre-

sponds to B HF problems, which is manageable even for large B .

We continue with the two terms that involve the photon states. Interestingly, we see that the photon

energy term

E ph
g MF = 1

2

B∑
r ′,r=1

2∑
k ′,k=1

Ar ′∗Ar 〈χr ′ |hpχr 〉〈ψr ′
k ′ |ψr

k〉

that in the full many-body description (Eq. (3.17)) was a one-body term (involving only the 〈χr ′ |hpχr 〉)
now also requires the calculation of the overlap integrals 〈ψr ′

k ′ |ψr
k〉 between all the electronic basis elements

of all the photon sectors. Thus, the B HF equations are seemingly coupled due to this term, which spoils

the advantage of the construction. However, we have not yet made use of the freedom to choose the ba-

sis functions χr . For instance, if we choose the eigenstates of Ĥ ph , i.e., Ĥ ph 〈χr 〉 = ω(r + 1
2 )〈χr 〉, we have

〈χr ′ |Ĥ phχr 〉∝ δr ′,r and thus the overlap integrals between the different r-sectors 〈ψr ′
k ′ |ψr

k〉 = 〈ψr
k ′ |ψr

k〉 = δk ′,k

vanish. The energy expression reduces then to

E ph
g MF

Ĥ ph |χr 〉=ω(r+ 1
2 )|χr 〉−→

B∑
r=1

|Ar |2ω(r + 1
2 ). (3.25)

This is exactly the representation that we have employed to derive the cavity-QED models and it makes also

the photon-energy term in this generalized MF description manageable.

The only missing term is the electron-photon interaction that reads

E ep
g MF =−ω

2

B∑
r ′,r=1

2∑
k 6=l=1

Ar ′∗Ar
(
〈ψr ′

k |λ·r|ψr
k〉〈ψr ′

l |ψr
l 〉−〈ψr ′

k |λ·r|ψr
l 〉〈ψr ′

l |ψr
k〉

)
〈χr ′ |pχr 〉 . (3.26)

This most-complicated term of the energy has three different contributions: the transition dipole matrix

elements 〈ψr ′
k |r|ψr

k〉, again the electronic overlap integrals 〈ψr ′
l |ψr

k〉 and the photon-displacement matrix

elements 〈χr ′ |pχr 〉. Since we have chosen a photonic basis, which we know analytically, we can further

simplify this expression. We identify p = 1/
p

2ω(â + â†) and utilize â† |χ〉r =p
r +1 |χ〉r+1 , â |χ〉r =p

r |χ〉r−1

to re-express

〈χr ′ |pχr 〉 Ĥ ph |χr 〉=ω(r+ 1
2 )|χr 〉−→ 2

ω
(
p

r +1δr ′,r+1 +
p

rδr ′,r−1), (3.27)
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which reduces the double-sum over r,r ′ to one sum that couples only neighboring photon sectors. However,

we still have to compute the overlap integrals 〈ψr
l |ψr±1

k 〉 for all combinations of (k,r ) and (l ,r +1).

Instead of the eigenstates of Ĥ ph , we could also choose the eigenstates of p̂, i.e., coherent states as a

photon basis. This would remove all the coupling elements in the E ep
g MF -expression, 〈χr ′ |pχr 〉 → δr,r ′ , in

the same way as the eigenstates of Ĥ ph remove the overlaps in the photon energy before. However, since

[Ĥ ph , p] 6= 0, there is no basis that diagonalizes both operators at the same time and thus, we cannot avoid

the calculation of the overlap integrals: we are fundamentally confronted with the problem of determining

B coupled Slater determinants.

This might seem simpler than solving the standard ansatz (3.13), but instead the configuration space

grows here even faster with the particle number. To see this, we consider the N -electron-1-mode wave

function

Ψ(x1, ...,xN , p) =∑
r

ArΦr (x1, ...,xN , p)

=∑
r

ArΨr (x1, ...,xN )χr (p), (3.28)

with the electronic Slater determinants Ψr (x1, ...,xN ) = 1p
N !

∑
π j ∈PN (−1) jψr

π j (1)(x1) · · ·ψr
π j (N )(xN ), where PN

denotes the permutation group on N elements and the index j is chosen such that it is even (odd) for an

even (odd) permutation πi ∈ SN . With this ansatz, we calculate the electron-photon interaction term

E ep =−ω 1

N !

∑
r ′,r

Ar ′∗Ar 〈χr ′ |pχr 〉

× ∑
πi ,π j ∈PN

(−1)i+ j
(
〈ψr ′

πi (1)|λ·r|ψr
π j (1)〉〈ψr ′

πi (2)|ψr
π j (2)〉 · · · 〈ψr ′

πi (N )|ψr
π j (N )〉

)
. (3.29)

The permutation group PN has N ! many elements over which the double sum in the second line runs. This

means that even if we only take two different photon states into account, we have to calculate in princi-

ple N !2 many integrals. This number is enormous since the factorial function14 x! ≈ p
xxx e−x grows even

faster than the exponential. In a practical calculation many of these integrals would be zero, since the cou-

pled Slater determinants usually do not differ in every basis function. Nevertheless, the principal problem

remains, which illustrates the intrinsic difficulty of the (many-body) description of polaritons.

The only practical way to utilize the efficient description of electronic structure methods in the coupled

setting is to employ the rotating-wave approximation that we have introduced in Sec. 1.2. This means that we

project the wave function on the single excitation space [241], which would remove the r -index in Eq. (3.26).

This is a reasonable approach for certain physical settings, especially for time-dependent systems, if the

photon mode is close to resonance with a matter excitation. However, for the description of ground states,

this approximation breaks down [24] and generalizations are very difficult [96].

3.2 Quantum-electrodynamical density functional theory

The analysis of the previous section showed that a wave function description of coupled electron-photon

problems beyond the mean-field level is quite challenging for larger systems and many modes. However, the

mean-field wave function, i.e., the generalization of the HF ansatz cannot capture the quantum effects due

to the photon interaction, and is thus not sufficient to describe, e.g., strong-coupling phenomena. For that,

14According to Sterling’s approximation for factorials [240, part 4].
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we need first-principles methods that are capable to capture electron-photon correlation. The most efficient

and at the same time very accurate way to describe correlated electronic systems was the KS construction of

DFT that we have introduced in Sec. 2.3. Instead of the wave function, DFT employs the electron (one-body)

density ρ(r) as fundamental variable, which can be very accurately approximated by considering the KS

system, i.e., a non-interacting auxiliary system. We have mentioned already in Sec. 2.3 that the Hohenberg-

Kohn theorem that justifies DFT can be generalized to many other scenarios [166] including Pauli-Fierz

theory and its limits [39, 242]. This allows to define QEDFT, which we want to discuss in the following.

Ruggenthaler et al. formally defined time-dependent QEDFT15 [39] and ground-state QEDFT [242] for

the full hierarchy from the full relativistic regime (neglecting the mathematical problems that we mentioned

in Sec. 1.3.1) to model systems in the long-wavelength limit. These works connect the two precursory pub-

lications by Ruggenthaler et al. [245] in the relativistic regime and Tokatly [246], who first considered the

cavity-QED setting. A possible theoretical framework for the equilibrium phenomena of polaritonic chem-

istry is thus ground-state QEDFT [242].

QEDFT and the KS construction

Let us start with the basic theory of QEDFT in the cavity-QED setting described by Hamiltonian (3.1). We

formally include the time-derivative of an additional external mode-resolved current j̇α16 that couples to

the photon field. The Hamiltonian then reads

Ĥ =
N∑
i

[
1

2
∇2

ri
+ v(ri )

]
+ 1

2

N∑
i 6= j

1

|ri − r j |
+ 1

2

M∑
α

[
−∂2

pα +ω2
α

(
pα+ λα

ωα
·R

)2

+ j̇α
ωα

pα

]
. (3.30)

The ground state of Ĥ is described by a wave function of the form

Ψ(x1, ...,xN , p1, ..., pM ). (3.31)

Note that the external current j̇α plays the same role for the photons as v(r) for the electrons.17 Correspond-

ingly, the pair of internal and external variables that are in one-to-one correspondence are [246]

(ρ(r), {pα})
1:1←→ (v(r), { j̇α}), (3.32)

where

ρ(r) =〈Ψ|ρ̂(r)Ψ〉 =
∫

drN−1rdM pΨ∗(r,r2, ...,rN , p1, ..., pM )Ψ(r,r2, ...,rN , p1, ..., pM ), (3.33a)

is the one-body density as in standard DFT and

pα =〈Ψ|pαΨ〉 =
∫

drN rdM pΨ∗(r1,r2, ...,rN , p1, ..., pM )pαΨ(r1,r2, ...,rN , p1, ..., pM ). (3.33b)

15For the time-dependent setting is not captured by the Hohenberg-Kohn theorem, but needs to be generalized. This has been
shown first by Runge and Gross [243] for the special case of analytical external potentials and was generalized to a very broad range of
potentials by van Leeuwen [244].

16Note that we have to consider the time-derivative because of the chosen length-gauge, where pα is proportional to the displacement
field. In the velocity gauge for example, we would use the vector potential as principal variable, which couples directly to external
currents. Thus, strictly speaking, we consider a quasi-static situation here. In practice, this is just a technical detail and thus, we will
not further comment on the time-derivative.

17Note that in the time-independent case, j̇α is equivalent to an external vector-potential [242]. We thus do not have to consider
external vector-potentials in addition to j̇α, which is in contrast to the (most general) time-dependent case.
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is the expectation value of the displacement-field of mode α.

To facilitate the functional construction, the obvious next step is to consider an auxiliary system that we

can describe efficiently. The straightforward generalization of the KS system in DFT, is a non-interacting or

mean-field system in the coupled space, i.e., a system described by the mean-field wave function

Φs (r1, ...,rN , p1, ..., pM ) = |ψ1(r1) · · ·ψN (rn)|−χ1(p1) · · ·χM (pM ) (3.34)

that we discussed in the previous section for N = 2 and M = 1. We call this the KS construction for QEDFT

(KS-QEDFT) and for the electronic orbitals ψi , the according KS equations read

εiψi (r) =
[
− 1

2∇2 + vs (r)+
M∑
α

(
ωα 〈pα〉+λα · 〈R〉)λα · R̂

]
ψi (r). (3.35)

Note the we explicitly included the expectation value of the displacement 〈pα〉 = 〈Φs |pαΦs〉 of the photon

field modes and the expectation value of the total dipole 〈R〉 of the matter system. We explicitly added the

〈·|·〉 symbol to differentiate these mean values from the operator R̂. The whole last term in Eq. (3.35) thus

represents the mean-field contribution of the electron-photon interaction term (see the according term in

Eq. (3.21)), i.e., the straightforward generalization of the electronic Hartree part potential (see Eq. (2.36)).

The KS potential

vs (r) = v(r)+ ve
H xc [ρ, {pα}](r)+

M∑
α

v ph
α,xc [ρ, {Pα}](r) (3.36)

of KS-QEDFT consists of three main parts. The first two terms are equivalent to KS-DFT, where v(r) is the

external potential and ve
H xc is the usual Hartree-exchange-correlation potential (cf. Eq. (2.57)) that describes

the Coulomb interaction between the electrons. The third term is new and constitutes the (mode-resolved)

photonic exchange-correlation potential v ph
α,xc that accounts for the electron-photon correlation.

The equations for the photonic subsystem are much simpler because the coherent states of the mean-

field ansatz can be equivalently described by their mean-value which are the (classical) displacement coor-

dinates pα. The corresponding eigenvalue problem is given by the time-independent Maxwell’s equations.

These reduce to the trivial equality

ω2
αpα =ωαλ · 〈R〉+ j̇α

ωα
. (3.37)

The problem of a non-interacting KS system

This shows again the difficulty of the time-independent electron-photon problem: If we consider the case,

where j̇α = 0 and R = 0,18 the photon part of the KS system does not contribute to the solution. Additionally,

we lose all the mean-field part of the Kohn-Sham equations that in this scenario read

εiφi (r) = [− 1
2∇2 + vs (r)

]
φi (r). (3.38)

It is important to realize how general this situation is, since it includes all atoms and also all molecules that

are aligned in a inversion-symmetric way with respect to the polarization direction such that λ · 〈R〉 ≡ 0.

18This is the case for, e.g., all centrosymmetric potentials v(r) = v(−r), where 〈R〉 =∑N
i=1 〈ri − r0〉 ≡ 0, if we chose the center of mass as

the reference r0 for the dipole-operator.
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For example, all the concrete problems that we will discuss in the rest of this thesis will be systems of this

category.

On the one hand, this means a simplification of the problem. We only need to solve a set of KS equations

that are exactly as difficult to solve as the purely electronic system. On the other hand, this means that all

quantum effects due the photon field are carried by the new exchange-correlation potential v ph
α,xc , which

we do not know. Additionally, we do not have direct access to non-classical observables of the photon field

as, e.g., the photon-number. The reason behind this is obviously our choice of a non-interacting auxiliary

system. Since there is no symmetrization between the electronic and photonic Hilbert space, we cannot gain

“quantumness” only by considering a properly symmetrized ansatz. In other words, there is no exchange

contribution of the electron-photon interaction.

Dynamics vs Statics in QEDFT

As we have mentioned in the beginning, QEDFT was first formulated for the time-dependent case, which

means that we have to solve the time-dependent version of the coupled KS equations (3.35) and (3.37) self-

consistently. So far QEDFT was mainly applied in this setting, which we therefore briefly want to discuss.

Interestingly, the accurate description of many time-dependent problems is actually easier with QEDFT than

of ground states. The principal reason is that in the time-dependent case, already the mean field, i.e., the

classical electromagnetic field does contribute nontrivially to the problem. The simplest approximation of

such a time-dependent QEDFT just disregards v ph
α,xc completely, which is equivalent to the Maxwell-Kohn-

Sham approach that we have mentioned in Sec. 3.1 and which leads to a very good description of the weak

(and sometimes intermediate) coupling regime. For instance, the linear response of many systems is cap-

tured well [233]. It has also been shown how one can in principle include the nuclear dynamics into the

description and present accurate results on the level of Ehrenfest dynamics (nuclear mean field) [247, 248].

A good overview about the applicability and the actual state of (time-dependent) QEDFT can be found in

the review by Flick et al. [249].

As a final comment for the time-dependent case, we would like to mention the publication of Wang

et al. [250], in which the authors connect QEDFT to cavity-QED models. They show that indeed for small

coupling strengths the cavity-QED models describe the principal physics very accurately. This is a first step

in the direction of one of the important applications of first-principles theory, that is to define the range of

applicability of model descriptions.

Photon-exchange-correlation

Despite the interesting results that have been obtained on the mean-field level and the many conceptual

insights that we could gain already only by establishing the general theory of QEDFT, we have to go beyond

that for our ground state problem. Thus, we are faced with the most difficult part of every type of DFT, i.e.,

the approximation of the unknown exchange-correlation functional v ph
α,xc . Only one functional has been

proposed so far by Pellegrini et al. [251], which is a generalization of the optimized effective potential (OEP)

approach to standard DFT (see Sec. 2.3). This approach allows to construct a functional on the basis of per-

turbation theory by using a connection to the Green’s function formalism [144]. Based on this connection,

Pellegrini et al. developed the photon OEP, which considers a lowest order perturbative correction of the ef-

fective potential, i.e., it takes one-photon processes into account. This is the straightforward generalization

of the exact-exchange approximation in KS-DFT that we have mentioned in Sec. 2.3. As in the electronic

case, the photon OEP goes beyond standard perturbation theory, which is used to calculate a correction to
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an already determined ground state. Instead, the photon OEP is a nonlinear functional of ρ that has to be

included self-consistently when we solve the KS equations.

Unfortunately, using the photon OEP in practice is numerically very expensive and difficult to con-

verge [247]. This is a well-known problem of the OEP approach (regarding photonic or electronic cor-

rections) and the reason why the OEP is rarely used explicitly. Instead, the Krieger-Li-Iafrate approxima-

tion [252] is very common that captures the main features of the OEP quite accurately for relatively low

computational costs and good convergence properties [253]. Unfortunately, the generalization of the KLI-

approximation for the photon OEP is severely less accurate than in the electronic case and thus not very use-

ful in practice [247]. Another severe drawback of the OEP functional with regard to strong-coupling physics

is its limitation to one-photon processes. Flick et al. [247] analyzed this for an exactly solvable system and

came to the conclusion that the photon OEP starts to fail, when two-photon process become important in

the electron-photon interaction. Since this is a hallmark of the strong-coupling regime, we need functionals

that go beyond the photon OEP to describe many of the phenomena of polaritonic chemistry.

Comparing to the history of DFT, it seems very probable that once an accurate photon-exchange-correlation

functional has been found, KS-QEDFT will become the standard tool to describe coupled electron-photon

problems. However, there are also alternative routes as we will show in part II that provide a valuable addi-

tional perspective. This might be helpful not only for the functional construction (see also the Outlook in

part IV) but also for possible scenarios, where such a future functional is inaccurate. For instance, the emer-

gence of polaritons in the strong-coupling regime shows that the electronic and photonic subsystems are

strongly mixed, which corresponds to a strongly correlated character of the wave function. The experience

from KS-DFT shows that the non-interacting auxiliary system is not a good starting point to describe such

systems. It is thus possible that we will face a similar challenge, when we want to describe strongly-coupled

systems with KS-QEDFT.

3.3 Reduced Density Matrices in QED

In this section, we generalize the concept of reduced density matrices (RDMs) to the coupled electron-

photon space. Although in principle straightforward, the coupled light-matter problem poses many new

challenges to an RDM description, because of the special form of the electron-photon interaction that is

not particle-conserving. Nevertheless, it is possible to define a variational RDM theory and RDMFT (QED-

RDMFT) also in the coupled setting.

3.3.1 Reduced density matrices for the electron-photon space

We start with the generalization of the concept of RDMs to the coupled electron-photon problem. For that,

we analyze an N -electron-M-mode system in terms of the RDM description, following the same procedure

as in Sec. 2.4.1 for the N -electron problem. We follow here the section Reduced density matrices for coupled

light-matter systems of Ref. [1]. To ease reading, we shortly recapitulate the most important definitions of

Sec. 3.1.

We consider the cavity-QED Hamiltonian

Ĥ =
N∑
i

[
1

2
∇2

ri
+ v(ri )

]
+ 1

2

Ne∑
i 6= j

qi q j

|ri − r j |
+ 1

2

M∑
α

[
−∂2

pα +ω2
α

(
pα+ λα

ωα
·R

)2]
, (cf. 3.1)
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which we split for later convenience in the contributions

Ĥ = T̂ + V̂ +Ŵ + Ĥph + Ĥi nt + Ĥsel f ,1 + Ĥsel f ,2, (3.39)

where

T̂ =
Ne∑
i

1

2
∇2

ri
, V̂ =

Ne∑
i

v(ri ), Ŵ = 1

2

Ne∑
i 6= j

qi q j

|ri − r j |
,

Ĥph = 1

2

Mph∑
α

[
−∂2

pα +ω2
k p2

α

]
, Ĥi nt =−

Ne∑
i

Mph∑
α
ωαpαλα · ri ,

Ĥsel f ,1 =
1

2

Ne∑
i=1

(
λα · r j

)2 , Ĥsel f ,2 =
1

2

Ne∑
i 6= j=1

(λα · ri )
(
λα · r j

)
.

The Hamiltonian (3.1) has eigenstates of the form

Ψ(x1, ...,xN , p1, ..., pM ), (cf. 3.2)

where x = (r,σ) are spin-spatial coordinates. The wave function Ψ is antisymmetric with respect to the

exchange of any two x j ↔ xk and depends on M photon-mode displacement coordinates pα (see Sec. 3.1.1).

Though RDMs and their properties are quite general objects that can be defined with respect to any wave

function or density matrix, their form and their role is most obvious, when we calculate expectation values.

The prime example is the energy expression that we use to define the ground state of a system. According

to the variational principle, the ground state of the Hamiltonian (3.1) is the (possibly degenerate) state that

has the lowest energy expectation value

E0[Ψ] = inf
Ψ

〈Ψ|ĤΨ〉 . (3.40)

We have discussed already that this minimization is not useful in practice, since it is has to be performed over

the configuration space spanned by all possible many-body wave functions, which builds the exponential

wall. However, the full wave function is usually not necessary to compute the energy expectation value but

typically only RDMs are sufficient. This reduces the configuration space enormously because the coordinate

dependence of RDMs is independent of the particle number (see Sec. 2.4).

The RDM perspective and coupled light-matter systems

In analogy to Def. (2.77), let us now define the qRDM for photons or, more generally, bosons by integrating

over all but q particle-coordinates. For that, we need an according wave function representation as dis-

cussed in Sec. 3.1.1 (Φ̃ in Eq. (3.10)). Thus, we consider an Nb boson state in the representationψb(α1, ...,αNb )

and define the corresponding bosonic qRDM

Γ
(q)
b (α1, ...,αq ;α′

1, ...α′
q ) = Nb !

(Nb−q)!

M∑
αq+1,...,αNb

=1

ψ∗
b (α′

1, ...,α′
q ,αq+1, ...,αNb )ψb(α1, ...,αq ,αq+1, ...,αNb ). (3.41)

Equivalently to the electronic case, we denote the 1RDM by γb(α,β) = Γ(1)
b (α;β). But this definition is not

sufficient to describe expectation values of the Hamiltonian (1.37). Because of the form of the electron-
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photon interaction, the number of photons is undetermined and we need to work with Fock-space wave

functions |Φ〉. For the 1RDM, we generalize the definition (3.41) as

γb(α,β) = 〈Φ|â†
β

âαΦ〉 =
∞∑

Nb=0
Nb

(
M∑

α2,...,αNb
=1
ψ∗

b (β,α2, ...,αNb )ψb(α,α2, ...,αNb )

)
. (3.42)

We see here why the coordinate-representation is normally not used for photon states. Since their particle-

number is usually not fixed, the description becomes highly cumbersome. The abstract definition of |Φ〉
together with the annihilation (creation) operators â(†)

α are much simpler. Thus, we consider in the following

the general bosonic Fock-space qRDM directly via

Γ
(q)
b (α1, ...,αq ;α′

1, ...,α′
q ) = 〈Φ|â†

α′
1
· · · â†

α′
q

âαq
· · · âα1

Φ〉 . (3.43)

The fermionic and bosonic RDMs can be extended to the coupled fermion-boson case straightforwardly by

just integrating/summing out the other degrees of freedom. That is, if we have a general electron-boson

state of the form of Eq. (3.2) we can accordingly define Γ(q)
e ≡ N !

(N−q)!

∑
σ1,...,σN

∫
d3(N−q)r dM p Ψ∗Ψ as well as

Γ
(q)
b ≡ 〈Ψ|â†

α′
1
· · · â†

α′
q

âαq · · · âα1Ψ〉.19

In a next step, we see whether these standard ingredients of RDM theories are sufficient to express the

energy expectation value of the Hamiltonian of Eq. (3.1). For the purely electronic part, the different contri-

butions can be expressed either explicitly by the electronic 1RDM or by the electronic 2RDM. As the general

prescription of Def. (2.77) tells us, all expectation values of the single-particle operators of Ĥ are given in

terms of the 1RDM. These are the standard electronic operators T̂ and V̂ but also the single-particle part of

the dipole self-energy Ĥsel f ,1. We can thus write

T [γe ] =
∫

d3r
[− 1

2∇2
r

]
γe (r;r′)|r′=r, (3.44a)

V [γe ] =
∫

d3r
[
v(r)

]
γe (r;r), (3.44b)

Hsel f ,1[γe ] =
∫

d3r

[
M∑
α=1

1
2 (λα · r)2

]
γe (r;r) (3.44c)

as functionals of γe . The latter two energies are actually functionals of merely the electronic density ρ(r) =
γe (r;r). As before, the subscript |r′=r indicates that r′ is set to r after the application of the semi-local single-

particle operator − 1
2∇2

r . The expectation value of the electronic interaction energy Ŵ and the two-body part

of the dipole self-energy Ĥ (2)
d are given in terms of the (diagonal) of the 2RDM by

W [Γ(2)
e ] = 1

2

∫
d3r d3r ′w(r,r′)Γ(2)

e (r,r′;r,r′), (3.45a)

H (2)
d [Γ(2)

e ] = 1
2

∫
d3r d3r ′

[
M∑
α=1

(λα · r)
(
λα · r′

)]
Γ(2)

e (r,r′;r,r′). (3.45b)

Hence, for the electronic operator expectation values little changes in comparison to a purely fermionic

problem, except that we have a coupled electron-boson wave function and the extra contributions of the

dipole self-energy. For the purely bosonic part of the coupled Hamiltonian we can do the same and find (see

19Note that to actually calculate the latter case, we have to employ the connection (3.9).
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App. A.1 for further details about the Hamiltonian for different representations)

Hph[γb] = 〈Ψ|
{

M∑
α=1

[
− 1

2
∂2

∂p2
α
+ ω2

α
2 p2

α

]}
Ψ〉 =

M∑
α=1

(
ωα+ 1

2

)
γb(α,α). (3.46)

We see that the photon-energy functional resembles structurally exactly the electronic one-body expres-

sions (3.44a). This is of course due to the construction of RDMs, but nevertheless it is remarkable, since

we deal with two different particle classes. The underlying exchange symmetry of an RDM is instead en-

coded in what we introduced in Sec.2.4.1 as N -representability conditions. For the 1RDM of (fermionic

or bosonic) ensembles, the conditions are simple and they are most easily expressed in the eigenbases

γe/b = ∑
ne/b

i

(
φi

e/b

)∗
φi

e/b , where the φi
e/b are called the natural orbitals and the ni

e/b the natural occupa-

tion numbers. Then, the conditions are

0 ≤ne
i ≤ 1, (3.47a)

0 ≤nb
i , (3.47b)

for fermions and bosons, respectively. Let us recall our example of the n = n1 + ...+nM -boson state that

describes, e.g., photons occupying mode 1 with n1, mode 2 with n2 photons etc. From the definition of

the bosonic 1RDM it is obvious that ni ≡ nb
i in the above expression and thus, we see how the bosonic

character of photons is directly transferred to the N-representability condition. In practice, this means that

any positive-semidefinite matrix can be a bosonic 1RDM, which makes the conditions much less stringent

than in the fermionic case, where the Pauli-principle translates to the upper bound for the ne
i . Additionally,

if the particle number Ne/b of one species of the system is conserved, the respective sum-rule

∞∑
i=1

ne/b
i = Ne/b (3.48)

becomes a second part of the N -representability conditions. Thus, in our case, we have yet another con-

dition for the electronic part of the system, but no further bounds for the photons. We mention this here

to stress that the 1RDM N -representability conditions for electrons reduce the configuration space of valid

1RDMs quite strongly. If we want to build some kind of RDMFT, this is on the one hand numerically chal-

lenging, because we have to test these conditions, but on the other hand it is really helpful, because then

any approximation to the interaction functional needs to carry less “information.” We discussed in Sec. 2.4

a similar example of the more stringent N -representability conditions that refer to pure-states and not only

ensembles. Theophilou et al. [206] showed that enforcing the pure-state conditions in RDMFT yield more

accurate results than enforcing only the ensemble conditions for the same functional. This indicates that

the functional construction in a theory that is based on the photonic 1RDM might be more difficult.

The problem of the electron-photon coupling: we need a new type of RDM

However, the coupled electron-photon theory provides us even more intricate problems in terms of RDMs

and representability conditions. The bilinear coupling term Ĥi nt , which is the key quantity of the coupled

theory cannot be treated by the qRDMs, that we have defined in Def. (2.77) and Eq. (3.43). Formally, we

could write

HI [Γ(3/2)
e,b ] =〈Ψ|

[
M∑
α=1

−ωαpαλα · D̂

]
Ψ〉
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3.3. REDUCED DENSITY MATRICES IN QED

=
M∑
α=1

−ωα 〈Ψ|
[√

2

ωα

(
â†
α+ âα

)
λα · D̂

]
Ψ〉 , (3.49)

with a new reduced quantity that mixes light and matter degrees of freedom and can be interpreted as a

“3/2-body” operator Γ(3/2)
e,b (α;r,r′). This can be best understood, if we also lift the continuous fermionic

problem into its own Fock space and introduce genuine field operators ψ̂†
e (rσ) and ψ̂e (rσ) with the usual

anti-commutation relations. Similarly to the discussed bosonic case, the electronic RDMs can then be writ-

ten in terms of strings of creation and annihilation field operators [254]. We re-express

〈Ψ|
[(

â†
α † âα

)
λα · D̂

]
Ψ〉 =∑

σ

∫
d3r 〈Ψ|

[(
â+
α + âα

)
ψ̂†

e (rσ)ψ̂e (rσ) (λα · r)
]
Ψ〉

and define

Γ(3/2)
e,b (α;r,r′) =∑

σ
〈Ψ|

[(
â†
α+ âα

)
ψ̂†

e (rσ)ψ̂e (r′σ)
]
Ψ〉 . (3.50)

We can now re-write Eq. 3.49

HI [Γ(3/2)
e,b ] =

M∑
α=1

−
√

2ωα

∫
d3r (λα · r)Γ(3/2)

e,b (α;r,r). (3.51)

The “property” of the bilinear interaction term to create/annihilate bosons by interacting with the electronic

subsystem is thus directly connected to the half-integer index of the corresponding RDM. This is clearly the

straight-forward generalization of the qRDMs. However, this definition is only useful if we understand its

properties. First of all, we note that the 3/2-body RDM has in general no simple connection to any qRDM,

similarly to the connection formula (2.84), even if we extend the definitions to include combined matter-

boson qRDMs. If we consider for example the integration
∫

drΓ(3/2)
e,b (α;r,r), we will have a function that

depends only onα and thus will be related to some kind of a bosonic 1/2-body RDM. We refrain at this point

from a precise definition of such half-body objects since we will not further discuss them. However, one

obvious reason for this is that qRDMs conserve particle numbers, while half-body RDMs do not.

We want to finish this discussion with a simple example, that shows that the information of the photonic

1RDM γb(α,β) = 〈Φ|â†
β

âαΦ〉 is different from the photonic 1/2RDM Γ(1/2)
b (α) = 〈Φ|â†

β
Φ〉. In the special case

that |Φ〉 consists only of coherent states for each mode (which essentially means that we have treated the

photons in mean field) and since the coherent states are eigenfunctions to the annihilation operators, we

find γb(α,β) = d∗
β

dα, where dα is the total displacement of the coherent state of mode α. In this case we

also know 〈Φ|â†
β
Φ〉 = d∗

β
. If we now assume all but one mode, say mode 1, having zero displacement, then

we only know γb(1,1) = |d1|2 from the bosonic 1RDM. We do, however, in general not know what d∗
1 is. For

other states, such a connection is even less explicit.

Variational RDM theory for NR-QED: The representability problem

Putting the interrelations among the different RDMs aside for the moment, the minimization for the coupled

matter-boson problem can be reformulated by

E0 = inf
Ψ

〈Ψ|ĤΨ〉

= inf
{γe ,Γ(2)

e ,γb ,Γ(3/2)
e,b }→Ψ

{
(T +V ) [γe ]+ (W +Hd ) [Γ(2)

e ]+Hph[γb]+HI [Γ(3/2)
e,b ]

}
. (3.52)
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So in principle, we could replace the variation over all wave functions Ψ by their respective set of RDMs

needed to define the energy expectation values. Instead of varying over the full configuration space (x1, ...,xN ,

p1, ..., pM ), the above reformulation seems to indicate that we can replace this by varying over (r,r′) for the

diagonal of Γ(2)
e and also for the 1RDM γe together with a variation over (α,β) for γb and over (α,r) for Γ(3/2)

e,b .

Such a reformulation is the basis of any RDM theory, and for electronic systems the properties of RDMs have

been studied for more than 50 years [195]. As we have seen in Sec.2.4 for the electronic case, this seeming re-

duction of complexity is deceptive. The many-body problem has merely been shifted to the representability

conditions of the RDMs. Although the conditions are simple for 1RDMs of ensembles, for any higher order

RDM, they are extremely complicated.

Let us transfer the representability question to the present case. In order to find physically sensible re-

sults, we cannot vary arbitrarily over the above RDMs but need to ensure that they are consistent among

each other and that they are all connected to the same physical wave function. This is indicated in Eq. (3.52),

where {γe ,Γ(2)
e ,γb ,Γ(3/2)

e,b } →Ψ highlights that the RDMs are contractions of a common wave function. Thus,

we are confronted with two new difficulties in the coupled case: consistency between the RDMs and rep-

resentability with respect to one wave function. In the purely electronic problem, all the occurring RDMs

are connected and thus, we can calculate the energy expectation value only by one single object, the 2RDM.

Consequently, we just need to bother about the representability problem Γ(2)
e →Ψ. For the coupled case,

we still have the connection between γe and Γ(2)
e , but we cannot connect them to the other RDMs. There

is also no kind of coupled higher order RDM that by different contraction yields all the others as we dis-

cussed before. Thus, we need to treat all the three objects {Γ(2)
e ,γb ,Γ(3/2)

e,b } together and find representability

conditions for this set. The insights from electronic theory might be helpful here, but they are not gen-

eralizable in a straightforward way. One of the crucial new problems is the underlying Fock-space for the

photon-degrees of freedom. As the name suggests, N -representability conditions are always defined with

respect to a constant particle number. These considerations show yet from a different perspective how in-

tricate a many-body description of the coupled-electron photon problem is, and this even in the simplest

dipole-approximated case.

3.3.2 QED-RDMFT

From the analysis of the last subsection, we gained yet another point of view on the difficulties of the

electron-photon interaction. Transferring concepts from electronic-structure theory is also from an RDM

perspective far from trivial and provides us with many interesting research questions. In this last part of the

section, let us see how far we can get with a “conservative” approach that is to generalize electronic RDMFT

to its QED version in the same way as Ruggenthaler [242] generalized DFT. To the best of our knowledge, the

proof of the according Hohenberg-Kohn like theorem has not been published in the literature and thus, we

present it in the following

We will show the proof for the full Pauli-Fierz theory with minimal coupling and only afterwards show

its form for the cavity setting of Hamiltonian (3.1). We follow Gilbert’s proof [199] of a one-to-one mapping

between the von-Neumann density matrix of the system and the “internal” pair of (γ(r,r′),A(r)), where γ is

the electronic 1RDM and A the vector potential of the coupled electron-photon ground state. The corre-

sponding “external” pair is (v(r,r′), j(r)), where v is a possibly non-local external potential and j an external

charge current. As in electronic RDMFT, there is no unique v corresponding to a given γ. For the sake of

generality, we will present the proof in SI units.
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Basic Definitions

We consider non-relativistic QED in the setting that we introduced in Sec. 1.3.1, i.e., we neglect any form of

spin-dependence of the Hamiltonian (e.g., due to the Stern-Gerlach term) and quantize the theory in the

Coulomb gauge where for the vector potential holds ∇ · A = 0. Thus, the corresponding vector-potential

operator is purely transversal.20 We then expand

Â(r, t ) =
√

~c2

ε0L3

∑
k,σ

εk,σp
2ωq

(
âk,σe ik·r + â+

k,σe−ik·r
)

, (3.53)

where we assume a quantization box with side-length L, leading to allowed wave vectors k = 2πn/L (n ∈Z3)

and corresponding frequencies ωk = c|k|. The index σ = {1,2} denotes the transversal polarization direc-

tions and the corresponding polarization vectors obey εk,σ · εk,σ = δσ,σ′ and εk,σ ·k = 0. The expansion co-

efficients become the usual creation (annihilation) operators â(†)
k,σ with (transversal) commutation relations

[âk,σ, â†
k,σ] = δσ,σ′δT (k−k′), where δT is the transversal delta-distribution. We denoted the vacuum permit-

tivity with ε0, the speed of light with c and the Planck constant with ~. We consider a classical external charge

current j that because of the transversality of A enters also only by its transversal component. We expand j

in the modes of the quantization box, i.e.,

j(r) =
√

ε0~
L3

∑
k,σ
ωk

εk,σp
2ωq

(
jk,σe ik·r + j∗k,σe−ik·r

)
, (3.54)

with expansion coefficients jk,σ = j∗−k,σ = (2ω3
kε0~L3)−1/2

∫
d3r εk,σ · j(r)exp(−ik · r). We couple this field to N

non-relativistic electrons. The Hamiltonian of the full coupled system reads then (cf. Def. 1.2)

Ĥ =
N∑

i=1

{
1

2m

(
−i~∇i + e

c
Â(ri )

)2
−ev(ri ;r′i )

}
+ 1

2

N∑
i , j=1

e2

|ri − rk |
+∑

k,σ
~ωk(â†

k,σâk,σ+ 1
2 )−∑

k,σ
~ωk(âk,σ j∗k,σ+ â†

k,σ jk,σ), (3.55)

where m is the electron mass, and e the elementary charge. We introduced now a general non-local external

potential v(r;r′) that acts on a function f (r) in an integral sense as v̂ f (r) = ∫
d3r ′v(r;r′) f (r′). Note that for the

time-independent case, introducing an external vector potential is equivalent to an external current [242].

The physical charge current that is preserved in a time-independent setting (because it obeys the continuity

equation) reads

Ĵ(r) = ĵP (r)− 2

mc
n̂(r)Â(r), (3.56)

where

ĵP (r) = ie~
2m

N∑
i=1

(δ(r− rk )
→∇k −

←∇kδ(r− rk )) (3.57)

is the paramagnetic current and n̂(r) = −e
∑N

i=1δ(r− rk ) is the charge density operator. Note that by intro-

ducing the term e2

|ri−rk | , we assumed already the L →∞ limit.

20For notational convenience, we use in this subsection the symbol A to denote the transversal vector potential.
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The Hamiltonian (3.55) is a hermitian operator on the Hilbert space

H=HN
A ⊗F,

where HN
a is the antisymmetric Hilbert space of N electrons and F is the photon Fock space (see Sec. 3.1.1).

We denote the eigenstates of Ĥ with |Ψi 〉, i.e., they satisfy the static Schrödinger equation Ĥ |Ψi 〉 = Ei |Ψi 〉.
The |Ψi 〉 can be parametrized by N 4-dimensional spin-spatial coordinates x = (r,σ) and some parametriza-

tion of the photon degrees of freedom that we denote byα= (k,σ). We choose this representation in analogy

to the real-space representation of the electrons. Note however that this description is only well-defined in

the mode-space and the “back-transformation” to real space is problematic.21 We then define

Ψ(r1, ...,rN ,α1,α2, ...) = 〈r1, ...,rN ,α1,α2, ...|Ψ〉 , (3.58)

where we leave the exact number of photons arbitrary, because it is not determined by the Hamiltonian.

More generally, we will not only consider pure states, i.e., the eigenstates |Ψi 〉 of Ĥ , but ensembles of such

eigenstates that are described by the density matrix

D(r1, ...,rN ,α1,α2, ...;r′1, ...,r′N ,α′
1,α′

2, ...) =∑
i

wiΨi (r1, ...,rN ,α1,α2, ...)Ψ∗
i (r′1, ...,r′N ,α′

1,α′
2, ...), (3.59)

where 0 ≤ wi ≤ 1, and
∑

i wi = 1, making the set P N∞ of all such D convex (see Sec. 2.4.1). In the following, we

are interested in the electronic one-body reduced density matrix (1RDM)

γ(r,r′) =N
∫

dx2 · · ·dxN dq1dq2 · · · D(r1, ...,rN ,α1,α2, ...;r′1,r2...,rN ,α1,α2, ...)

=γ[D], (3.60)

and the expectation value of the vector potential operator from Eq. (3.53), i.e.,

A(r) = tr[DA]. (3.61)

Gilbert’s theorem for NR-QED

With these definitions, we are now set to show the following correspondence

(v, j) −→ D0
1:1←→ (γ0,A0). (3.62)

We will do this in two steps. First, we show that the pair (v, j) determines the (non-degenerate) ground state

density-matrix D0 =Ψ0Ψ
∗
0 (though the opposite is not true in general) and then, we will show the one-to-

one correspondence between D0 and the pair (γ0,A0), where γ0 = γ[D0] and A0 = Tr[D0A]. This proof is a

direct generalization of Gilbert’s proof [199] and establishes QED-RDMFT.

The first part is to show that we can associate to every pair (v, j ) a corresponding ground state density

matrix D0. This is however simple, because the pair (v, j) consists of the only external parameters in the

21The concept of a real-space photon wave function is the object of a long-standing debate and a good summary of this debate can
be found in [89, Chap. 1.5.4]. For the concrete example of a one-photon-wave function in real-space and its connection to mode-space,
the reader is referred to, e.g., Ref. [255]. The author considers there the spontaneous emission process of an atom and shows that the
photon wave function diverges at the position of the atom. However, for all other positions, it is well-defined and makes physically
sense. This is a good example of the problem: there are several ways to define a photon wave function in real-space that are reasonable,
but they are all limited in a similar way as the example of Ref. [255].
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Hamiltonian and thus we can label the Hamiltonian as

H = H(v, j).

Obviously, we can also label the (unique) ground state of H(v, j) in the same way, i.e., D0 = D0(v, j). However,

the opposite is not true, i.e., we cannot label v(D), because there are v 6= v ′ that have the same ground state

density matrix D0 = D ′
0. Take for instance a non-interacting N -electron system that consists only of one-

body terms. The Hamiltonian Ĥ = ∑N
i=1 = −1/2∇2

i + v(ri ;r′i ) of such a system per construction commutes

with γ=∑
i niφ

∗
i (r′)φi (r) and thus the ground state is simply the Slater determinant of the lowest N natural

orbitals φ1, ...,φN . Consider now the nonlocal potential v +δv , with δv(r;r′) = ∑∞
i j=N+1 vi jφ

∗
i (r′)φ j (r) that

only depends on the unoccupied natural orbitals. Obviously, v +δv is different from v , but both potentials

lead to the same ground state, since they differ only in the unoccupied subspace.22 Thus, there are infinitely

many non-interacting systems with different nonlocal potential that have the same ground state and thus,

one cannot construct a KS-like auxiliary system in (zero-temperature) RDMFT.23 In DFT, there is instead a

unique KS system for every density, since we consider only local potentials that cannot separate between the

occupied and unoccupied space [165]. Thus there is a one-to-one correspondence between such potentials

and the density. However, to define RDMFT (or QED-RDMFT), we do not need this unique mapping as

Gilbert has pointed out [199].

Let us now prove the second part of the theorem, i.e., the one-to-one correspondence between ground

state density matrix D0 and the internal variables (γ0,A0). We do so by reductio ad absurdum and show that

the opposite assumption leads to a contradiction. Thus, we considering two Hamiltonians H(v1, j1), H(v2, j2)

that have to two different ground states D1
0,D2

0 but the same (γ1
0,A1

0) = (γ2
0,A2

0) = (γ0,A0). We have then

E 1
0 = Tr[D1

0 H(v1, j1)] <Tr[D2
0 H(v1, j1)]

=E 2
0 +

∫
drdr′γ2(r,r′)

(
v1(r,r′)− v2(r,r′)

)−∫
drA2(r)

(
j1(r)− j2(r)

)
E 2

0 = Tr[D2
0 H(v2, j2)] <E 2 = Tr[D1

0 H(v2, j2)]

=E 1
0 +

∫
drdr′γ1(r,r′)

(
v2(r,r′)− v1(r,r′)

)−∫
drA1(r)

(
j2(r)− j1(r)

)
,

Since (γ1, j1) = (γ2, j2), the sum of both inequalities leads to

E1 +E2 < E1 +E2,

which is obviously a contradiction. Thus, we have proven the assumption.

We can trivially transfer this proof to the dipole-Hamiltonian (3.1) including an external current, cf. Eq.

(3.30), that we have employed also for the QEDFT mapping. Therefore, we have

(v(r,r′), {pα}) −→ D0
1:1←→ (γ(r,r′), { j̇α}) (3.63)

22Note that conversely, such a construction is not possible, if all natural orbitals have a non-zero occupation number. In this case,
the mapping is unique. It has been conjectured that this is the case for Coulomb systems, but there is still no general proof [256].

23 If we however generalize the description to grand-canonical ensembles, the mapping between γ and v is indeed unique for all
systems [200].
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QED-RDMFT in practice

We want to conclude the subsection with a small discussion of the applicability of QED-RDMFT. We employ

our basic setting, i.e., Hamiltonian (3.1) and consider again wave functions, since the ground state of a closed

system is pure and does not require the ensemble construction.

The proof of the last paragraph is the justification to employ QED-RDMFT in practice. The first step for

this is the definition of the energy functional to identify the corresponding unknown parts, especially the

photon exchange correlation functional. We can directly conclude from our discussion in Sec.3.3 that we

will have to find approximations for

EXC ,ph[γ, { j̇α}] =〈Ψ[γ, { j̇α}]|[Ĥi nt + Ĥsel f ,2
]
Ψ[γ, { j̇α}]〉 , (3.64)

where

Ĥi nt =−
N∑
i

Mph∑
α
ωαpαλα · ri (3.65)

Ĥsel f ,2 =
1

2

Ne∑
i 6= j=1

(λα · ri )
(
λα · r j

)
(3.66)

Since both these terms are local in space, the 1RDM perspective does not directly provide an advantage in

comparison to the alternative QEDFT description. However, typical RDMFT functionals are more generic

than DFT functionals as we have discussed in Sec. 2.4.2. We can for example generalize straightforwardly

the Müller functional to describe the self-interaction term, simply by exchanging w(r,r′) → (λα · r)
(
λα · r′

)
.

The reason is that the Müller functional (as many other RDMFT functionals) is basically an approximation

of the 2RDM in terms of the 1RDM.

Unfortunately, since we do not yet have a good understanding of the 3/2-body RDM (Eq. (3.50)), that is

connected to the interaction term, we cannot use a similar “trick” for the first term in Eq. (3.64). However,

in contrast to QEDFT, we have some concrete tools that we can try to apply to this problem. For instance,

this suggests to investigate the still unknown representability conditions of coupled RDMs (see the Outlook

in part IV).
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PART II

DRESSED ORBITALS - OLD THEORY IN A NEW

BASIS

You can look at something with a microscope and see it a certain way, you can look at it with a

naked eye and see it in a certain way, you look at it with a telescope and you see it in another

way. Now, which level of magnification is the correct one? Well, obviously, they’re all correct, but

they’re just different points of view. (Alan Watts, 1960 [257])
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We now have discussed at length the challenges of accurately describing equilibrium many-body states

of non-relativistic QED. Even if we consider only one photon mode, a wave function description of the many-

body space is already infeasible for very small systems. Since the electronic many-body problem is a very

well-studied topic with a plethora of theories and optimized implementations that are capable to treat many

systems extremely accurately, it would be very desirable to extend such methods to the coupled electron-

photon problem. However, we have shown in Sec. 3.1.2 with the example of Hartree-Fock theory that such

an extension is not as straightforward as one might hope. A direct generalization of the Hartree-Fock (single-

reference) wave function ansatz is not capable to describe any quantum effects of the photon field. When

we try to go beyond that, even a seemingly very restrictive ansatz leads to an (over-)exponentially growing

problem.

In order to study to role of the quantum nature of the electron-photon interaction, we cannot avoid

dealing with the multi-reference character of the coupled states. This is an important difference to elec-

tronic problems where a single-reference ansatz, i.e., one Slater determinant already included quantum-

mechanical exchange because of its anti-symmetry. Understanding the role of such quantum effects of

the photon field is especially important for polaritonic ground states, because static classical electric and

magnetic fields are zero for many equilibrium settings. In the time-dependent case instead, the classical

description is very accurate, when it is combined with a quantum mechanical description of the electrons.

We made this observation, when we were discussing KS-QEDFT (Sec. 3.2). QEDFT is in principle capable to

treat quantum fluctuations of the photon-field by means of corresponding exchange-correlation potentials.

However, it is very difficult to construct an accurate functional and the only known functional that goes be-

yond the MF, the “photon OEP,” can besides being numerically very challenging only account for one-photon

processes. For instance, we cannot apply the photon OEP to larger systems and one-photon processes are

not sufficient to accurately describe polaritonic ground states in the strong-coupling regime [247]. Conse-

quently, we need new methods to appropriately study such settings.

Let us therefore take one step back and analyze again the origin of the multi-reference character of po-

laritonic systems. We describe electrons and photons as separate species in their own antisymmetric and

symmetric many-body spaces. These are then coupled by the interaction operator, which introduces most

of the challenges of the coupled problem (see Ch. 3). There is a clear analogy to correlated electronic sys-

tems, which we also describe starting from non-interacting electrons that then are coupled by the interac-

tion. However, this coupling takes place within one antisymmtric many-body space and this is an important

difference to the electron-photon coupling. The central idea of the dressed(-orbital) construction is now

to change the basic description of coupled electron-photon systems such that there is only one (effective)

many-body space with one (effective) symmetry. This means specifically that we define a single-particle

space with already coupled electron-photon orbitals, i.e., polaritonic or dressed orbitals and construct the

many-body space as a product of such orbital spaces. We can then describe non-interacting polaritons that

are coupled due to the corresponding dressed interaction. Such a programme naturally defines polaritons

as its own particle class with its own statistics that needs to be respected to construct the many-polariton

space.

Clearly, restructuring the many-electron-photon space in such a way is not straightforward. In fact, the

dressed construction considers an auxiliary system that is even higher-dimensional than the cavity-QED

Hamiltonian. However, this extension provides the necessary flexibility to introduce an exact reformula-

tion of the cavity-QED systems in terms of dressed orbitals. Most importantly, this allows to approach the

challenges of describing coupled light-matter systems from a different perspective. Approximations to the

wave function, the density description and reduced density matrices can be defined also in the dressed set-
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ting. This is yet another way to utilize these state descriptors and they will have again different properties

with respect to the already discussed versions of the previous chapter. A practical consequence of this dif-

ferent characterization of light-matter states is that it allows for relatively simple approximation schemes.

For instance, the HF approximation to the many-polariton wave function explicitly accounts for correlation

between the electronic and photonic subsystems in the original description.

A key role is hereby played by the new structure of the auxiliary Hamiltonian with respect to the standard

cavity-QED Hamiltonian. Expressed in terms of polaritonic orbitals, the new Hamiltonian consists only of

one-body and two-body operators. It is thus structurally equivalent to the electronic-structure Hamiltonian

(Sec. 2.1). Consequently, we can generalize in principle every electronic-structure method to a “polaritonic-

structure method” to describe cavity-QED problems. For instance, this allows to apply RDM methods to

coupled light-matter systems, without the need to deal with the little-understood 3/2-body RDM. Also func-

tional construction for a polariton-based QEDFT is simpler, since one can more directly apply the successful

strategies of electronic-structure theory.

Another important advantage of the structural resemblance between polaritonic and electronic-structure

methods is the numerical implementation. Since these methods always require to solve nonlinear equations

that do not allow for an analytical treatment, we need numerical solvers to apply any method in practice.

By employing the polariton description, we can simply use the existing electronic-structure codes as a basis

and extend them accordingly. We do not have to develop entirely new codes.

However, to be able to introduce polaritonic orbitals, we have to increase their dimension by one with

every photon mode that we take into account. For instance, to describe the standard case of cavity QED that

considers one effective photon mode, the polaritonic orbitals depend on three electronic and one photonic

coordinate and are thus four-dimensional. Considering such orbitals (and depending on the system size

also with more modes) is still numerically feasible for modern high-performance clusters. Thus, polaritonic-

structure methods will be especially useful in such cavity-QED settings.

A further important feature of the polariton description is the exchange-symmetry and the according

statistics of polaritonic orbitals, which have a fermion-boson hybrid character. Such a hybrid statistics is

not usual in quantum many-body theory, which leads to interesting new research questions at a very basic

level. In fact, we also had underestimated its role when we started the investigation of dressed orbitals. Only

after we had obtained reproducible numerical results that violated the Pauli principle, we understood the

significance of the hybrid statistics (see part III). On the one hand, this leads to new challenges especially

with regard to enforcing the statistics in practice. On the other hand, the hybrid statistics are a new tool

to describe many-particle spaces of coupled species in general, which could be very valuable also for other

coupled problems.
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Chapter 4

THE DRESSED-ORBITAL CONSTRUCTION

In this chapter, we introduce the dressed-orbital construction that allows to describe coupled electron-

photon systems in terms of new orbitals. This is the basis for all the following discussions. The construction

requires several steps, which are nontrivial and we try to explain each of them in a way, as simple and slow as

possible. Specifically, we start in Sec. 4.1 with a brief motivation for advantages and also the challenges of a

polariton-based description of cavity-QED problems. Then, we introduce the construction with an example

(Sec. 4.2), that we generalize in Sec. 4.3. We note that the dressed construction has been discussed in three

publications, the first of which was written by my colleagues Nielsen et al. [258] and in the other two I was

the main author ([1, 2]). This chapter is based on Ref. [2], which is the most recent publication and thus

presents the most complete picture of the construction.

4.1 Polaritons and correlation

We want to start the discussion with some general comments about polaritons and the multi-reference char-

acter of coupled electron-photon systems. We have discussed in the introduction (Sec. 1.1) that the hallmark

of strong electron-photon coupling is the emergence of light-matter hybrid states or polaritons. The basic

physics of such hybrid states is described by a minimal model (see Sec. 1.2) that considers two relevant elec-

tronic states, labelled by |m1〉 (“ground”) and |m2〉 (“excited” state), and two photonic states, the vacuum |0〉
and one-photon state |1〉. The resulting polaritons are then denoted as

P± =α |m1〉⊗ |1〉±β |m2〉⊗ |0〉 , (4.1)

with coefficients α,β that depend on details of the model (see Sec. 1.2 for further details about the family

of cavity-QED models). From a first-principles perspective this means that polaritons correspond to multi-

reference or correlated wave functions, even if we described the matter states within a single-reference ap-

proach. We have discussed this in detail in Sec. 3.1.2. For strongly-coupled ground states which are the

focus of this thesis, the results of more general cavity-QED models [24] predict that an accurate descrip-

tion requires even more terms, i.e., more references, than the two of the “minimal” polariton (4.1). Sys-

tems that require multi-reference states are well known in electronic-structure theory and their accurate

description is among the most difficult challenges in the field.1 A classical example is the dissociation of

the Hydrogen molecule (Sec. 2.5), where the wave function obtains a multi-reference character for larger

bond distances. This prototypical system is commonly used as a challenging test case for first-principle

methods [259, 221, 260, 261].

However, the term multi-reference depends crucially on the basic entities, i.e., the “single references”

that are used to build the “multi-reference” state. Transferred to the problem of polaritonic physics, we

1See Ch. 2, especially the last paragraph of Sec. 2.3 on strong correlation.
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CHAPTER 4. THE DRESSED-ORBITAL CONSTRUCTION

face the fundamental problem that separate matter and photon wave functions 2 (as in the simple example

above) can be very inefficient in describing polaritonic states of the coupled system. We saw this for example

in Sec. 3.1.2, when we were discussing a possible generalized HF wave function. Even a very simplified ansatz

brings back the exponential wall. We also saw that the (single-reference) KS system in equilibrium QEDFT

reduces the description basically to an effective matter-only system. All effects of the photon field (besides

some trivial static shift for matter systems with a permanent dipole) have to be carried by the unknown

exchange-correlation potential and there is no known approximation that is accurate in the strong-coupling

regime [247].

One important challenge for the equilibrium description is that the exchange-correlation functional only

depends on matter quantities, since the photon displacement coordinate is trivial (cf. Eq. (3.37) of Ch. 3).

From a general perspective, this is rooted in the choice of a non-interacting auxiliary system, where the

electron and photon spaces decouple. Thus, we are confronted with a dilemma: On the one hand, strongly-

coupled light matter systems require fundamentally a multi-reference description, because polaritons, i.e.,

hybrid matter-photon particles emerge as the principal degree of freedom. On the other hand, a multi-

reference description is especially difficult for coupled systems, because the product space of the separate

electron and photon spaces is considerably more difficult to describe than the single-species spaces. Espe-

cially, typical (and straightforward) approximations such as an effective single-reference description capture

considerably less effects than the equivalent approaches in a matter-only theory.

In this chapter, we want to propose a construction that tries to mediate between the opposing sides of

this dilemma. The key idea is to build the theory not as usual from separate electron and photon states

but somehow introduce electron-photon hybrid states as basic entities. Before we lay out our construction

to introduce such a “many-polariton” theory, we want to illustrate the challenges that arise, when we try

to modify the standard description. Let us therefore shortly recapitulate how many-body spaces are con-

structed with the example of the electronic problem. We start with the single-particle Hilbert-space h̃1,

that is spanned by a corresponding single-particle basis {ψ̃i (r)} (where we always assume bases to be or-

thonormalized, i.e.,
∫

drψ̃∗
i (r)ψ̃ j (r) = δi j ), such that every single-particle state can be expressed by some

superposition

Ψ(r) =
∞∑

i=1
ci ψ̃i (r),

where the ci are expansion coefficients that need to satisfy the sum rule
∑

i |ci |2 = 1. In the case of electrons,

we need to include also the spin-degree of freedom, which we do by a tensor-product. The spin-spaceS for a

one-electron problem is just two-dimensional and we denote its basis-elements by {α(σ),β(σ)}. The tensor-

product h= h̃⊗S then combines both sets to one larger basis, taking into account all possible combinations.

We subsume both together in a spin-spatial coordinate r → x = (r,σ) where σ is the spin-coordinate. The

expansion then becomes

Ψ(x) =∑
j

c jψ j (x)

= ∑
s=α,β

∞∑
i=1

ci ,sψi ,s (r,σ)

=
∞∑

i=1

[
ci ,αψ̃i (r)⊗α(σ)+ ci ,βψ̃i (r)⊗β(σ)

]
.

2We want to remind the reader on the subtleties regarding the definition of a photon wave function that we have discussed in
Sec. 3.1.1
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4.1. POLARITONS AND CORRELATION

When we now want to describe two particles, we actually go exactly the same way as we have done for the

spin and consider the tensor product of the single-particle spaces

h2 = h1 ⊗h1.

This two-particle Hilbert space is however still too general, because it includes distinguishable states

(Sec. 2.1). Since electrons are fermions, we have to constrain h2 to only antisymmetric combinations, i.e.,

h2
A = h∧h.

We can make this explicit in the state parametrization by employing Slater determinants Ψi , j (x1,x2) =
1p
2

(
ψi (x1)ψ j (x2)−ψ j (x1)ψi (x2)

) = |ψi ψ j |− as basis of the two-particle space. If we label every combina-

tion of i and j by a new index I = (i , j ), we can describe a general stateΨ ∈ h2
A as

Ψ(x1,x2) =∑
I

cIΨI (x1,x2),

where
∑

I |cI |2 = 1. The advantage of this construction is obvious: the basis already takes care about the

fundamental particle symmetry. We have discussed at length that only this additional symmetry information

includes nontrivial quantum effects in the description.

When we want to describe coupled electron-photon problems, we lose this advantage. Electrons and

photons are two different species and thus distinguishable. Accordingly, we have to consider the full tensor

product between the matter and photon many-body spaces without further symmetry restrictions (Ch. 3.1.1).

Let us contrast this to a hypothetical many-polariton space. In analogy to before, we start with the single-

polariton Hilbert-space that is build by objects that have an electron coordinate x and a photon coordinate

p. Similarly to the extension of the spatial coordinates by a spin-component for electrons, we could define

hp = he ⊗hph , where he is the electronic one-particle space from before and hph is some one-particle photon

space. Introducing a photon orbital basis {χα(p)}, the elements of hp are thus given by

φ(x,p) =∑
i ,α

ciα
(
ψi (x)⊗χα(p)

)
, (4.2)

where
∑

iα |ciα|2 = 1. Since electrons and photons are distinguishable, there is no further symmetrization

required.

We have discussed in Sec. 2.1.2 that many electronic-structure problems can be simplified, if we assume

that the orbitals are the eigenfunctions of the one-body part of the Hamiltonian, (h(r) = − 1
2∇2

r + v(r)). To

get a feeling for the challenges of these new kind of orbitals (4.2), let us try to do find a similar “one-body”

Hamiltonian. The straightforward choice is to consider the cavity-QED Hamiltonian (Eq. (1.37)) for one

electron, i.e.,

ĥp = 1

2
∇2 + v(r)+ 1

2

M∑
α

[
−∂2

pα +ω2
α

(
pα+ λα

ωα
· r

)2]
.

The eigenfunctions φ(x,p) of ĥp would define our photon variable as M-dimensional, i.e., p = (p1, ..., pM ).

This dimension is determined by the system that we want to describe and as we have discussed, we can

often assume even M = 1 for a cavity system.

The next step is to construct the many-body space from this. According to the standard prescription, we
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CHAPTER 4. THE DRESSED-ORBITAL CONSTRUCTION

consider

h= hp ⊗hp ,

with elements

Φ(x1p1,x2p2) =∑
I ,J

cI ,JφI (x1p1)φJ (x2p2).

Now we need to understand how we utilize Φ to describe the ground state of the actual Hamiltonian that

describes two electrons, coupled to M modes, i.e.,

Ĥ =
2∑

i=1

1

2
∇2

ri
+ v(ri )+ 1

2

[
−∂2

p +ω2
(

p + λ

ω
· (r1 + r2)

)2]
. (cf. 3.14)

This confronts us with two fundamental questions:

1. How can we enforce the correct symmetry on this level?

2. How can we deal with the additional p2-coordinates that are not present Eq. (3.14)?

In the following, we show how the dressed-orbital construction can in principle resolve both of the above

questions. This allows to construct a many-polariton space (almost) of the form

hN
p =Sp (hp ⊗·· ·⊗hp︸ ︷︷ ︸

N times

),

where Sp enforces the underlying exchange-symmetry that is of a fermion-boson hybrid nature.

4.2 Polaritons in the dressed auxiliary system

Before we discuss the general case, we want to illustrate the dressed construction with the example of the

2-electron-1-mode system that we have considered already in Sec. 3.1.1.3 Since the construction requires

many (sometimes quite technical) steps, we reserve this whole section only for the example system. This

allows us to go through every step in detail and motivate its purpose. In the next section (Sec. 4.3), we then

recapitulate all these steps for the general case of N electrons coupled to M photon modes. The basic idea

of the construction is sketched in Fig. 4.1.

4.2.1 The auxiliary Hamiltonian: Matching electronic and photonic coordinates

The Hamiltonian of the 2-electron-1-mode system (introduced in Sec. 3.1.1) reads

Ĥ =
2∑

k=1

1

2
∆rk + v(rk )+ 1

|r1 − r2|
+ 1

2

[
−∂2

p +ω2
(

p + λ

ω
· (r1 + r2)

)2]
. (cf. 3.14)

3Note that the contents of this section are part of Ref. [2]
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4.2. POLARITONS IN THE DRESSED AUXILIARY SYSTEM

Figure 4.1: Sketch of the auxiliary construction for an example wave function Ψ(x, y, p) of two one-
dimensional electrons (x, y) coupled to one photon mode with displacement coordinate p. The coupling
is indicted by the double arrows x ↔ p, y ↔ p. The electronic orbital wave functions are symbolized by the
ground and first excited state of a box with zero-boundary conditions and the photon mode by a wiggly line.
The corresponding dressed wave functionΨ′(x, q1, y, q2) has instead two photon-coordinates q1, q2 that are
related to the physical coordinate p by p = 1/

p
2(q1 + q2). On the wave function level, this connection can

be utilized to introduce two polariton orbitals with coordinates (x, q1) and (y, q2), respectively, that are in-
teracting. This new interaction is indicated by a double arrow between the two orbitals.

We start by expanding Ĥ in its single constituents

Ĥ =

Ĥ e=∑2
k=1 he (rk )︷ ︸︸ ︷

2∑
k=1

[
−1

2
∆rk + v(rk )+ 1

2 (λ · rk )2
] Ĥ ep=∑2

k=1 hep (rk ,p)︷ ︸︸ ︷
−

2∑
k=1

ωpλ·rk

+ 1
2

(
− ∂2

∂p2 +ω2p2
)

︸ ︷︷ ︸
Ĥ ph=hph (p)

+ 1

|r1 − r2|
+ 1

2 (λ·r1) (λ·r2)︸ ︷︷ ︸
Ĥ ee=hee (r1,r2)

,

(4.3)

where we grouped terms according to the coordinates that are appearing.4 We observe that there is an

asymmetry between electron- and photon-coordinates: there are two electron coordinates that appear in

a completely symmetric way in all the terms. However there is only one mode-displacement coordinate,

independently on the number of electrons.

The basics idea of the dressed construction is now to simply introduce as many artificial photon coor-

dinates as electron coordinates, which formally “lifts” the asymmetry. In this case, this means to introduce

one further photon coordinate p2.5 This has to be done such that the original system cannot be influenced.

We can imagine another photon cavity that is very far away from our system, but that we want to describe

at the same time. If we further assume that this artificial mode has the same frequency as the physical one,

the auxiliary system is described by the Hamiltonian (we denote the quantities of the auxiliary system by a

4Note that we employ in this section the symbol ∆≡∇2 for the Laplacian.
5For a system of N electrons, we need to introduce therefore N −1 extra photon coordinates (for every mode).
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prime-symbol)

Ĥ ′ =Ĥ +hph(p2)

=
2∑

k=1
he (rk )+hee (r1,r2)−

2∑
k=1

ωpλ·rk +hph(p)+hph(p2). (4.4)

If we denote by χ(p2) an eigenstate of the additional photon Hamiltonian hph(p2) and Ψ(x1,x2, p) is an

eigenstate of Ĥ , then

Ψ′(x1,x2, p, p2) =Ψ(x1,x2, p)χ(p2), (4.5)

is an eigenstate of Ĥ ′. The ground state of Ĥ ′ is then uniquely defined and given by Ψ′ = Ψχ0 with the

harmonic oscillator vacuum state χ0.

With Ĥ ′, we almost achieved our goal to symmetrize electron and photon coordinates, but there is still

the electron-photon interaction term hep (rk , p) that depends only on p, but not on p2. The basic idea to

remedy this stems from the similarity of the Hamiltonian (4.4) with a molecular center-of-mass Hamilto-

nian [262]. Transferred to this case, we interpret p as the “center-of-displacement” coordinate of two inde-

pendent displacements q1, q2. The second key ingredient of the dressed construction is therefore a coordi-

nate transformation (p, p2) → (q1, q2) that sets

p ∝ (q1 +q2). (4.6)

Obviously, the transformation should be norm-conserving to not increase the displacement artificially, but

more importantly, it needs to keep the photon-energy part form-invariant, i.e.,

hph(p)+hph(p2) → hph(q1)+hph(q2). (4.7)

Since hph(p) = 1
2

(
− d2

dp +ω2p2
)
=

[
1p
2

(i d
dp ,ωp)

]
·
[

1p
2

(i d
dp ,ωp)

]
has the form of an inner product, we can

simply employ an orthogonal transformation for that. Specifically, a transformation for a set of variables

(x1, x2, ...) → (x ′
1, x ′

2, ...) is orthogonal, if it leaves any expression of the form
∑

i x2
i → ∑

i x ′
i

2 invariant. In the

two-particle case, there is exactly one possible choice for that, which reads (see also Fig. 4.1)

p =1/
p

2(q1 +q2)

p2 =1/
p

2(q1 −q2).
(4.8)

As constructed, the transformation changes only Ĥ ep =∑2
k=1 hep (rk , p), which becomes

Ĥ ep →−
2∑

k=1
ω/

p
2(q1 +q2)λ·rk

=−
2∑

k=1
ω/

p
2qkλ·rk −ω/

p
2(q1λ·r2 +q2λ·r1). (4.9)

Again, we grouped the terms according to the particle indices, which we can do now also for the photon

coordinates. Since the auxiliary system after the transformation is symmetric under the exchange of photon

indices, we can arbitrarily exchange the indices of the q-coordinates. Putting all terms together, we get the
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following new form of the auxiliary Hamiltonian

Ĥ ′ =
2∑

k=1

[
− 1

2

(
∆rk + d2

dqk

)
+ v(rk )+ ω2

2 q2
k − ωp

2
qkλ·rk + 1

2 (λ · rk )2
]

+ 1

|r1 − r2|
− ωp

2
(q1λ·r2 +q2λ·r1)+ 1

2 (λ·r1) (λ·r2) . (4.10)

Interestingly, this Hamiltonian has the same structure as the electronic many-body Hamiltonian 2.1. We can

see this more explicitly, when we introduce the new dressed coordinate

z = (r, q) (4.11)

and the according dressed Laplacian6

∆z
′ =∆r + d2

dq
. (4.12)

We can write then

Ĥ ′ =
2∑

k=1

[
− 1

2∆
′
zk
+ v ′(zk )

]
+ 1

2

2∑
k 6=l=1

w ′(zk ,zl ), (4.13)

where the dressed local potential reads

v ′(z) =v(r)+ ω2

2 q2
k − ωp

2
qkλ·rk + 1

2 (λ · rk )2 (4.14)

and the dressed interaction kernel is

w ′(zk ,zl ) = 1
|rk−rl | −

ωp
2

(qkλ·rl +qlλ·rk )+ 1
2 (λ·rk ) (λ·rl ) . (4.15)

4.2.2 The auxiliary wave function from a first glance

With this construction, we have found a way to introduce new coordinates and rewrite our basic Hamilto-

nian in a form that is completely symmetric with respect to the new coordinates. The next step is to define

the corresponding wave function. Let us therefore recall the Pauli citation of Sec. 2.1.3:

If we deal with many similar (indistinguishable, A/N) particles, special circumstances occur that

arise from the Hamilton operator being invariant under any permutations of particles.

(Pauli, 1933 [140])

According to Pauli, exchange-symmetry is a consequence of the symmetry of the Hamiltonian, which in-

dicates that we are quite close to our goal to formulate a many-polariton theory. We only need to derive

the details of the “special circumstances,” i.e., the type of exchange symmetry that the auxiliary wave func-

tion. In the standard description, there are only two choices: symmetric and antisymmetric wave functions.

However, we will see that the situation here is a bit more involved.

6We do not need further differential operators here, but of course we can generalize every differential operator to the new coodinates.

The dressed nabla-operator would read for example ∇z = (∇r, d
dq ).
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Polaritonic symmetry

Let us briefly recapitulate the steps to arrive at the dressed Hamiltonian (4.10). We start with the physical

Hamiltonian (Eq. (4.3)) that depends on the photon coordinate p. We then add another harmonic oscillator

term, depending on the auxiliary coordinate p2 which is still distinguishable from the original p (because of

ĥep ) and obtain Eq. (4.4). Finally, the coordinate transformation (4.8) introduces new photon coordinates

p1, p2, which enter the transformed Hamiltonian (4.10) in a completely symmetric way. Since the Hamil-

tonian is also symmetric in the electronic coordinates, we can deduce the polaritonic symmetry, i.e., the

Hamiltonian (4.10) is invariant under the exchange of the two polaritonic coordinates z1 ↔ z2.

With that we have defined all symmetries on the Hamiltonian level. Regarding the wave function

Ψ′(z1σ1,z2σ2), we still have to understand whether it is symmetric or antisymmetric under z1σ1 ↔ z2σ2.

For that, we first note that the photon ground state is inversion-symmetric, i.e.,

χ(p2) =χ(−p2). (4.16)

Further, we want to preserve the antisymmetry of the physical wave function in the electronic coordinates,

i.e.,Ψ(x1,x2, p) =−Ψ(x2,x1, p). Taken both together, we deduce that

Ψ′(x1, q1,x2, p, q2) = Ψ(x1,x2,1/
p

2(q1 +q2))χ(1/
p

2(q1 −q2))
z1σ1↔z2σ2= −Ψ(x2,x1,1/

p
2(q2 +q1))χ(1/

p
2(q2 −q1))

E q. (4.16)= −Ψ(x2,x1,1/
p

2(q1 +q2))χ(1/
p

2(q1 −q2))

=−Ψ′(x2, q2x1, q1). (4.17)

The dressed wave functionΨ′ is antisymmetric with respect to the exchange of dressed coordinates (x, q) =
(r,σ, q) = (z,σ).

Crucially, this allows us to describe the coupled electron-photon Hilbert space in a different many-body

basis, i.e., in terms of Slater determinants of dressed orbitals (see also Fig. 4.1). Therefore, let us go back to

our polariton-orbital basis {φ(z,σ)} of Sec. 4.1. We can now explicitly follow the steps of the electronic theory:

we consider a basis φi (z,σ) of hp . For instance, this could be the eigenstates of the single-particles Hamilto-

nian h(z) =− 1
2∆z

′+ v ′(z). The two-particle space is then given as the antisymmetrized tensor-product

h2
p =A (hp ⊗hp ) (4.18)

and the elements of h2
p can be parametrized as

Ψ′(z1,σ1,z2,σ2) =∑
i j

ci j
[
φi (z1,σ1)φ j (z2,σ2)−φ j (z1,σ1)φi (z2,σ2)

]
!= ∑

i , j ,α,β
C ′α,β

i j ψi (x1)ψ j (x2)χα(q1)χβ(q2).
(4.19)

It is clear that since the auxiliary configuration space is much larger than the original configuration space,

we made an (beyond simple systems) infeasible numerical problem even more infeasible. What the dressed

construction offers us in compensation, is a new structure of the configuration space. In terms of the above

expansion, we hope that the new coefficients ci j are easier to approximate than the original Cα
i j . The main

advantage is that the auxiliary wave function can be expanded in terms of Slater determinants and we have

a lot of methods at our disposal that are geared toward such a situation, i.e., first-principles electronic struc-
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ture theories. Yet the dressed formulation allows for relatively simple approximation schemes, e.g., HF the-

ory in terms of a single polaritonic Slater determinant (see Sec. 2). Importantly, such simple wave functions

in terms of polaritonic orbitals correspond to correlated (multi-determinant) wave functions in physical

space. In Sec. 6, we present calculations based on dressed orbitals which agree remarkably well with exact

references even for very strong coupling strengths. We also illustrate there the explicitly correlated character

of the electronic subsystem.

The explicit form of the auxiliary wave function

Let us now have a second closer look at the wave function. In fact, we can explicitly construct the dressed

wave function in the new coordinates

Ψ′(x1,x2, p, p2) =Ψ(x1,x2, p)χ(p2) →Ψ(x1,x2,1/
p

2(q1 +q2))χ(1/
p

2(q1 −q2)) (4.20)

if we know Ψ. To see this, we consider some electronic orbital-basis {ψi (x)} and the eigenfunctions {χα(p)}

of the photon Hamiltonian ĥph and expand

Ψ(x1,x2, p) = ∑
i , j ,α

Cα
i jψi (x1)ψ j (x2)χα(p).

The first step of the construction of the auxiliary ground state is simple. We (tensor-)multiply Ψ with the

ground state χ0(p2) of the extra Harmonic oscillator that by construction is also an eigenstate of ĥph , i.e.,

Ψ′(x1,x2, p, p2) =
[ ∑

i , j ,α
Cα

i jψi (x1)ψ j (x2)χα(p)

]
χ0(p2). (4.21)

The nontrivial step is the transformation (4.8) to the new coordinates. However, since we know the analytical

expression of the photon basis,

χα(p) = 1p
2αα!

(ω
π

)1/4
e−ωp2/2Hα(

p
ωp), (4.22)

where Hα(z) = (−1)αez2 dα

dzα

(
e−z2

)
are Hermite-polynomials, we can perform the transformation (4.8) explic-

itly. Specifically, we have to calculate terms of the form

χα(1/
p

2(q1 +q2))χ0(1/
p

2(q1 −q2)) ∝e−ω(q1+q2)2/4Hα(
p
ω/2(q1 +q2))H0e−ω(q1−q2)2/4

=e−ω(q1+q2)2/4Hα(
p
ω/2(q1 +q2))e−ω(q1−q2)2/4

for all α, where we used that H0 = 1. We start with the Gaussian part of the oscillator states and calculate

explicitly

e−ωp2/2e−ωp2
2/2 →e−ω(q1+q2)2/4e−ω(q1−q2)2/4

=e−ωq2
1 /2e−ωq2

2 /2.

The transformation merely exchanges the coordinates, because it is orthogonal (cf. Eq. (4.7)).7

For the remaining part involving the Hermite-polynomial, the transformation is more involved, but we

7Thus, also for more than two particles, the Gaussian part of the states remains form-invariant under the transformation.
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can calculate it still analytically. Making use of the identity

Hα(z1 + z2) = 2−α/2
α∑
β=0

(
α

β

)
Hα−β(z1

p
2)Hβ(z2

p
2), (4.23)

with zi =
p
ω/2qi , we arrive after some algebra at

Ψ′(x1,x2, q1, q2) = ∑
i , j ,α

Cα
i jψi (x1)ψ j (x2)

α∑
β=0

√
α!

β!(α−β)!

1p
2α
χ(α−β)(q1)χβ(q2)

= ∑
i , j ,α,β

C ′α,β
i j ψi (x1)ψ j (x2)χα(q1)χβ(q2). (4.24)

In the last line, we introduced the polaritonic expansion coefficient C ′α,β
i j , which is uniquely determined by

the above equation.

First of all, Eq. (4.24) highlights how the value of p is “distributed” over the new coordinates q1 and

q2. This shows how 2 (or in general N ) polaritonic orbitals can carry collectively the information of only

one mode (M modes). Beyond that, this explicit construction illustrates how intricate the coordinate trans-

formation acts on the system. It is true that Eq. (4.24) is antisymmetric under z1σ1 ↔ z2σ2 and thus it is

covered by our just derived ansatz Ψ′(z1σ1,z2σ2). However, the opposite is clearly not true, i.e., not all po-

laritonic wave functions that are antisymmetric will also be of the form (4.24). This is a first indication that

the ansatz (4.19) might be limited. Nevertheless, there is one generic feature in Eq. (4.24): it is symmetric

with respect to the new coordinates q1, q2.8 We discuss this in the next subsection.

4.2.3 The auxiliary wave function on a second glance

In fact, the antisymmetric polariton space h2
p that we constructed in the previous subsection, includes states

that do not have a correspondence in the physical system. Let us illustrate this with our two-electron-one-

mode example, neglecting no electron-electron and electron-photon interactions. The corresponding inde-

pendent particles (IP) Hamiltonian reads

ĤI P =
2∑

k=1
− 1

2∆rk + v(rk ) 1
2

(
− d2

dp
+ω2p2

)
. (4.25)

The ground state of ĤI P is simply

Ψ(r1σ1,r2σ2, p) = 1p
2

[
ψ1(r1σ1)ψ2(r2σ2)−ψ2(r1σ1)ψ1(r2σ2)

]
χ0(p),

a product of a Slater determinant consisting of the two lowest eigenfunctions ψ1,ψ2 of [− 1
2∆r + v(r)] and

χ0(p) = (ωπ )1/4e−ωp2/4, which is the ground state of a harmonic oscillator with frequency ω. As shown in

the last subsection, we obtain the dressed version of Ψ by multiplication with another oscillator ground

state χ0(p2) with the same frequency. Performing the coordinate transformation (4.8) in this case is espe-

cially simple because alsoχ0(p) is a ground state. Consequently, the transformation does nothing else than

8Note that we can in principle derive a similar (but considerably more cumbersome) expression for N electrons and M modes. To
derive Eq. (4.24), we only have to make use of the orthogonality and the explicit transformation of p. The auxiliary coordinates p2, p3, ...
do not play a role because only for p, we have to take Hermite-polynomials Hα with α> 0 into account.
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replacing the coordinates (p, p2) with (q1, q2). The complete auxiliary ground state reads then

Ψ′(z1σ1,z2σ2) = 1p
2

[
ψ1(r1σ1)ψ2(r2σ2)−ψ2(r1σ1)ψ1(r2σ2)

]
χ0(q1)χ0(q2)

= 1p
2

[
ψ1(r1σ1)χ0(q1)ψ2(r2σ2)χ0(q2)−ψ2(r1σ1)χ0(q1)ψ1(r2σ2)χ0(q2)

]
= 1p

2
[φ10(z1σ1)φ20(z2σ2)−φ20(z1σ1)φ10(z2σ2)],

where in the last line we subsumed the electronic and photonic orbitals with the same coordinate index to a

dressed orbital, i.e.,ψi (r jσ j )χn(q j ) ≡φi n(z jσ j ). This wave function is obviously antisymmetric with respect

to the exchange of z1σ1 and z2σ2. Now let us consider another wave function,

Ψ̃′(z1σ1,z2σ2) =φ10(z1,σ1)φ11(z2,σ2)−φ11(z1,σ1)φ10(z2,σ2)

= 1p
2

[
ψ1(r1σ1)χ0(q1)ψ1(r2σ2)χ1(q2)−ψ1(r1σ1)χ1(q1)ψ1(r2σ2)χ0(q2)

]
=ψ1(r1σ1)ψ1(r2σ2)

[
χ0(q1)χ1(q2)−χ1(q1)χ0(q2)

]
,

that is a dressed Slater determinant and thus part of h2
p . This state is however unphysical, because is violates

the Pauli-principle: both electrons occupy the same electronic orbital. Depending on their energy eigenval-

ues E [Ψ′] = 〈Ψ′|Ĥ 2
I P

′Ψ′〉, a minimization of the dressed Hamiltonian without ensuring the hybrid statistics

could determine either of the two wave functions as the ground state. Only if E [Ψ′] = ε1+ε2+ω< 2ε1+2ω=
E [Ψ̃′], where ε1 and ε2 are the eigenenergies corresponding toψ1 andψ2, a simple minimization would yield

the correct solution. If, however, ε2 − ε1 >ω, then a minimization of the dressed problem would lead to the

state Ψ̃′ that violates the Pauli principle. Within the dressed Slater determinant, the antisymmetry can be

“carried” by the electronic or the photonic part of the orbital, which allows for states like Ψ̃′. For an inter-

acting problem, both cases cannot be separated so easily, but the problem remains in principle the same,

as we show numerically in Sec. 6. Note that this is very similar to the violations of the N -representability

conditions in variational 2RDM theory (see Sec. 2.4.1). This means that we either have to make sure that ω

is large compared to the electronic excitations, such that the unrestricted minimization with only fermionic

symmetry in zσ picks the right wave function [1] (fermion ansatz), or we have to enforce the hybrid statistics.

To guarantee the Pauli principle, we actually have to build the dressed many-body space by requiring an-

tisymmetry only with respect to the electronic coordinates together with symmetry in terms of the photonic

coordinates. We can summarize this as

r1σ1 ↔ r2σ2 → Ψ′ ↔−Ψ′ (4.26a)

q 1 ↔ q 2 → Ψ′ ↔Ψ′. (4.26b)

This does not mean that we have to discard the wave function expansion in terms of dressed Slater determi-

nants (4.19), because from (4.26) follows also

z1σ1 ↔ z2σ2 → Ψ′ ↔−Ψ′. (4.27)

If we require (4.27), which builds h2
p and then constrain the space by either (4.26a) or (4.26b), we fulfil (4.26)

equivalently. In Sec. 4.3, we show for the general case of N electrons and M modes that (4.26) is indeed nec-

essary and sufficient to guarantee a one-to-one correspondence between the physical and auxiliary ground
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state. This establishes the polariton description of cavity QED.

Let us now illustrate how the extra condition indeed rules our the unphysical state Ψ̃′. We can enforce

the constitutive relations on Ψ̃′ by adding two extra terms that exchange either electronic or photonic coor-

dinates, which leads to

Ψ̃′
hybr i d (z1σ1,z2σ2) =

Ψ̃′︷ ︸︸ ︷
φ10(r1q1σ1)φ11(r2q2σ2)−φ11(r1q1σ1)φ10(r2q2σ2)

+φ10(r1q2σ1)φ11(r2q1σ2)−φ11(r1q2σ1)φ10(r2q1σ2)

=ψ1(r1σ1)ψ1(r2σ2)
[
χ0(q1)χ1(q2)−χ1(q1)χ0(q2)

]
+ψ1(r1σ1)ψ1(r2σ2)

[
χ0(q2)χ1(q1)−χ1(q2)χ0(q1)

]
= 0.

Thus, we obtain the desired result of excluding the solution that violates the Pauli principle. We conclude

that we have reached our goal and found an exact representation of the coupled electron-photon ground

state in terms of polariton orbitals.

4.2.4 Polariton symmetry and wave functions

The next step is to construct a theory based on these polaritons. Unfortunately, the constitutive relation

(4.26) cannot be enforced on the wave function level in a practical way. For that, we would need to generalize

the concept of a Slater determinant to polaritonic and electronic coordinates, as we have done with Ψ̃′ to

construct Ψ̃′
hybr i d . In the general case, such a “generalized Slater determinant” for two particles is given by

Ψ′
ab(z1,σ1,z2,σ2) =φa(r1, q1,σ1)φb(r2, q2,σ2)−φb(r1, q1,σ1)φa(r2, q2,σ2)

+φa(r1, q2,σ1)φb(r2, q1,σ2)−φb(r1, q2,σ1)φa(r2, q1,σ2), (4.28)

where φa/b are some (orthonormal) polariton orbitals. To see why such an ansatz is problematic, we calcu-

late the norm-square ofΨ′
ab , i.e.,

||Ψ′
ab ||2 =

∑
σ1,σ2

∫
dz1z2Ψ

′
ab

∗(z1,σ1,z2,σ2)Ψ′
ab(z1,σ1,z2,σ2)

=4〈φa |φa〉〈φb |φb〉−4〈φa |φb〉〈φb |φa〉

+ ∑
σ1,σ2

∫
dz1z2φ

∗
a(r1, q1,σ1)φ∗

b (r2, q2,σ2)φa(r1, q2,σ1)φb(r2, q1,σ2)+ c.c.

− ∑
σ1,σ2

∫
dz1z2φ

∗
a(r1, q1,σ1)φ∗

b (r2, q2,σ2)φb(r1, q2,σ1)φa(r2, q1,σ2)− c.c.

+ ∑
σ1,σ2

∫
dz1z2φ

∗
b (r1, q1,σ1)φ∗

a(r2, q2,σ2)φb(r1, q2,σ1)φa(r2, q1,σ2)+ c.c.

− ∑
σ1,σ2

∫
dz1z2φ

∗
b (r1, q1,σ1)φ∗

a(r2, q2,σ2)φa(r1, q2,σ1)φb(r2, q1,σ2)− c.c.

In this expression, only the first line is what would appear in a standard Slater determinant. Since we con-

sider orthonormal orbitals, i.e., 〈φa |φb〉 = δab , the integrals of the first term are all one and the integrals of

the second term are all zero. Thus for an ordinary Slater determinant, the orthonormality condition is suf-

ficient to fix its norm, independently of the orbitals. However, with the terms that stem from the additional
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symmetry requirements, new “mixed-index” terms arise, whenever one or more of the according orbitals

have coordinates with different indices. All these (in this case) 8 terms are actually two-body like integrals,

because we cannot separate the integrations of one set of coordinates as we have done in the first line. The

computation of these integrals is nontrivial and cannot be defined by an orthonormality condition. This

means that the norm ofΨ′
ab depends on the specific form of φa/b and thus has to be calculated explicitly to

normalizeΨ′
ab .

The number of such terms for an N -body generalized Slater determinant is given by all permutations of

polaritonic and electronic coordinates, which is N !2, minus the N ! “ordinary” terms. The total number of

“mixed-index” terms, N !2 − N !, grows therefore factorial with the number of particles. The normalization

(and in the same way also the calculation of expectation values) of a wave function that explicitly exhibits

the symmetry (4.26) requires the numerical calculation of (over)exponentially many nontrivial terms. Such

an explicit Slater determinant ansatz is thus infeasible in practice. We have found yet another exponential

wall.

4.2.5 Polariton ensembles

Comparing the challenges of the dressed wave function with the difficulties to construct a “polariton-like”

wave function within generalized MF theory (Sec. 3.1.2), it seems that any many-body description based on

polaritons leads not only to an exponential but even a “factorial” wall. However, the dressed construction is

more flexible than the standard description and we show in the following how we can exploit this flexibility

to construct simple but accurate approximation strategies based on polaritonic orbitals. The key-role hereby

will be played by the (ensemble) 1RDM that allows the enforce exchange-symmetry without the explicit use

of, e.g., Slater determinants.

For that, we generalize the description from pure states (described by single wave functions) to ensem-

bles, characterized by the N -body density matrix ΓN
E = ∑

i wiΨ
∗
i Ψi , cf. Eq. (2.89), where the Ψi are eigen-

states of the Hamiltonian and the wi are weight coefficients with 0 ≤ wi ≤ 1 and
∑

i wi = 1 (see Sec. 2.4.1).

One important feature of the ensemble description is that it is easier to connect RDMs (Eq. (2.77)) to ΓN
E than

to a pure-state density matrix ΓN = Ψ∗Ψ. This connection is given by the (ensemble) N -representability

conditions. In other words, if a given matrix is bosonic (fermionic) N -representable than a corresponding

N -body density matrix exists that is composed out of only (anti)symmetric pure state wave functions. The

idea is now to rule out unphysical states such as Ψ̃′ by utilizing the N -representability conditions of the

1RDM instead of an explicit ansatz such as the generalized Slater determinant (Eq. (4.28)).

We start by noting that we can straightforwardly generalize the ensemble description to the dressed set-

ting, if we utilize the eigenstates Ψ′
i of Ĥ ′. However, as we are only interested in the pure ground state Ψ′,

we will only implicitly make use of the ensemble description. This is comparable to the use of the ensemble

N -representability conditions in RDMFT (see Sec. 2.4.2). We therefore define the dressed 1RDM

γ[Ψ′
i ](zσ,z′σ′) =∑

σ2

∫
dz2Ψ

′∗(z′1σ
′
1,z2σ2)Ψ′(z1σ1,z2σ2) (4.29)

in terms of the dressed wave functionΨ′.9 Since the pure stateΨ′ is an extreme case of an ensemble state, its

Fermi statistics with respect to the polaritonic coordinates zσ (cf. Eq. (4.44)) is also apparent in γ[Ψ′] in the

form of fermionic N -representability conditions. By using the natural orbitalsφi and the natural occupation

9The generalization to ensembles would simply consist in exchanging ΓN ′ =Ψ′∗Ψ′ by ΓN
E
′ =∑

i wiΓ
N
i
′ for a set of pure state density

matrices ΓN
i
′.
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numbers ni , which are defined by the eigenvalue equation niφi = γ̂ψi , we represent γ in its diagonal form

γ[Ψ′](zσ,z′σ′) =
∞∑

i=1
ni φ

∗
i (z′σ′)φi (zσ). (4.30)

The fermionic N -representable conditions become especially simple in this representation and are given by

(cf. Eq. (2.91))

0 ≤ ni ≤ 1, ∀i∑
i ni = N .

(4.31)

However, we still need to take care that the antisymmetry remains in the electronic subsystem. For that,

we now go one step further and define from the dressed 1RDM the electronic 1RDM

γe [Ψ′](rσ,r′σ′) =
∫

dM q γ[Ψ′](rqσ,r′qσ′)

=
∞∑

i=1
ne

i ψ
e
i
∗(r′σ′)ψe

i (rσ)
(4.32)

by an integration over the photonic coordinates. In the second line, we introduced the diagonal representa-

tion of γe with the according natural orbitals ψe
i and the natural occupation numbers ne

i . The Fermi statis-

tics with regard to only the electronic coordinates rσ thus becomes apparent by considering the electronic

natural occupation numbers ne
i

10

0 ≤ ne
i ≤ 1, ∀i (4.33a)∑

i ne
i = N . (4.33b)

With Eqs. (4.31) and (4.33) together with the definition of γe in terms of γ (Eq. (4.32)), we have derived

a set of necessary conditions to guarantee the hybrid statistics. Further conditions would be necessary

for a sufficient characterization of the set of polaritonic wave functions that exhibit the exchange symme-

try (4.26). This is comparable to the N -representable conditions of the 2RDM [214], since the dressed 1RDM

γ(z;z′) = γ(r, q,r′q ′) written in electronic and photonic variables depends on four particle coordinates ex-

actly as the 2RDM. Importantly, the conditions (4.33) are sufficient to guarantee the antisymmetry in the

fermionic sector, which is the only symmetry of the physical systems and thus the most important one. We

therefore focus in the following on the conditions (4.33).

Let us illustrate this new point of view with the example from before. The correct auxiliary ground state

Ψ′ satisfies the conditions of Eq. (4.33), since

γe [Ψ′] =∑
σ2

∫
dz2dq1Ψ

′∗(r′q1σ
′,z2σ2)Ψ′(rq1σ,z2σ2)

=
2∑

i=1
ψ∗

i (r′σ′)ψi (rσ).

The two electronic orbitals are the natural orbitals of γe [Ψ′] with natural occupation numbers n1 = n2 = 1.

10Note that the normalization of γe to the electron number N is a direct consequence of the dressed construction that considers
exactly N polaritons for system with N electrons.
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If we do the same calculation with Ψ̃′, we get instead

γe [Ψ̃′] = 2ψ∗
1 (r′σ′)ψ1(rσ),

which violates the N -representability conditions of Eq. (4.33) and thus the Pauli principle. For the wave

functions of an interacting system, the diagonalization of γe [Ψ′] will not be as trivial as for this simple exam-

ple, but nevertheless the conditions (4.33) are sufficient to ensure the Pauli exclusion principle in the sense

that maximally one fermion can occupy a single quantum state (upper bound in Eq. (4.33a)).

Most importantly, we can employ these conditions to obtain a computationally tractable procedure (pre-

sented in Sec. 5.1) to approximately ensure the polariton statistics implied by Eq. (4.43), instead of the fac-

torially growing number of “mixed-index” orbitals.

4.3 Dressed construction: the general case

We recapitulate now the dressed construction for the general case of N electrons that are coupled to M

photon modes. We follow hereby Ref. [2, Sec. 2]. We consider the setting of cavity QED with according

Hamiltonian (reordering its terms for the purposes of this section)

Ĥ =
N∑

k=1

[− 1
2∆rk + v(rk )

]+ 1
2

N∑
k 6=l

w(rk ,rl )︸ ︷︷ ︸
Ĥm=T̂ [t ]+V̂ [v]+Ŵ [w]

+
M∑
α=1

(
− 1

2
∂2

∂p2
α
+ ω2

α
2 p2

α

)
︸ ︷︷ ︸

Ĥph

+
M∑
α=1

−ωαpαλα · D̂︸ ︷︷ ︸
ĤI

+
M∑
α=1

1
2

(
λα · D̂

)2

︸ ︷︷ ︸
Ĥd

.

(cf. 1.37)

The first three terms constitute the usual matter Hamiltonian of quantum mechanics, with the kinetic and

external one-body parts, T̂ [t ] and V̂ [v], respectively, and the two-body interaction term Ŵ [w]. Here the ki-

netic term is the usual Laplacian t (r) =− 1
2∆r, the external potential v(r) is due to the attractive nuclei/ions

and w(r,r′) is the electron-electron repulsion. Usually this is just taken as the free-space Coulomb inter-

action w(r,r′) = 1/|r− r′|, but inside a cavity the interaction can be modified [127]. The fourth term Ĥph is

the free field-energy of M effective modes of the cavity. The effective modes are characterized by their dis-

placement coordinate pα, frequencyωα and polarization vectorsλα. The latter include already the effective

coupling strength gα = |λα|
√

ωα
2 ∝ 1/

p
V [48, 14] that is proportional to the inverse square-root of the cav-

ity mode volume V. In the dipole approximation, the coupling between light and matter is described by the

bilinear term Ĥi nt together with the dipole self-energy term Ĥsel f . Here the dipole operator is defined by

D̂ =∑N
k=1 rk .

The ground state of Ĥ is given by a wave function

Ψ(x1, ...,xN , p1, ..., pM ) (4.34)

that depends on N spin-spatial electron coordinates and M photon mode-displacement coordinates and

that is antisymmetric with respect to the exchange of any two electron coordinates.
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4.3.1 The dressed auxiliary system

To turn this coupled electron-photon problem into an equivalent and exact dressed problem we will follow

three steps:

1. For each mode α= 1, . . . , M and all but the first electron i = 2, . . . , N , we introduce extra auxiliary coor-

dinates pα,i . This adds (N −1)M extra degrees of freedom to the problem. In this higher-dimensional

auxiliary configuration space, we now consider wave functions depending on 4N +N M coordinates,

i.e.,

Ψ′(r1σ1, . . . ,rNσN , p1, . . . , pM , p1,2, . . . , p1,N , . . . , pM ,2, . . . , pM ,N ).

Here and in the following, we will denote all quantities in the auxiliary configuration space with a

prime.

2. We next construct an auxiliary Hamiltonian in the extended configuration space of the form

Ĥ ′ = Ĥ +
M∑
α=1

Π̂α

where

Π̂α =
N∑

i=2

(
−1

2

∂2

∂p2
α,i

+ ω2
α

2
p2
α,i

)
(4.35)

depends only on these new auxiliary coordinates. This construction guarantees that the auxiliary de-

grees of freedom do not mix with the physical ones, which will ensure a simple and explicit connection

between the physical and auxiliary system.

3. Finally we perform an orthogonal coordinate transformation of the physical and auxiliary photon co-

ordinates (p1, ..., pM ,N ) → (q1,1, ..., qM ,N ) such that

pα = 1p
N

(
qα,1 +·· ·+qα,N

)
,

−1

2

∂2

∂p2
α

+ ω2
α

2
p2
α+ Π̂α =

N∑
i=1

(
−1

2

∂2

∂q2
α,i

+ ω2
α

2
q2
α,i

)
. (4.36)

Note that the second line is automatically satisfied for any orthogonal transformation and the first line

defines pα as the “center-of-mass” of all the qα,i with uniform relative masses 1/
p

N .

In total, we then find the auxiliary Hamiltonian in the higher-dimensional configuration space given as

Ĥ ′ =
N∑

k=1

[
− 1

2∆
2
rk
+ v(rk )

]
+ 1

2

∑
k 6=l

w(rk ,rl )−
M∑
α=1

ωαpαλα · D̂+
M∑
α=1

1
2

(
λα · D̂

)2

+
M∑
α=1

(
− 1

2
∂2

∂p2
α
+ ω2

α
2 p2

α

)
+

M∑
α=1

N∑
i=2

(
− 1

2
∂2

∂p2
α,i

+ ω2
α

2 p2
α,i

)
(4.36)=

N∑
k=1

{
− 1

2∆rk + v(rk )+
M∑
α=1

[
− 1

2
∂2

∂q2
α,k

+ 1
2ω

2
αq2

α,k − ωαp
N

qα,k (λα· rk )+ 1
2 (λα· rk )2

]}

+ 1
2

∑
k 6=l

[
w(rk ,rl )+

M∑
α=1

(
− ωαp

N
qα,kλα · rl − ωαp

N
qα,lλα · rk +λα · rkλα · rl

)]
,
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where we inserted the definition of the total dipole operator and reordered the expressions, such that the

terms with only one index and the terms with two different indices are grouped together. Introducing

then a (3+ M)-dimensional polaritonic vector of space and transformed photon coordinates z = rq with

q ≡ (q1, . . . , qM ), we can rewrite the above Hamiltonian as

Ĥ ′ =
N∑

k=1

[− 1
2∆

′
k + v ′(zk )

]+ 1
2

∑
k 6=l

w ′(zk ,zl )

= T̂ [t ′]+ V̂ [v ′]+Ŵ [w ′],

(4.37)

where we introduced the dressed one-body terms

t ′(z) =− 1
2∆

′
k ≡− 1

2

3∑
i=1

∂2

∂r 2
i
− 1

2

M∑
α=1

∂2

∂q2
α

, (4.38)

v ′(z) = v(r)+
M∑
α=1

[
1
2ω

2
αq2

α− ωαp
N

qαλα·r+ 1
2 (λα·r)2

]
, (4.39)

and the dressed two-body interaction term

w ′(z,z′) =w(r,r′)+
M∑
α=1

[
− ωαp

N
qαλα·r′− ωαp

N
q ′
αλα·r+λα·rλα·r′

]
. (4.40)

We see here that only the conditions (4.36), but not the details of the coordinate transformation of step 3

are important for our construction [1]. The crucial part of this coordinate transformation is the replacement

of pα in the interaction terms pαλα ·D̂. Instead of pα only, now all qα,i couple to the dipole of the matter

system just with a rescaled coupling-strength by the factor 1/
p

N .

The hybrid statistics of the dressed wave function

Let us next discuss the wave function Ψ′ in the auxiliary configuration space. The wave function Ψ in the

usual configuration space is a (normalized) solution of the (time-independent) Schrödinger equation E0Ψ=
ĤΨ. Since Ĥ ′ = Ĥ +∑M

α=1 Π̂α and Π̂α acts only on the auxiliary coordinates, we can simply construct

Ψ′(r1σ1, . . . , pM ,N ) =Ψ(r1σ1, . . . ,rNσN ; p1, . . . , pM )χ(p1,2, . . . , pM ,N ), (4.41)

with χ being the (normalized) ground state of
∑M
α=1 Π̂α, which is a product of individual harmonic-oscillator

ground states. Clearly, Ψ′ is a normalized solution of the auxiliary Schrödinger equation E ′
0Ψ

′ = Ĥ ′Ψ′. In

principle any combination of eigenstates of the auxiliary harmonic oscillators would lead to a new eigen-

function for Ĥ ′ but since we here focus on the ground state the natural choice is the lowest-energy solution.

Rewriting this wave function in the new coordinates and employing the polaritonic coordinates zσ ≡ rqσ,

we arrive at

Ψ′(r1σ1, . . . ,rNσN , q1,1, . . . , qM ,N ) =Ψ′(z1σ1, . . . ,zNσN ). (4.42)

This polaritonic wave function as the ground state of (4.37) is the reformulation of the original electron-

photon problem of (1.37) we were looking for. Since all the new photonic coordinates belong to harmonic

oscillator ground states, exchanging pα,i with pα, j does not change the total wave functionΨ′ and this prop-

erty transfers to the exchange of any coordinate qα,i and qα, j . Hence we have now a bosonic symmetry with
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respect to the q coordinates. Since the electronic part of the auxiliary system is not affected by the coordi-

nate transformation, the electronic symmetries are the same in the physical and auxiliary system, i.e., we

have a fermionic symmetry with respect to rσ. Together these two fundamental symmetries imply that the

polaritonic coordinates zσ have fermionic character. The symmetries of the polaritonic wave function Ψ′

can be summarized as

rkσk ↔ rlσl → Ψ′ ↔−Ψ′

q k ↔ q l → Ψ′ ↔Ψ′
(4.43a)

(4.43b)

from which follows

zkσk ↔ zlσl → Ψ′ ↔−Ψ′ (4.44)

This means that though the dressed wave function has fermionic statistics (4.44) in terms of the polaritonic

coordinates zσ, due to the constitutive relations (4.43) it actually consists of two types of particles: one with

fermionic character and another with bosonic character. Consequently, the polariton wave functionΨ′ has

a hybrid Fermi-Bose statistics. As consequences of these symmetries we find the Pauli exclusion principle

for the electrons, yet for the auxiliary photon coordinates we find that many photonic auxiliary entities can

occupy the same quantum state.

Indeed, we can prove that the conditions of Eq. (4.43) are necessary and sufficient to establish a one-to-

one mapping between the dressed Ψ′ and the physical ground states Ψ. The first part “Ψ→Ψ′” is given by

the dressed construction. For the second part “Ψ′ →Ψ” we show that the minimal energy state Ψ′ has the

formΨ′ =Ψχ, cf. Eq. (4.41). For that, we consider a trial wave function in the dressed space

Υ′(z1σ1, ...,zNσN ) ≡Υ′(r1σ1, ..., pM ; p1,2, ..., pM ,N )

that fulfils (4.43). Then it holds since Ĥ only acts on (r1, . . . ,rN , p1, . . . , pM ) and
∑M
α=1 Π̂α only acts on p1,2, ..., pM ,N

that

inf
Υ′ 〈Υ

′|Ĥ ′Υ′〉 ≥ inf
Υ′ 〈Υ

′|ĤΥ′〉+ inf
Υ′ 〈Υ

′|
M∑
α=1

Π̂αΥ
′〉

(4.43)= 〈Ψ|ĤΨ〉+〈χ|
M∑
α=1

Π̂αχ〉

= 〈Ψ′|Ĥ ′Ψ′〉 .

We have thus proven the assumption. For excited states the constitutive relations are necessary but not

sufficient to single out the eigenfunctions of Ĥ ′ that correspond to the original Hamiltonian in terms of

simple products. The reason is that we cannot make use of the variational principle as above. Let us illustrate

this for the first excited state Ψ1 with corresponding dressed version Ψ′
1 = Ψ1χ. We could try to follow

a similar line of proof as above by considering only trail wave functions Υ̃′ ⊥Ψ′ that are orthogonal to the

ground state. If we now search for the lowest energy solution among the Υ̃′, the constitutive relations cannot

differentiate the correct state Ψ′
1 =Ψ1χ from, e.g., the state Ψ̃′

1 =Ψχ1, where χ1 is the first excited state of

the auxiliary modes.11 However, for ground states the above proof and thus the one-to-one correspondence

between physical and dressed system holds.

11The reader is referred to the work of Nielsen et al. [258] for further details on excited states and the time-dependent case in general.
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4.3.2 Enforcing the hybrid statistics in practice: the Pauli principle and N -representability

We have discussed in the previous section that enforcing the physical conditions (4.43) on the polaritonic

wave function directly, is not practical. As an alternative, the physical conditions (4.43) are visible in the

dressed 1RDM, which is given explicitly by

γ[Ψ′](zσ,z′σ′) = ∑
σ2,...,σN

∫
d3(N−1)zΨ′∗(z′σ′, . . . ,zNσN )Ψ′(zσ, . . . ,zNσN ). (4.45)

The Fermi statistics of the wave function Ψ′ with respect to the polaritonic coordinates zσ (4.44) is also

apparent in γ[Ψ′] in the form of the N -representability conditions. By using the natural orbitals φi and the

natural occupation numbers ni , which are defined by the eigenvalue equation ni φi = γ̂ψi , we represent γ

in its diagonal form γ[Ψ′](zσ,z′σ′) = ∑∞
i=1 ni φ

∗
i (z′σ′)φi (zσ). The fermionic N -representability conditions

become especially simple in this representation and are given by

0 ≤ ni ≤ 1, ∀i∑
i ni = N .

(4.46)

From the dressed 1RDM, we can define the electronic 1RDM

γe [Ψ′](rσ,r′σ′) =
∫

dM q γ[Ψ′](rqσ,r′qσ′) (4.47)

and the auxiliary photonic 1RDM

γp [Ψ′](q,q′) =∑
σ

∫
d3rγ[Ψ′](rqσ,rq′σ). (4.48)

Again, we can define the according natural orbitals ψe/p
i and the natural occupation numbers ne/p

i by the

eigenvalue equations niψ
e/p
i = γ̂e/pψ

e/p
i and go into their diagonal representations

γe [Ψ′](rσ,r′σ′) =
∞∑

i=1
ne

i ψ
e
i
∗(r′σ′)ψe

i (rσ) (4.49)

and

γp [Ψ′](q,q′) =
∞∑

i=1
np

i ψ
p
i
∗(q′)ψp

i (q). (4.50)

The Fermi statistics with regard to only the electronic coordinates rσ thus becomes apparent by considering

the electronic natural occupation numbers ne
i

ne
i ≥ 0, ∀i

ne
i ≤ 1, ∀i∑
i ne

i = N ,

(4.51a)

(4.51b)

(4.51c)

where we split the conditions in three parts for later convenience. The equivalent bosonic symmetry of the
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auxiliary photonic coordinates leads instead to the conditions

0 ≤ np
i , ∀i∑

i np
i = N .

(4.52a)

(4.52b)

Note that the normalization of γe/b to the electron number N is a direct consequence of the auxiliary con-

struction that considers exactly N polaritons for a system with N electrons. This becomes explicitly vis-

ible in the fact that the normalization of γ by definition transfers to γe/b , since N = ∑
σ

∫
dzγ(zσ,zσ) =∑

σ

∫
drγe (rσ,rσ) = ∫

dqγp (q,q). Additionally, the lower bounds of γe/b , cf. Eqs. (4.51a) and (4.52a), transfer

from γ, because the partial trace operation is a completely positive map [263]. We can conclude that if (4.46)

is enforced, only the upper bound of the electronic 1RDM, cf. Eq. (4.51b) provides a nontrivial additional

constrained.

This now shows explicitly also for an interacting wave function that at most one electron can occupy a

specific quantum state, while many auxiliary photon quantities can occupy a single quantum state. Further,

the dressed 1RDM γ[Ψ′] itself has only natural occupation numbers between zero and one and is therefore

fermionic, yet it contains a fermionic and a bosonic subsystem. It is important to note that the original

wave function Ψ did not have this simple hybrid statistics but only fermionic symmetry, since the physical

pα did not follow any specific statistics. Further, that we genuinely have formulated the coupled electron-

photon problem in terms of hybrid quasi-particles becomes most evident by actually using single-particle

(polariton) orbitals φi (zσ) to expand the dressed 1RDM ofΨ′.

To obtain a computationally tractable procedure, we therefore use the construction presented in Sec. 5.1

to (approximately) ensure the polariton statistics implied by Eq. (4.43), instead of the factorially growing

number of “mixed-index” orbitals. We will consider all fermionic density matrices in the auxiliary configu-

ration space, which we characterize by the conditions of Eq. (4.46) in terms of polaritonic orbitalsφi (zσ). We

then constrain this space by enforcing the N -representability conditions of Eq. (4.51) for the 1RDM of the

electronic subsystem. Since this guarantees that only (ensembles of) fermionic wave functions are allowed,

also the minimal energy solution (corresponds to an ensemble that) has fermionic symmetry with respect

to rσ. We remind the reader that this is the only symmetry of the physical system. Thus, it is especially

important to enforce this symmetry also within an accurate approximation scheme in the dressed system.

This together with the zσ antisymmetry guarantees additionally the correct zero-coupling limit. We call this

construction the polariton ansatz for strong light-matter interaction. In the next section, we will based on

the polariton ansatz provide a detailed prescription to generalize a given electronic-structure theory to treat

ground states of coupled electron-photon systems from first principles.

4.3.3 Observables in the dressed system

To conclude we want to briefly discuss the role of observables in the auxiliary system. Although we con-

structed the auxiliary space explicitly in a way that the physical wave function Ψ can be reconstructed ex-

actly from its dressed counterpart Ψ′ by integration of all auxiliary coordinates, this does not hold for all

types of operators. For operators that depend only on electronic coordinates, there is no difference and

we have 〈Ψ|ÔΨ〉 = 〈Ψ′|ÔΨ′〉. This is not surprising because the coordinate transformation (4.36) acts only

on the photonic part of the system. For photonic observables instead, the transformation changes the re-

spective operators and thus, the connection between physical and auxiliary space becomes nontrivial in

general. However, at least for all observables that depend on photonic 1/2- or 1-body expressions, there is
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an analytical connection. For half-body operators, i.e., any operator that depends only on the displacement

of

pα = 1p
N

(qα,1 + ...+qα,N ) (4.53)

and its conjugate

∂

∂pα
= 1p

N

(
∂

∂qα,1
+ ...+ ∂

∂qα,N

)
, (4.54)

the coordinate transformation itself provides us with the connection. For 1-body operators, this becomes

slightly more involved. For example, consider the mode energy operator Ĥph = ∑M
α=1

[
− 1

2
∂2

∂p2
α
+ ω2

α
2 p2

α

]
≡∑M

α=1 ĥα, that we can straightforwardly generalize in the auxiliary space to Ĥ ′
ph =∑M

α=1
∑N

i=1

[
− 1

2
∂2

∂q2
α,i

+ ω2
α

2 q2
α,i

]
≡∑M

α=1 ĥ′
α. The connection between Ĥph and Ĥ ′

ph is given by the definition of the coordinate transformation

(4.36),

Ĥph = Ĥ ′
ph −

M∑
α=1

Π̂α. (4.55)

Since the expectation value of Π̂α is known analytically, 〈Ψ′|Π̂α(pα,2, ..., pα,N )Ψ′〉 = 〈χ|Π̂αχ〉 = (N−1)
∑M
α=1

ωα
2 ,

we have

Eph =〈Ψ|ĤphΨ〉 = 〈Ψ′|Ĥ ′
phΨ

′〉− (N −1)
M∑
α=1

ωα

2
, (4.56)

that enters the total energy

E =〈Ψ|ĤΨ〉 = 〈Ψ′|Ĥ ′Ψ′〉− (N −1)
M∑
α=1

ωα

2
. (4.57)

This can be generalized to any operator that contains terms of the form pαpβ, pα
∂
∂pβ

, and ∂
∂pα

∂
∂pβ

, where

α and β denote any two modes. The reason is that the transformation (4.36) preserves the standard inner

product of the Euclidean space of the mode plus extra coordinates. This transfers also to their conjugates

and combinations of both. From the above, it is straightforward to derive also the expression for the occu-

pation of mode α, N̂α
ph = 1

ωα
ĥα− 1

2 . In the auxiliary system, we have

N̂α
ph = 1

ωα
ĥ′
α− N

2
. (4.58)
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Chapter 5

POLARITONS FROM FIRST PRINCIPLES

In the last chapter, we have defined the theoretical framework to describe coupled matter-photon systems

with polaritons as the fundamental entity. Now we need to discuss how to use the framework in practice.

The key behind the application of the dressed construction lies in the fact that the polaritons are “almost

electrons” - with an additional symmetry - and the Hamiltonian in terms of these polaritons is also almost

the Hamiltonian of standard electronic-structure theory. In this chapter, we lay out how we can exploit this

by providing a general prescription of how to turn any given electronic-structure theory into a “polaritonic-

structure theory” (Sec. 5.1). This means that we keep the approximations to the Coulomb-interaction within

the electronic theory exactly as they are but use them to approximate the in the previous section derived

interaction between the polaritons. Sec. 5.1 is based on chapter 3 of [2]. Then, we exemplify this prescription

for two examples. In Sec. 5.2, we introduce polaritonic HF, followed by polaritonic RDMFT in Sec. 5.3.

5.1 Polaritonic structure theory

In this section, we lay out in detail how one can transform a given electronic-structure theory that meets

some minimal requirements into its polaritonic version. The goal of such a “polaritonic-structure theory”

is to find the ground state of the cavity-QED Hamiltonian of Eq. (1.37) by considering the ground state of

the auxiliary Hamiltonian of Eq. (4.37). Let us start by defining the according variational principle for the

ground-state energy E ′
0 as

E ′
0 = inf

Ψ′∈P
〈Ψ′|Ĥ ′Ψ′〉 , (5.1)

where P= {Ψ′ :Ψ′ ↔ (4.43)} is the set of all normalized many-polariton wave functions that obey the consti-

tutive relations of Eq. (4.43). For our purposes, as explained in Sec. 4.3, we will instead consider the larger set

M of all (mixed-state) density matrices Γ=∑
j w j |Ψ′

j 〉〈Ψ′
j | with

∑
j w j = 1, that obey the hybrid Fermi-Bose

statistics. The minimal energy also in this more general set corresponds to the pure state of Eq. (5.1), i.e.,

E ′
0 = inf

Γ∈M
Tr{ΓĤ }. (5.2)

The main trick now is in how we approximate this set. We do so by first considering the yet larger set M̃= {Γ̃ :

Ψ̃′
j =

∑
C j ,KΦK }, i.e., density matrices made of superpositions of Slater determinantsΦK = det(φK ,1 · · ·φK ,N )/

p
N !

of polariton orbitals φK ,i . This guarantees the overall Fermi statistics in terms of the polaritonic coordinates

zσ. We then constrain this larger set to

M ′ = {Γ̃ ∈ M̃ : ne
i [Γ̃] ≤ 1}, (5.3)
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Hamiltonian Basis States Lagrangian of the EST

Ĥm = T̂ [t ]+ V̂ [v]+Ŵ [w] {φk (rσ)} → Lm[Ψ] = E t ,v,w
m [Ψ]+C [Ψ]

↓
Ĥ = Ĥm + Ĥph + ĤI + Ĥd {φk (rσ),χα(p)} → “new theory necessary”

↓
Ĥ ′ = T̂ [t ′]+ V̂ [v ′]+Ŵ [w ′] {φ′

k (rσ, q)} → L′[Ψ′] = E t ′,v ′,w ′
m [Ψ′]+C [Ψ′]+G [Ψ′]

Figure 5.1: Graphical illustration of the polariton construction and its connection to an electronic-structure
theory (EST). Here Em indicates the energy expression of the EST, such as the HF, configuration interaction,
or coupled cluster energy functional, and C indicates the constraints of the EST, such as orthonormality
of the orbitals. They are enforced on a (possibly multideterminantal) wave function Ψ constructed from
an electronic single-particle basis φk . Further, G indicates the new constraints that arise due to the hybrid
statistics of the polaritons, which are now enforced on a (possibly multideterminantal) wave function Ψ′
of polaritonic single-particle orbitals φ′

k . The usual coupled electron-photon problem (second line) has a
Hamiltonian with a different structure and is built on separate orbitalsφk and χα. Thus, a new (efficient and
accurate) approximate energy expression would be needed.

where ne
i [Γ̃] are the natural occupation numbers, cf. Eq. (4.49), of the electronic 1RDM γe [Γ̃] =∑

j w jγe [Ψ̃′
j ]

that depend on Γ̃. This enforces the fermionic statistics with respect to the electronic coordinates rσ. The

rest of the N -representability conditions (Eqs. (4.51a) and (4.51c)) are satisfied automatically by choosing

Ψ′ ∈ P̃ as fermionic with respect to polariton coordinates and thus the corresponding dressed 1RDM satis-

fies the N -representability conditions (Eq. (4.46)). This guarantees that the electronic and photonic 1RDMs

of the system are N -representable, and thus, e.g., the electronic Pauli-principle is enforced. However, higher

order RDMs are not treated exactly, which is an interesting topic for future research. We thus avoid the direct

construction of the exponentially growing correlated electron-photon states.

As we have pointed out already, the polariton picture gives any coupled problem that is described by

Hamiltonian (1.37) the same structure as a purely electronic problem with two-body interactions, i.e., the

electronic-structure Hamiltonian (Eq. 2.1). Consequently, we can transfer every type of electronic-structure

theory to the coupled electron-photon problem, if the theory provides an expression for the 1RDM (since

we need the 1RDM to test the N -representability constraints). The main steps how to do so are depicted in

Fig. 5.1. We assume that the theory provides us an energy expression Em with respect to a set of electronic

basis states {φk }. This requirement is met by basically every electronic-structure theory, as for instance the

single-reference methods KS-DFT or HF but also more involved (and numerically expensive) approaches

like coupled cluster, valence bond theory or configuration interaction.1 Depending on the specific theory,

Em might have quite different forms, but it is always derived from some many-body Hamiltonian Ĥm =
T̂ [t ]+V̂ [v]+Ŵ [w]. More specifically, the connection between Ĥm and Em is given by the particle number N

and the integral kernels (t , v, w) of the three energy operators. For the matter Hamiltonian Ĥm of Eq. (1.37)

for example, these kernels are given by t = − 1
2∇2

r , v = v(r) and w = w(r,r′). The goal of any electronic-

structure theory is then to find the minimum of E t ,v,w
m [Ψ], whereΨ is a (possibly multi-determinantal) wave

function constructed from the orbital set {φk }. Typically, one needs to impose some constraints on the

parametrization of the wave functionΨ to make it physical

ck [Ψ] = 0, (5.4)

1A standard reference for these and other quantum chemical methods is Helgaker et al. [132].
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e.g., orthonormality of orbitals or the norm of the CI coefficients. The generic electronic-structure minimiza-

tion problem is formulated as

minimize E t ,v,w
m [Ψ]

subject to ck [Ψ] = 0. (5.5)

We can solve Eq. (5.5) by, e.g., minimizing the Lagrangian

Lt ,v,w
m [Ψ, {εk }] = E t ,v,w

m [Ψ]+C [Ψ, {εk }], (5.6)

where C [Ψ, {εk }] = ∑
k εk ck [Ψ] is a Lagrange-multiplier term. Instead of minimizing Em directly, one mini-

mizes Lm with respect to the orbitals and the Lagrange-multipliers εk . Today, a plethora of standard electronic-

structure codes exist that solve (5.5) very efficiently for many different theory levels and thus allow for a

highly accurate description of the electronic structure.

If we consider the coupled electron-photon Hamiltonian of Eq. (1.37) instead of the purely electron

Hamiltonian Ĥm , we find that we need to build new approximation strategies and implementations to

deal with the coupled electron-photon Hamiltonian directly. However, by transforming the problem into

its dressed counterpart, i.e., we consider (4.37), we can utilize the full existing machinery for the electronic

case. In particular, this means that we have now polaritonic orbitals φ′
i (zσ) as fundamental entities that

have as coordinate z ≡ rq , where q is an M-dimensional (number of photon modes) vector. Additionally, the

one- and two-body terms are replaced by their polaritonic counterparts, i.e., (t , v, w) → (t ′, v ′, w ′) as given

in Eqs. (4.38), (4.39) and (4.40). We can then transform straightforwardly the energy expression of a given

electronic-structure theory into a polariton energy expression E t ,v,w
m [Ψ] → E t ′,v ′,w ′

m [Ψ′], because the connec-

tion between Em and Ĥm is defined by the one- and two-body terms and the particle number alone. Also the

constraints directly transfer to the polariton system, leading to the Lagrangian term C [Ψ, {εk }] →C [Ψ′, {εk }].

Lastly, since polaritons are particles with a more complicated hybrid statistics than electrons (see Ch. 4), we

need to add to the Lagrangian a further constraint term G [γe ]2 to enforce the constraints

gi [γe ] = 1−ne
i ≥ 0 ∀ i = 1, . . . , N . (5.7)

With this definition, the energy expression E t ′,v ′,w ′
m [Ψ′] and the constraints, we are now able to generalize

the minimization problem of Eq. (5.5) to the generic polaritonic minimization problem

minimize E t ′,v ′,w ′
m [Ψ′]

subject to ck [Ψ′] = 0 (5.8)

gi
[
γe [Ψ′]

]≥ 0.

Since there are many possible strategies to solve the minimization problem (5.8) and a good choice might

depend on the specific electronic-structure theory that is considered, we will not further discuss the prac-

tical aspects of enforcing the extra conditions. In the next sections, we will exemplify this procedure by

generalizing HF and RDMFT to polaritons.

We want to remind the reader that there are scenarios in which the conditions gi are trivially fulfilled

(see Sec. 4.2.3). In this case, a minimization that does not explicitly guarantee gi ≥ 0 is as accurate as solv-

ing the minimization problem (5.8). In the following, we will refer to polaritonic minimization problems of

2The precise form of this term depends on the method that is used. See Sec. 8.2.2
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the former type as fermion ansatz to differentiate them from the generic polariton ansatz. We will numeri-

cally investigate the settings, where the fermion ansatz and the polariton ansatz lead to the same results in

Sec. (6.1.3).

5.2 Polaritonic HF

In this section, we will apply the general rules of the previous section to HF theory, which leads to polari-

tonic HF theory. This means that we approximate the density matrix of the exact dressed wave function of

Eq. (4.42) by the density matrix of a single Slater determinant with orbitals φ′
1, . . . ,φ′

N , i.e.,

Φ′(z1σ1, . . . ,zNσN ) = 1p
N !

|φ′
1, . . . ,φ′

N |−

Further, we consider a spin-restricted formalism, i.e., we assume that the number of electrons N is even and

define φ′
2k−1(zσ) = φ′

k (z)α(σ),φ′
2k (zσ) = φ′

k (z)β(σ) for k = 1, . . . , N /2, where α,β are the usual spin-orbitals

(cf. Eqs. (2.22). We again note that we do not necessarily enforce with our constraints that the auxiliary Slater

determinant has the right symmetry but rather its 1RDM. In this regard polaritonic HF becomes actually a

1RDM functional theory for polaritonic problems rather than a wave-function based method [1]. With this

ansatz, we calculate the energy expectation value for the Hamiltonian of Eq. (4.37), which reads

E ′
HF = 2

∑
i
〈φ′

i |(T̂ [t ′]+ V̂ [v ′])φ′
i 〉+

∑
i ,k

[
2〈φ′

k | Ĵ ′i [w ′]φ′
k〉−〈φ′

k |K̂ ′
i [w ′]φ′

k〉
]

, (5.9)

where we introduced the “dressed” Coulomb-operator Ĵ ′i which acts as

Ĵ ′iφ
′
k (z) =

∫
dz′φ′

i
∗(z′)w ′(z;z′)φ′

i (z′)φ′
k (z) (5.10a)

and the “dressed” exchange-operator K̂ ′
i that acts as

K̂ ′
iφ

′
k (z) =

∫
dz′φ′

i (z)w ′(z;z′)φ′
i
∗(z′)φ′

k (z′). (5.10b)

The polaritonic one- and two-body terms are given by (4.38), (4.39) and (4.40), respectively. With this we

find that E ′
HF = E t ′,v ′,w ′

HF ({φ′
k }) (see Ch. 2.2). Consequently, we also find structurally the same derivative,

which reads

∇φ∗
k

E ′
HF = Ĥ 1′φ′

k = 2(T̂ [t ′]+ V̂ [v ′])φ′
k +2

∑
i

[
2 Ĵ ′i [w ′]φ′

k − K̂ ′
i [w ′]φ′

k

]
, (5.11)

where Ĥ 1′ is the generalization of the Fock operator (Eq. (2.45)). Since we consider only one Slater deter-

minant, the orbitals φ′
i are also the eigenfunctions of the system’s dressed 1RDM γ. Because of the spin-

restriction, it suffices also to consider the spin-summed version γ(z,z′) = 2
∑N /2

i=1 φ
′
i
∗(z′)φ′

i (z), which we de-

note with the same symbol. We see that γ[Φ′] has occupations (eigenvalues) of 2 instead of 1 because of the

spin-summation. This transfers to the natural occupation numbers of the electronic 1RDM

γe (r,r′) =
∫

dqγ(rq,r′q).

Now, we have defined all the terms that enter the minimization problem (5.8).
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5.3 Polaritonic RDMFT

As mentioned in the last section, we consider polaritonic HF as a test-case. HF theory is conceptually (and

numerically almost) the simplest electronic-structure theory and thus it is well-suited to explore the fea-

tures and possible issues of polaritonic-structure theory. Judging from the first calculations (see Ch. 6), po-

laritonic HF captures despite its simplicity many phenomena of coupled light matter systems surprisingly

well. However, for large coupling strengths, polaritonic HF becomes inaccurate.3 To improve upon the HF

description, a logical next step is DFT based on an auxiliary system of polaritons. For that, we merely have

to remove the exchange-part of the HF-implementation and employ a functional of our choice. This has

been already tested in a simple setting by Nielsen et al. [258]. We only want to mention that the employed

(simple) functional in terms in the dressed KS system was already more accurate than KS-QEDFT with the

photon OEP.

In this section instead, we go from a conceptual point of view yet another step further and derive polari-

tonic RDMFT, i.e., we construct a theory on the polaritonic 1RDM. This case is especially interesting with

regard to the difficulties that we encountered in Sec. 3.3.1 when we tried to express the energy-expectation

value of the Hamiltonian in terms of RDMs. By employing polaritonic orbitals, we can let aside the under-

standing of the complicated 3/2-body RDM that accounts for the electron-photon interaction in the stan-

dard picture, including its representability conditions. The polaritonic and electronic 1RDMs are quite sim-

ilar and most importantly, many concepts that were important for the construction of RDMFT functionals

transfer to the polaritonic case.

The RDM perspective on polaritonic-structure theory

Let us therefore analyze again the structure of Ĥ ′, given in Eq. (4.37). It consists of only polaritonic one-

body terms ĥ(1)(z) =− 1
2∆+v ′(z), and two-body terms ĥ(2)(z,z′) = w ′(z,z′). It commutes with the polaritonic

particle-number operator N̂ ′ = ∫
d3+M z n̂(z), where we used the definition of the polaritonic local density

operator n̂(z) = ∑N
i=1δ

3+M (z− zi ). This means that the auxiliary system has a constant polaritonic particle

number N . Additionally, the physical wave function of the dressed system Ψ′(z1σ1, . . . ,zNσN ) is per con-

struction antisymmetric (but it has in addition the q-symmetry). These properties allow for the definition

of the polaritonic (spin-summed) 1RDM in exactly the same way as for an electronic state. We repeat here

the definition of Sec. 4.3, i.e.,

γ(z,z′) = N
∑

σ1,...,σN

∫
d(3+M)(N−1)z (cf. 4.45)

Ψ′∗(z′σ1,z2σ2, ...,zNσN )Ψ′(zσ1,z2σ2, ...,zNσN ).

Furthermore, we introduce the (spin-summed) dressed 2RDM

Γ(2)(z1,z2;z′1,z′2) =N (N −1)
∑

σ1,...,σN

∫
d(3+M)(N−2)z

Ψ′∗(z′1σ1,z′2σ2,z3σ3, ..,zNσN )Ψ′(z1σ1,z2σ2,z3σ3, ..,zNσN ).

3Most of the contents of this section are part of Ref. [1]
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These dressed RDMs allow for expressing the energy expectation value of the dressed system by

E ′
0 =〈Ψ′|Ĥ ′|Ψ′〉 = 〈Ψ′|

N∑
k=1

ĥ(1)(zk )+ 1
2

∑
k 6=l

ĥ(2)(zk ,zl )|Ψ′〉

=
∫

d3+M zĥ(1)(z)γ(z,z′)|z′=z + 1
2

∫
d3+M zd3+M z ′ĥ(2)(z,z′)Γ(2)(z,z′,z,z′).

Thus, we can define the variational principle for the ground state only with respect to well-defined reduced

quantities,

E ′
0 = inf

{γ,Γ(2)}→Ψ′
E [γ,Γ(2)].

Notice the difference to the according variational principle in the standard picture

E0 = inf
{γe ,Γ(2)

e ,γb ,Γ(3/2)
e,b }→Ψ

{
(T +V ) [γe ]+ (W +Hd ) [Γ(2)

e ]+Hph[γb]+HI [Γ(3/2)
e,b ]

}
, (cf. 3.52)

that we have defined formally in Sec. 3.3.1. We discussed there that we don’t know how to enforce the con-

nection between the RDMs and the wave function, {γe ,Γ(2)
e ,γb ,Γ(3/2)

e,b } →Ψ, and thus cannot use it. In con-

trast to that, we know what we have to do in principle to perform the minimization (cf. 3.52): We need to

constrain the configuration space to the physical dressed RDMs that connect to an antisymmetric wave

function with the extra q-exchange symmetry by testing the appropriate N -representability conditions of

the dressed 2RDM and the dressed 1RDM. Besides the by now well-known conditions for the fermionic

2RDM [214] and the fermionic 1RDM [136] we would in principle get further conditions to ensure the ex-

tra exchange symmetry. However, already for the usual electronic 2RDM the number of conditions grows

exponentially with the number of particles, and it is out of the scope of this work to discuss possible ap-

proximations. The interested reader is referred to, e.g., Ref. [214]. Instead, we want to stick to the dressed

1RDM γ and approximate the 2-body part as a functional of the γ. We will treat hereby γ as approximately

fermionic and thus consider only the N -representability conditions (4.46). Additionally, we guarantee the

fermionic character γe as described in Sec. 5.1.

The polaritonic 1RDM as a basic variable

The mathematical justification of RDMFT is given by Gilbert’s theorem [199], which is a generalization of

the Hohenberg-Kohn theorem of DFT [165]. More specifically, Gilbert proves that the ground state energy of

any Hamiltonian with only 1-body and 2-body terms is a unique functional of its 1RDM (see Sec. 2.4.2. Fol-

lowing this idea, we will express the ground-state energy of the dressed system as a partly unknown energy

functional E ′ of only the system’s dressed 1RDM

E ′
0 = inf

γ
E ′[γ], (5.12)

where

E ′[γ] =
∫

d3+M zĥ(1)(z)γ(z,z′)|z′=z + 1
2

∫
d3+M zd3+M z ′ĥ(2)(z,z′)Γ(2)([γ];z,z′,z,z′)︸ ︷︷ ︸

=W ′[γ]

(5.13)
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is the dressed RDMFT energy functional. For this minimization, we need a functional of the diagonal of the

dressed 2RDM in terms of the dressed 1RDM as well as adhering to the corresponding N -representability

conditions when varying over γ. Analogously to the discussion about the extra symmetry, we need to con-

sider now polariton ensembles to have simple conditions. However, since the ground state is a pure state and

pure states are spacial cases of ensembles, the definition (5.12) is still exact with the ensemble conditions.

Another advantage of RDMFT in general is the direct access to all one-body observables. This transfers

also to polaritonic RDMFT. The calculation of expectation values of purely electronic one-body observables

is trivial with the knowledge of the dressed 1RDM, but also photonic one-body (and half-body) observables

can be calculated, using the connection formula shown in the end of Sec. 4.3. Thus, we are able to calculate

very interesting properties of the cavity photons like the mode occupation or quantum fluctuations of the

electric and magnetic field.

To see whether our approach is practical and accurate, we employ simple approximations to the un-

known part W ′[γ] that have been developed for the electronic case. To do so, we further, similarly to the

electronic case, decompose

W ′[γ] = EH [γ]+Exc [γ]

into a classical Hartree part

EH [γ] = 1

2

∫ ∫
d3+M zd3+M z ′γ(z,z)γ(z′,z′)w ′(z,z′)

and an unknown exchange-correlation part Exc [γ]. Almost all known functionals Exc [γ] are expressed in

terms of the eigenbasis and eigenvalues of the 1RDM. In our case the dressed natural orbitalsφi (z) and occu-

pation numbers ni are found by solving
∫

d3+M z ′γ(z,z′)φi (z′) = niφi (z). One interesting feature of RDMFT

is (in contrast to KS-DFT), that it includes HF theory as a special case with the functional

Exc [γ] = EHF[γ] =− 1
2

∑
i , j

ni n j

∫ ∫
d3+M zd3+M z ′φ∗

i (z)φ∗
j (z′) w ′(z,z′)φi (z′)φ j (z). (5.14)

As the HF functional depends linearly on the natural occupation numbers, any kind of minimization will

lead to the single-Slater-determinant HF ground state (which corresponds to occupations of 1 and 0) [224].

We have recovered polaritonic HF. We can go beyond the single Slater determinant in polaritonic RDMFT,

if we employ a nonlinear occupation-number dependence in the exchange-correlation functional. We have

only considered the oldest and best tested functional that was introduced by Müller in 1984 [227] that reads

in the dressed setting (cf. Eq. (2.102))

Exc [γ] = EM[γ] =− 1
2

∑
i , j

√
ni n j

∫ ∫
d3+M zd3+M z ′φ∗

i (z)φ∗
j (z′) w ′(z,z′)φi (z′)φ j (z), (5.15)

and later re-derived by Bjuise and Baerends [228] from a different perspective. The Müller functional has

been studied for many physical systems [229, 228] and gives a qualitatively reasonable description of elec-

tronic ground states (see also Sec. 2.5). Additionally, it has many advantageous mathematical properties [227,

161](see also Sec. 2.4.2). A thorough discussion of different functionals goes beyond the scope of this work,

and we only want to remark that a variety of functionals were proposed after EM [γ] and it is likely to have

even better agreement with the exact solution by choosing more elaborate functionals.
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Chapter 6

POLARITONIC STRUCTURE METHODS IN PRACTICE

In this chapter, we finally apply our new polariton tool box to concrete problems and show some first re-

sults.1 Specifically, we have two implementations available that are capable to perform calculations with

polaritonic orbitals. In Sec. 6.1, we introduce the first one. Here, the polaritonic orbitals are expanded in

a combined basis of a one-dimensional lattice for the electronic subsystem and the Fock-number states

for the photon mode (see Sec. 6.1.2). In this setting, we can perform polaritonic HF calculations taking ex-

plicitly into account the hybrid statistics of the polaritonic orbitals, i.e., the polariton ansatz (see Sec. 5.1).

Importantly, this implementation allows to assess our construction to approximatively guarantee the hybrid

statistics of polaritonic orbitals (polariton ansatz) and to define settings, in which we can use the fermion

ansatz. In Sec. 6.2, we introduce our second implementation in the real-space electronic structure code OC-

TOPUS.2 It is an extension of the RDMFT routine of OCTOPUS and capable to perform minimizations with

the Müller and HF approximation employing the fermion ansatz.3

For both implementations, we present accuracy studies, which is a standard step in first-principles the-

ory. Before we can apply a method to a new problem, we have to systematically compare the numerical re-

sults to exact references (or analytical limit cases). Since this is a standard procedure in electronic structure

theory, there are well-defined test sets with accurate reference data. For instance, Curtiss et al. introduced

the frequently used G2/97 [264] or G3/99 [265] theoretical thermochemistry test sets. For coupled electron-

photon systems, we do not have such kind of databases and it will be considerably more difficult to generate

them because of the larger configuration space.4 However, we still can follow the same route and assess our

approximations with exact references. With the machinery that we had accessible when we produced our

data, we could calculate the (regarding the basis set) exact many-body ground states of one-dimensional

two-electron systems that are coupled to one photon mode. In Sec. 6.3, we conclude the assessment with a

brief discussion of the numerical challenges of polaritonic-orbital-based methods, including the scaling of

the computational costs.

The benchmark studies justify then to go beyond problems that we can still treat with exact methods and

do some first calculations of nontrivial systems. Our implementations are not yet general enough to treat

realistic three-dimensional matter systems, but are constrained to one spatial dimension. Nevertheless, this

setting allows already to study nontrivial effects of the electron-photon interaction, which we present in

Sec. 6.4.

In Sec. 6.5, we summarize these results and comment on possible implications with respect to the stan-

dard description in terms of cavity-QED models (Sec. 1.2).

1The chapter is based on Refs. [1, 2].
2See also the corresponding publication Ref. [part 4][3].
3Note that to ease reading in this section, we only briefly introduce both algorithms, reserving their appropriate introduction for

part III. The first implementation is discussed in Ch. 8.2, and for the details on the second implementation, the reader is referred to
Ch. 8.

4The largest system that has been described exactly considers three particles and one mode [235].
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6.1 Polaritonic orbitals 1: hybrid statistics on the lattice

In this section, we introduce and asses the setting of our first implementation that numerically minimizes

the polaritonic HF energy functional (5.9) (Sec. 5.2) within the polariton ansatz. This means that the imple-

mentation is capable to explicitly enforce the extra conditions (5.7) due to the hybrid statistics of the polari-

tonic orbitals and allows for (approximately) enforcing the hybrid statistics. For that, we have developed a

new algorithm that we briefly outline in Sec. 6.1.1.5

In the first subsection (Sec. 6.1.2), we introduce the lattice model that this implementation considers

to describe the polaritonic orbitals. In Sec. 6.1.3, we assess this implementation by a comparison to exact

results and exemplify the influence of the hybrid statistics.

6.1.1 How to enforce the hybrid statistics in practice: The polaritonic HF algorithm

Algorithm-wise, we are confronted with enforcing the additional inequality constraints (5.7) in extension

to the original (HF) minimization problem in (5.5). We start by noting that the constraint functions gi de-

pend on γ{φ′
k }, which can be directly calculated from the polariton orbitals, via the eigendecomposition

of γe . Since the diagonalization of γe is a nontrivial step for large systems (or in real-space) and thus can

be a bottleneck of the minimization, it is helpful to consider natural and dressed orbitals as independent

variables of the minimization and enforce their connection as an additional constraint.6 We thus define

gi = gi [γe {φ′
k ,ψe

i }] and include the necessary orthonormality of the ψe
i by a third set of conditions

fi j = 〈ψe
i |ψe

j 〉−δi j = 0, (6.1)

that we include in the minimization by a third Lagrange-multiplier term −∑
i j θ̄i j fi j . Note that this con-

struction automatically linearizes the constraints (5.7) during one minimization step, where theψe
i are fixed.

To enforce now these inequality constraints, we use an augmented Lagrangian algorithm, following the

book of Nocedal and Wright [266], part 17.3. We have chosen this algorithm, since it simply extends a given

Lagrangian with penalty terms. Hence, we can make use of any existing implementation that solves the min-

imization problem of Eq. (5.5) and just add the extra terms with corresponding extra iteration loops. To test

this, we employed a standard electronic-structure algorithm [267], which we extended by the augmented-

Lagrangian method for the inequality constraints. This extension involves two extra terms. A linear (so-

called augmented) term, −∑
i νi gi with Lagrange-multipliers νi that are initialized to zero and updated to

values νi > 0 only if the minimization reaches the corresponding boundary of the feasible region where

gi = 0. And a second nonlinear term, that adds a penalty function P = µ/2
∑

i ([gi ]−)2, where [y]− denotes

max(−y,0), which penalizes violations of condition (5.7) quadratically, but has no effect in the so-called

feasible region of configuration space, where the conditions (5.7) are satisfied.

Specifically for our example, the extra Lagrangian term of the translation rules depicted in Fig. 5.1 is

given by

G [γe {φ′
k ,ψe

i }] =−∑
i
λi gi [γe {φ′

k ,ψe
i }]+µ∑

i
([gi ]−[γe {φ′

k ,ψe
i }])2 −∑

i j
θ̄i j fi j [γe {ψe

i }]. (6.2)

5 We present the algorithm with all its details in the last part in Ch. 8.2.
6This is similar to considering φ and φ∗ as independent.
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Figure 6.1: Sketch of our cavity setup. The electrons of our matter subsystem are allowed to move parallel
to the electric field E of the cavity mode yet restricted in the perpendicular directions, i.e., we consider a
one-dimensional discretized matter subsystem. Since the extension in the perpendicular directions is small
compared to the wave length of the dominant cavity mode, the coupling is mediated via the total dipole
d of the electrons. If the mode volume (distance between the mirrors) is small or the number of particles
increased, new hybrid light-matter quasi-particles, i.e., polaritons, emerge.

The full Lagrangian for the polaritonic HF minimization problem reads then

L′
HF [γ{φ′

k ,ψe
i }] =E ′

HF −∑
i j
ε̄i j hi j [γ{φ′

k }]+G [γe {φ′
k ,ψe

i }] (6.3)

and the corresponding first order conditions for a minimum (stationary point) of L′
HF are

0 =∇φ′
k
∗L′

HF = Ĥ 1φ′
k −

∑
j
ε̄k jφ

′
j +

∑[
λi −µ[gi ]−

]
Ĝiφ

′
k (6.4a)

0 =∇ψe
i
∗L′

HF = (µ[gi ]−−λi )
∫

dr′γe (r′,r)ψe
i (r′)−∑

j
θ̄i jψ

e
j , (6.4b)

where we considered φ′
k and φ′

k
∗ as independent and defined Ĝiφ

′
k (rq) = ne

k

∫
dr′ψe

i
∗(r′)φ′

k (r′q) ψe
i (rσ).

Additionally, we can diagonalize the Lagrange-multiplier matrices ε̄i j = δi j ε j and θ̄i j = δi jθ j , since the

orbital-dependent Hamiltonian Ĥ 1 and the electronic 1RDM γe are hermitian. We also want to remark on

the second gradient equation, cf. Eq. (6.4b), which is much simpler than it looks like on a first glance. In

fact, solving Eq. (6.4b) is equivalent to solving first the eigenvalue equation for γe (see the paragraph above

Eq. (4.51)) and then replacing θi = ne
i (µ[gi ]−−λi ). With these definitions, we are able to perform polaritonic

HF calculations by numerically solving the Eqs. (6.4a) and (6.4b) with the expressions (5.9) and (5.11).

For a more detailed discussion of this algorithm, the reader is referred to Ch. 8.2.

6.1.2 The Lattice model

For the exemplification of polaritonic HF, we consider a one-dimensional lattice system that couples to one

photon mode in dipole approximation with frequency ω. We depicted a sketch of the setup in Fig. 6.1. We
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have chosen such a simple lattice model, since this allows us to have still exact numerical reference data

for more than 2 electrons to compare to. We stress again that there are no (numerically exact) references

solutions currently available for realistic three-dimensional matter plus cavity systems. To the best of our

knowledge there are only QEDFT simulations (at several levels of approximations) for such systems [247,

233].

The Hamiltonian is of the form of Eq. (1.37) and reads

Ĥ =

Ĥm︷ ︸︸ ︷
−t

Bm∑
i

∑
σ=↑,↓

(ĉ†
i ,σĉi+1,σ+ ĉ†

i+1,σĉi ,σ)+
Bm∑
i=1

vi n̂i +

Ĥsel f︷ ︸︸ ︷
λ2

2

Bm∑
i , j=1

n̂i n̂ j xi x j

−
√
ω

2
(â† + â)λ

Bm∑
i=1

xi n̂i︸ ︷︷ ︸
Ĥi nt

+ω(â+â +1/2)︸ ︷︷ ︸
Ĥph

, (6.5)

with hopping t = 1
2∆x2 corresponding to a second-order finite difference approximation for a grid with spac-

ing ∆x, where we choose t = 0.5 for all calculations, which corresponds to a spacing between neighbouring

sites of∆x = 1 bohr and a local scalar potential with value vi on site i . We have set the Coulomb repulsion to

zero in this example to highlight the influence of the matter-photon coupling and how well the polaritonic

HF approach can capture it. However, we show results for larger systems including the Coulomb interaction

in Sec. 6.4. Nevertheless, due to the dipole self-energy term Ĥd we have a mode-induced dipole-dipole in-

teraction among the electrons. This type of interaction is important in many fundamental quantum-optical

questions, such as the quest for a super-radiant phase in the strong-coupling case [268, 269, 270] (see also

Sec. 1.1). Further, the electron basis Bm is determined by the number of sites, xi = i −x0 is the position with

respect to the middle of our lattice x0, ĉ(†)
i ,σ are the fermionic creation (annihilation) operators that satisfy the

anticommutation relation [ĉi ,σ, ĉ†
j ,σ′ ]+ = δi jδσσ′ , and n̂i = ĉ†

i ,↑ĉi ,↑+ ĉ†
i ,↓ĉi ,↓ is the density operator.

For the implementation and to go to the polariton picture, we express the matter Ĥm plus dipole part Ĥd

of our Hamiltonian in matrix form by using the basis states |ψ̃i ,σ〉 = ĉ†
i ,σ |0〉. As a basis for the photon subsys-

tem, we utilize the eigenstates χi of the photon energy operator, i.e., Ĥphχα = (α+1/2)χα, which are photon

number states. To calculate the coupling term of the energy expression HI , cf. Eq. (5.9), we express the dis-

placement operator pα = 1/
p

2ωα(â†
α+ âα) in this basis as well. To then construct the auxiliary Hamiltonian

Ĥ ′ to Eq. (6.5) according to the rules from Sec. 5.2, we would need to define the auxiliary terms t ′, v ′, w ′, cf.

Eqs. (4.38)-(4.40). Since in this section we employ a second-quantized picture, it is less convenient to de-

fine these kernel-like quantities, but directly the many-body operators T̂ [t ′],V̂ [v ′],Ŵ [w ′]. For the one-body

terms T [t ′]+V [v ′], this is straightforward and the expression reads

T [t ′]+V [v ′] =Ĥm + Ĥph + λ2

2

Bm∑
i=1

n̂i n̂i x2
i −

√
ω

N
(â† + â)λ

Bm∑
i=1

xi n̂i . (6.6)

However, the interpretation of the operators is different from before, because we have to apply them to

polaritonic basis states. Since we consider the spin-restricted formalism as introduced in Sec. 5.2, we neglect

the spin-dependency of the electronic part of the basis ψ̃i ,σ → ψi and define |φ′
iα〉 = |ψiχα〉. We can then

derive the kernel expression (t + v)(x, q) → (t ′+ v ′) jβ
iα = 〈ψiχα|(T̂ ′+ V̂ ′)ψ jχβ〉 as matrix elements

(t ′+ v ′) jβ
iα =− t (δi , j+1 +δi+1, j )+ viδi j +ω(δα,β+ 1

2 )+ λ2

2 (xi −x0)2δi jδα,β
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−λ
√

ω
N (xi −x0)δi j (

√
β+1δα,β+1 +

√
βδα,β−1). (6.7)

For the two-body term, a definition analogously to (6.6) is more difficult, since we have to differentiate the

two polaritonic coordinates. For the sake of the analogy, we formally write

Ŵ ′ =λ2
Bm∑

i 1 6= j 2=1

n̂i 1 n̂ j 2 xi 1 x j 2 −
√
ω

N
(â2† + â2)λ

Bm∑
i 1=1

xi 1 n̂i 1 −
√
ω

2
(â1† + â1)λ

Bm∑
2i=1

xi 2 n̂i 2 , (6.8)

where the upper indices differentiate the two polaritonic orbitals that both have an electronic and photonic

part. This is to be understood in the following sense: To define the corresponding kernel w(x1, q1, x2, q2) →
w i 1α1i 2α2

j 1β1 j 2β2 = 〈ψi 1χα1ψi 2χα2 |Ŵψ j 1χβ1ψ j 2χβ2〉, the operators only act on the basis elements with the same

indices. As an example, let us state the kernel (wself)
i 1α1i 2α2

j 1β1 j 2β2 for the self-interaction part Ŵself = λ2 ∑Bm

i 1 6= j 2=1
n̂i 1 n̂ j 2 xi 1 x j 2 that reads

(wself)
i 1α1i 2α2

j 1β1 j 2β2 =λ2(xi 1 −x0)(xi 2 −x0)δi 1 j 1δi 2 j 2δα1β1δα2β2 . (6.9)

With these definitions, we can calculate the polaritonic HF energy expression, cf. (5.9) and the polaritonic

HF Fock-matrix, cf. (5.11). Then, we employ the augmented Lagrangian algorithm as discussed in Sec. 6.1.1

to find the polaritonic HF ground state of the model system.

6.1.3 Polaritons form first principles: the influence of the hybrid statistics

As a first example, we illustrate the violation of the Pauli principle if we do not enforce the right symmetries

(see Sec. 5.1). To this end, we compare ground-state energies, electronic 1RDMs and the photon number of

a small 4-electron system obtained with the two different HF ground states, i.e., polaritonic HF using density

matrices with the exact symmetry, cf. (4.43), and polaritonic HF with only fermionic symmetry (which we

call in this section fermionic HF). We can expect deviations between both polaritonic-HF theory levels for

systems that contain more than one orbital. In our spin-restricted case this corresponds to more than two

electrons and that is why we chose here N = 4. Further we set the external potential to zero, i.e., vi = 0∀i .

Since we need to calculate the exact coupled electron-photon many-body ground state from a configuration

space that grows exponentially fast with the size of the basis sets and the electron number, we choose a

small box of length L = 5 bohr. This corresponds to a matter basis of Bm = 6 spatial sites times two spin

states for each electron. For the photon-subsystem, we consider Bph = 5 photon number states for which all

relevant quantities are sufficiently converged.7 Despite the small basis sets and electron number employed,

the many-body configuration space has the considerable size of (2Bm)N ∗Bph ≈ 105, which is already at the

edge of standard exact diagonalization solvers: matrices of this size can still be diagonalized without special

efforts like parallelization. Since we only aim for a benchmark study here, this limitation is not problematic,

but it shows how expensive the exact solutions of coupled electron-photon systems computationally are.

The need for numerically manageable approximations is evident here.

We first compare the electronic 1RDMs γe , cf. Eq. (4.47), and the photon numbers Nph = 〈N̂ph〉, cf.

Eq. (1.42) using the connection formula of Eq. (4.57), for varying coupling strengths g /ω = λ/
p

2ω and

ω = 0.4. We choose these quantities because they provide us with a consistent measure of how well the

electronic part and the photonic part of the system are approximated. The electronic 1RDM determines all

electronic one-body quantities and is therefore a very precise measure of the quality of the approximation

7For example, deviations in the energy or photon number between Bph = 5 and Bph = 6 are maximally of the order of 10−4.
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in the electronic sector. Indeed, the photonic 1RDM in the single mode case corresponds to the photon

number Nph , which is an equivalently good measure for the quality in the photonic sector. In Fig. 6.2 (a),

we display the difference of the exact electronic 1RDM from the one of the polaritonic HF and fermionic

HF approximations, measured by the Frobenius norm ‖A‖2 =
√∑

i j A2
i j for a matrix Ai j . We see that for

all coupling strengths the polaritonic HF 1RDM (dashed-dotted orange line), which enforces the right hy-

brid statistics, remains very close to the exact solution indicating that the electronic subsystem is captured

very well within this approximation. The fermionic HF (solid blue line) approximation, however, deviates

strongly due to its wrong purely fermionic character.

(a) (b)

Figure 6.2: Comparison of the electronic 1RDM γe (a) and the photon number Nph (b) for the 4-electron
system with ω= 0.4 hartree for varying coupling strength g /ω. In (a) the norm difference between the exact
1RDM and the polaritonic HF (pHF) 1RDM (dashed-dotted orange line) and between the exact 1RDM and
fermionic HF 1RDM (fHF) (solid blue line) are displayed. In (b) the exact photon number (dashed green line)
and the polaritonic HF (dashed-dotted orange line) and fermionic HF (solid blue line) photon numbers are
shown. In both cases, fermionic HF deviates much stronger from the exact reference than polaritonic HF
due to the wrong symmetry.

The same behavior is also encountered in the photonic subsector, where in Fig. 6.2 (b) the photon num-

ber of the exact calculation (dashed green line) is compared to the polaritonic HF (dashed-dotted orange

line) and to the fermionic HF photon number (solid blue line). We therefore find, similarly to the simple

uncoupled problem in Sec. 5.1 (for g /ω= 0 we recover this case exactly), that for the same energy expression

using the wrong statistics leads to sizeable errors.

The same problem is encountered also in Fig. 6.3 (a), where we display the total energy E = 〈Ĥ〉 of the

coupled system as a function of the coupling strength g /ω. While the polaritonic HF (dashed-dotted orange

line) is variational, i.e., due to the right statistics we are always equal or above the exact energy (dashed

green line), the fermionic HF (blue solid line) breaks the proper symmetry and thus can reach energies

below the physically accessible ones. However, again in close analogy to the uncoupled example in Sec. 5.1,

if we increase the frequency of the photon field such that it is much more costly to excite photons than

electrons, the minimal-energy conditions can single out the correct statistics, as displayed in Fig. 6.3(b).

That is, for ω large enough the constraints gi [γ{φ′
k ,ψe

i }] ≥ 0 of Eq. (5.8) are trivially fulfilled. We will exploit
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(a) (b)

Figure 6.3: Total energy for the 4-electron system with ω= 0.4 hartree (a) and ω= 0.8 hartree (b) for varying
coupling strength g /ω. While in (a) the fermionic HF approximation (solid blue line) can achieve unphys-
ically low energies when compared to the exact solution (dashed green line) due to the wrong statistics, in
(b) the minimal-energy condition singles out the right statistics without further constraints. The polaritonic
HF (dashed-dotted orange line) by construction always has the right hybrid statistics and thus is variational,
i.e., the energy is always above the exact energy.

this feature later, when we use the other implementation for 4-electron system. We want to stress again that

for a 2-electron singlet system, we always trivially satisfy the additional constraints, because there is only

one occupied orbital. Thus, in the following benchmark study, we do not have to take care about the photon

frequency.
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6.2 Polaritonic orbitals 2: the fermion ansatz in real space

In this section, we present our second numerical implementation of polaritonic orbitals that minimizes the

RDMFT energy functional (5.13) within the fermion ansatz. We can employ the HF (Eq. (5.14)) as well as

the Müller approximation (Eq. (5.15)) to the energy functional. The implementation is part of the real-space

electronic structure code OCTOPUS [3]. This implementation is not yet extended to explicitly guarantee

the extra conditions of Eq. (5.7) and thus can only be applied in settings, where the conditions are trivially

fulfilled (see Sec. 6.1.3). Within this limitation, the implementation is capable to study one-dimensional

electronic systems, coupled to one photon mode in full real space. This means the electronic and photonic

coordinates of the polaritonic orbitals are approximated on discretized grids and the differential operators

are approximated accordingly (see Sec. 8.1). This allows for a highly accurate description of coupled light-

matter systems (see also App. C).

In Sec. 6.2.1, we briefly introduce the RDMFT algorithm. The appropriate introduction of the imple-

mentation, including a detailed convergence study is presented instead in Ch. 8 of the numerics part. In

Sec. 6.2.2, we validate the methods for two example systems.

6.2.1 Polaritonic orbitals in real-space: the OCTOPUS-implementation of polaritonic

RDMFT

An important advantage of the polariton formulation of cavity QED is that we can re-use most of the numeri-

cal techniques developed for quantum chemistry and materials science. We demonstrate this explicitly with

our working implementation of dressed RDMFT in the electronic-structure code Octopus [3] that is publicly

available in the actual developer’s version.8

Specifically, we rewrite the approximated energy functional in the natural orbital basis as

E [γ] =
∞∑

i=0
ni

∫
d3+M zφ∗

i (z)
[− 1

2∆+ v ′(z)
]
φi (z)+

1
2

∑
i , j

ni n j

∫ ∫
d3+M zd3+M z ′ ∣∣φi (z)

∣∣2
∣∣∣φ∗

j (z′)
∣∣∣2

w ′(z,z′)+Exc [γ].

We use this form to minimize the energy functional by varying the natural orbitals as well as the natural

occupation numbers. To impose fermionic ensemble N -representability, we first represent the occupation

numbers as the squared sine of auxiliary angles, i.e. 0 ≤ ni = 2sin2(αi ) ≤ 2, to satisfy Eq. (3.47a).9 The second

part of the conditions (Eq. (3.48)), i.e.,
∑

i=1 ni = N , as well as the orthonormality of the dressed natural

orbitals, i.e.,
∫

d3+M zφ∗
i (z)φ j (z) = δi j , are imposed via Lagrange multipliers as, e.g., explained in Ref. [271].

We have available two different orbital-optimization methods, a conjugate-gradient algorithm (see Sec. 7.3)

and an alternative method that was introduced by Piris and Ugalde [158] (see Sec. 7.2). The latter expresses

the φi in a basis set and can use this representation to considerably speed up calculations in comparison to

the conjugate-gradient algorithm. It was used for all results presented in the following. However, it is not

trivial to converge such calculations in practice and we developed a protocol to obtain properly converged

results. The interested reader is referred to App. C.

8https://octopus-code.org/wiki/Developers:Starting_to_develop.
9Note that the ni are bounded by 2 because we employed a spin-summed formulation. If we considered natural spin-orbitals in-

stead, the upper bound would be 1.
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6.2.2 Validation of polaritonic RDMFT

We now validate our real-space implementation by comparing to exact solutions of simple atomic and

molecular systems. The different systems are described by a local potential v(x) and coupled to one photon

mode. We transfer the systems in the dressed basis, that leads to a dressed local potential

v ′(x, q) = v(x)+ 1
2 (λx)2 + ω2

2 q2 − ωp
2

q(λx). (6.10)

Specifically, we consider a one-dimensional model of a helium atom (He), i.e.,

vHe (x) =− 2p
x2 +ε2

(6.11)

and a one-dimensional model of a hydrogen molecule (H2), i.e.,

vH2 (x) =− 1√
(x −d)2 +ε2

− 1√
(x +d)2 +ε2

(6.12)

at its equilibrium position d = deq = 1.628 a.u. We use the soft Coulomb interaction

w(x, x ′) = 1/
√
|x −x ′|2 +ε2

C (6.13)

for all test systems.10 Note that the softening parameters ε/εC are a standard tool for one-dimensional mod-

els of atoms. In contrast to the 3d case, the divergence of the potential 1/|x| for x = 0 leads to many peculiar

and unwanted effects that are discussed since the 1950ies [272]. The softening parameter removes the diver-

gence and can be used as a fitting parameter to give the 1d systems a similar energy structure and wave func-

tion behavior to the corresponding 3d-systems.11 We set ε= εC = 1 as usual for these two systems [274, 275].

In Sec. 6.4 instead, when we study the one-dimensional Beryllium atom we will need to adjust ε to guarantee

properly bound electrons (Sec. 6.4.3). In Sec. 6.4.4, we will even use ε as an additional parameter to explicitly

control the confinement of the electrons. Finally, we choose the photon frequency in resonance12 with the

lowest excitations of the respective “bare” systems, so outside of the cavity. For that we calculate the ground

and first excited state of each system with the exact solver and find the corresponding excitation frequencies

ωHe = 0.5535 a.u. and ωH2 = 0.4194 a.u.

For both examples, the dressed auxiliary system is 4-dimensional (2 particles with 2 coordinates each),

which is still small enough to be solved exactly in a 4-dimensional discretized simulation box, so that we

can compare dressed RDMFT (with the Müller functional of Eq. (5.15)), dressed HF (see Eq. (5.14)) and

the exact solutions. We used the box lengths of Lx = Lq = 16 a.u. and spacings of d x = d q = 0.14 a.u. to

model the electronic x and photonic coordinates q of the two dressed particles in the exact routine. We

want to mention that the box length is not entirely converged with these parameters. In a (numerically

very expensive) benchmark calculation, we observed a further decrease of energy with larger boxes (the

calculations with respect to the spacing are converged), but the changes in energy and density are only of

the order of 10−5 or less. All the following results require a maximal precision of the order of 10−2 in energy

as well as in the density and thus we can safely use the given parameters. Details can be found in Ch. 8. For

10Note that we introduced vH2 already in Sec. 2.5 (eq. (2.111)).
11See for example Gebremedhin and Weatherford [273] for an introduction in the topic and further details about the mathematical

properties of the soft-Coulomb approximation.
12Note however that such resonance is not an important feature of ground states and we just use these values because we have to

choose one.
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dressed RDMFT and dressed HF instead, we needed to consider 2-dimensional simulation boxes for every

dressed orbital and we set Lx = Lq = 20 a.u. and d x = d q = 0.1 a.u. We obtained converged results for M = 41

(M = 71) natural orbitals for He(H2). For further details, the reader is referred to App. C for the details on

how to determine these numbers. We first show (see Fig. 6.4) the deviations of the ground state energies

He H2

Figure 6.4: Differences of dressed HF (dHF) and dressed RDMFT (dRDMFT) from the exact ground state
energies (in Hartree) as a function of the coupling g /ω for the (one-dimensional) He atom (left) and (one-
dimensional) H2 molecule (right) in the dressed orbital description. Dressed RDMFT improves considerably
upon dressed HF. For both systems, the energy of dressed RDMFT remains close to the exact one, the error
of dressed HF instead increases with the coupling strength.

for dressed RDMFT and dressed HF from the exact dressed calculation as a function of the dimensionless

relation between effective coupling strength and photon frequency g /ω for He and H2, respectively. We

thereby go from weak to very strong coupling with g /ω= 1.13 We see that while dressed HF deviates strongly

for large couplings, dressed RDMFT remains very accurate over the whole range of coupling strength. Still, a

more severe test of the accuracy of our method is if instead of merely energies, we compare spatially resolved

quantities like the ground-state density ρ(x, q) ≡ γ(x, q ; x, q). To simplify this discussion, we separate the

electronic and photonic parts of the two-dimensional density by integration, i.e., ρ(x) = ∫
dq ρ(x, q) and

ρ(q) = ∫
dxρ(x, q). The exact reference solutions show that with increasing g /ω the electronic part of the

density becomes more localized, while the photonic part becomes broadened. This behavior is captured

qualitatively with dressed HF as well as with dressed RDMFT. The latter performs for the electronic density

considerably better over the whole range of coupling strength, whereas for the photonic densities both levels

of theory deviate in a similar way from the exact result. This is shown for g /ω = 0.1 in Fig. 6.5 for both test

systems. Looking at the electronic densities, we can observe a feature that the ground state energy does

not reveal. In some cases the effects of the two approximations are contrary to each other as we can see

in the He case. Here, the dressed RDMFT electronic density is more localized around the center of charge

than the exact reference and the electronic density of dressed HF less. In other cases instead, both theories

13Such strong coupling strength are sometimes referred to as the deep-strong coupling regime [48] that has been observed experimen-
tally in different systems like for instance for Landau polaritons[62]. For (organic) molecules the highest reported coupling strengths
are in the ultra-strong regime of g /ω≈ 0.4[48].
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over-localize ρ(x) (here visible for H2.)

An even more stringent test of the accuracy of the dressed RDMFT approach is to compare the dressed

1RDMs. The essential ingredients of the dressed 1RDMs are their natural orbitals φi (x, q). Again, we sepa-

rate electronic and photonic contributions and show their reduced electronic densityρi (x) = ∫
dq |φi (x, q)|2.

Fig. 6.6 depicts the first three dressed natural orbital densities of dressed RDMFT in comparison with the ex-

act ones for both test systems. While it holds that for both systems, the lowest natural orbital density of the

dressed RDMFT approximation is almost the same as the exact one, and the second natural orbital densities

are only slightly different, the third natural orbital densities of H2 differ even qualitatively. For He, similar

strong deviations are visible for the fourth natural orbital. However, as long as such strong deviations only

occur for natural orbitals with small natural occupation numbers, like in these cases (H2 : n1 = 1.878,n2 =
0.102,n3 = 0.015, He: n1 = 1.978,n2 = 0.020,n3 = 0.001), their (inaccurate) contribution to the density and

total energy remains small.

To complete the picture, we also look at the photonic natural orbital densities, ρi (q) = ∫
dx |φi (x, q)|2,

the first 3 of which are plotted in Fig. 6.7, for He and H2. Here, the dressed RDMFT results even agree

better with the exact solution than their electronic counterparts. Apparently, dressed RDMFT captures the

photonic properties of the tested systems very accurately for the ultra-strong coupling regime. The accuracy

drops with increasing g /ω.

As an example for a photonic observable, we show in Fig. 6.8 the mode occupation Nph
14 as a func-

tion of the coupling strength g /ω that we calculated by using Eq. (4.58), i.e., Nph = Eph

ω − N
2 , with the pho-

ton mode energy Eph =∑M
i=1 ni

∫
dxdqφ∗

i (x, q)
(
− 1

2
d2

dq2 + w2

2 q2
)
φi (x, q). From weak to the beginning of the

ultra-strong coupling regime (g /ω ≈ 0.1), both dressed HF and dressed RDMFT capture Nph well. For very

large coupling strengths, the deviations to the exact mode occupation becomes sizeable. This might sound

counter-intuitive, as the photonic density is described comparatively well. The reason is that the photon oc-

cupation, in contrast to the density, is mainly determined by the second and third natural orbital, because

the first natural orbital resembles a photonic ground state with occupation number zero in the studied cases.

Dressed HF does not consider a second orbital (the first instead is doubly occupied) and thus cannot capture

the effect. And for dressed RDMFT, the error in the second and third natural orbital is much larger than in

the first (see Fig. 6.7.) However, it is probable that this can be improved by better functionals.

Although we only can assess our theories on small model systems, we can draw some interesting con-

clusions. First of all, for coupling strength of g /ω/ 0.2, both polaritonic HF and polaritonic RDMFT capture

the electron photon interaction quite well. For these coupling strengths, the main differences between both

levels of theory arise from the different quality of approximation to the Coulomb interaction as the g /ω= 0

limit shows. This indicates that a gross part of the interaction is already carried by the polaritons themselves.

However, for very large couplings, polaritonic HF considerably overestimates the influence of the interac-

tion (especially the dipole self-energy is too large then), but polaritonic RDMFT remains impressively close

to the exact solution. If this is due to some compensation of errors, one has to see. In any case, these results

are quite promising and we can definitely use the theories to perform some first studies for larger systems.

We do not show results for more spatial dimensions, because our implementations are not yet optimized

for this case, but we go beyond the 2-particle case. As the results presented in Sec. 6.1.3 have shown, to do

so, we either need to enforce the constraints due to the hybrid statistics in the minimization or we consider

a scenario, where the photon frequency is large enough to ensure the constraints. We show results for both

cases in the following.

14Note that this is not the usual photon number. See Sec. 1.3.3.
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He He

H2 H2

Figure 6.5: Deviations of dressed HF (dHF) and dressed RDMFT (dR) ground state densities from the exact
solution (depicted in the insets) for the He atom (top) and the H2 molecule (bottom) with coupling g /ω= 0.1.
We separate the electronic (x, left) and photonic (q, right) coordinates as explained in the text. For both
systems, dressed RDMFT finds a considerably better electronic density than dressed HF, which is consistent
with the better result in energy (see Fig. 6.4.) The photonic densities are reproduced almost exactly for both
levels of theory.
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He He

H2 H2

Figure 6.6: The first three natural orbital densities ρ(i )
ex/dR (x) of the exact (ex) and dressed RDMFT (dR) calcu-

lations are depicted for the He atom (top) and the H2 molecule (bottom) with coupling g /ω= 0.1. We see in
both cases that ρ(1)

ex (x) is almost exactly reproduced by dressed RDMFT, but ρ(2)
dR (x) deviates already visibly

from ρ(2)
ex (x) (left.) However, it is in both cases qualitatively correct. This changes for ρ(3)

dR (x) of H2, which

has one node more than ρ(3)
ex (x). Nevertheless, ρ(3)

dR (x) of He, is reproduced correctly (right.)
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He H2

Figure 6.7: We show the differences ∆ρ(i ) = ρ(i )
dR (q)−ρ(i )

ex (q) between the dressed RDMFT (dR) and the exact

(ex) photonic natural orbital densities ρi
ex/dR (q) for the 3 highest occupied natural orbitals for the He atom

(left) and the H2 molecule (right) for coupling strength g /ω= 0.1. For both systems, the exact ρ(i )
ex (q) have a

similar shape as the density (see inset.) We see in both cases that dressed RDMFT captures the exact solution
very well.

He H2

Figure 6.8: The total mode occupation Nph , calculated from the exact, dressed HF and dressed RDMFT solu-
tions is shown for He (left) and H2 (right.) We see that both dressed RDMFT and dressed HF underestimate
Nph . In the ultra-strong coupling regime for g /ω> 0.3 both dressed HF and dressed RDMFT (with the Müller
functional) deviate strongly from the exact solution.
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6.3 Dressed orbitals from a numerical perspective

We have now discussed the dressed construction in all its details, presented with polaritonic HF and polari-

tonic RDMFT two examples for its application and showed that these provide an accurate description of a

range of simple cavity-QED systems. Let us now briefly analyze the prospects of applying such methods to

larger systems, which principally depends on the scaling of their numerical costs with the system size.

We start by remarking that any polaritonic-structure theory scales exactly as the corresponding elec-

tronic structure method. This means that the numerically most expensive step of the algorithm has the same

dependence on the size of the orbital-basis for the electronic and the polaritonic version of the method. Es-

pecially, enforcing the hybrid statistics does not increase the scaling of the method. For instance, a very

common algorithm to solve the HF equations iteratively diagonalizes the matrix-representation of the Fock

operator. If the basis set consists of B elements, the algorithm scales with B 3, independently on whether

the basis elements correspond polaritonic or electronic orbitals. From a practitioner’s perspective, this is

probably the most important feature of the polariton description.

However, despite its importance, the scaling is not sufficient to characterize the numerical challenges of

the polariton description. The two most important further challenges are the increase of the dimension of

the basic orbitals of the theory and the inclusion of the new constraints that enforce the right statistics. The

former challenge is reflected in the fact that although polaritonic HF has the same scaling as electronic HF

with the basis size, we have to consider a larger basis. If the photon mode(s) are satisfactorily described by

a basis of size Bph and the matter-part of the system with a basis of size Bm , than polaritonic HF scales as

(Bm ∗Bph)3. Thus, we get a factor of B 3
ph in addition to the matter description. Note that this holds for 1D,

2D and 3D systems equivalently. A similar consideration holds also for a real-space description, where the

Fock-matrix cannot be explicitly constructed, but is diagonalized iteratively by, e.g., a conjugate-gradient

algorithm like the one of our implementation[267]. The scaling of such a method in the electronic case is of

the order O(Bm lnBm N 2) and can even be reduced with state-of-the-art algorithms to O(Bm lnBm N ) [276],

where N is the number of electrons.15 As usually one single effective mode is considered, Bph should not

become too larger and is therefore not overly numerically expensive.16

The second challenge is instead on the level of the algorithm. We have to solve a nonlinear minimization

problem under nonlinear inequality constraints. It is not clear a priori which algorithms are best for such

delicate problems and thus, different approaches have to be tested carefully. To develop the algorithm for

our implementation (se also Ch. 8.2), we have already discarded certain approaches, but there are still many

open questions (see part IV).

15Such methods thus scale better than a direct diagonalization of the Fock-matrix, but at the same time the underlying basis size Bm
describes the number of grid points and thus is typically much larger than Bm in orbital-based codes. However, for very large systems,
both descriptions can have comparable Bm . A real-space like description of the displacement coordinates of the photon modes would
in a similar manner be quite inefficient for a few photons, but might become even advantageous for large photon numbers.

16Note that we do not want to underestimate the influence of an entirely new dimension in the problem. The given statement de-
pends of course on the necessary size of the photon-basis. However, in the cases that we studied so far, we observed the converged
results with photon bases that where of the order of the number of particles.
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6.4 Polaritonic-structure methods: some first results

In this chapter, we present first results for systems that are not (easily) accessible by exact methods to

demonstrate the possibilities of our newly developed machinery. We aim not (yet) to study experimen-

tally observed effects directly, because our implementations are not yet on the level to treat realistic three-

dimensional matter systems. Nevertheless our two implementations allow already to identify a range of

nontrivial effects that arise from the complex interplay of electronic correlations and light-matter interac-

tion. Importantly, these effects are local, which makes their description with usual model approaches dif-

ficult. Thus, the presented results will allow us to draw some first conclusions on the limitations of such

approaches.

6.4.1 A first glance in the many-electron-photon space

As a starting example, we go one small step beyond our assessment study and present results for a many-

body systems that cannot easily be solved exactly: the one-dimensional Beryllium atom Be in a cavity that

is described by

vBe (x) =− 4p
x2 +ε2

. (6.14)

In this case, we consider a smaller softening parameter of ε = 0.5 than for Helium and Hydrogen to make

sure that all electrons are properly bound.17 Since we use here the OCTOPUS implementation which does

not explicitly enforce the hybrid statistics, we cannot choose an arbitrary cavity frequency, but need to give it

a sufficiently high value such that the constraints are trivially fulfilled (see Sec. 5.1 and Sec. 6.1.3). We tested

this and found that ω= 3.0Eh is large enough to make sure that no solutions that violate the Pauli principle

can occur.

In Fig. 6.9, we see the total energy as a functional of the coupling strength g /ω for dressed HF and

dressed RDMFT, respectively. Like in the two-electron systems, the deviation between both curves increases

for larger g /ω and as expected the dressed RDMFT energies are lower than the dressed HF results. Analyzing

the ground-state densities, we see a similar trend as in the 2-particle systems. With increasing g /ω, the

electronic (photonic) part of the density becomes more (less) localized, though the details differ as we show

in the last part of this chapter (see Fig. 6.13 and the corresponding part in the main text.) Comparing dressed

RDMFT with dressed HF, we observe that the variation of the electronic (photonic) density with increasing

coupling strength is less (more) prounounced for dressed RDMFT, as Fig. 6.10 shows. We conclude the

survey of Be with the mode occupation under variation of the coupling strength (see Fig. 6.11.) We see that

the value of g /ω≈ 0.5 separates two regions. For g /ω< 0.5 dressed RDMFT finds a larger mode occupation

than dressed HF and for g /ω > 0.5 instead the dressed HF mode is stronger occupied. We found similar

behavior also for the 2-particle systems, although the boundary between the 2 regions was considerably

different there (He:g /ω≈ 0.8, H2 : g /ω≈ 0.1, see Fig. 6.8.)

17This is a technicality for one-dimensional systems: The softening parameter is a fitting parameter to resemble in 1d a similar energy
and wave function behavior to the real 3d-system. For corresponding references, see the second section of Ch. 6.
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Figure 6.9: The plot shows the total energy of the dressed HF and dressed RDMFT calculations of Be for
increasing g /ω. We observe the same trend as for the two-electron systems: for both levels of theory, the
energy grows with increasing g /ω, though for dressed HF faster than for dressed RDMFT.

Figure 6.10: Shown are the electronic (ρd HF /dR
g /ω (x), left) and photonic (ρd HF /dR

g /ω (q), right) densities of Be for

dressed HF (dHF) and dressed RDMFT (dR) for 2 different coupling strengths subtracted from their coun-
terparts in the no-coupling limit (ρd HF /dR

g /ω=0 (x/q).) We see in the electronic (photonic) case that the dressed

RDMFT deviations are less (more) pronounced than for dressed HF.
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Figure 6.11: The total mode occupation Nph for dressed HF and dressed RDMFT is shown for Be. We see that
dressed RDMFT exhibits larger Nph until a coupling strength of g /ω ≈ 0.5. For larger coupling the dressed
HF mode occupation becomes higher.
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6.4.2 A chemical reaction in real-space

Figure 6.12: We show the differences in the electronic density of the H2 molecule for 3 different bond lengths
d (as examples of the dissociation) for g /ω= 1.0 compared to g /ω= 0, calculated exactly (ρex

g /ω(x), left) and

with dressed RDMFT (ρdR
g /ω(x), right). We see that for small d , the cavity mode reduces the electronic repul-

sion and localizes the charges at the bond center (d = 1 < deq = 1.628) in comparison to the free molecule
(insets.) For larger d , the electronic repulsion is locally enhanced such that the charge deviations are sep-
arated in two peaks (d = 2.) For very large d , this interplay between local suppresion and enhancement of
repulsion becomes more pronounced (d = 3.) The dressed RDMFT calculations capture the behavior very
well.

We now consider (a simple example of) a chemical reaction, which is a process that mostly can only

be understood from a first-principles perspective. Since we are in the fortunate situation to have with po-

laritonic RDMFT a multi-reference method at hand, we can even study an example that, despite its seem-

ing simplicity, is a challenging test for electronic-structure methods: the dissociation of Hydrogen (see also

Sec. 2.5). When a bond of a molecule is stretched, usually all single reference methods, including HF and

basically all known functionals in KS-DFT, become quite inaccurate. Approximate RDMFT functionals are

instead often accurate in this limit and we will therefore employ the Müller description.

The dissociation of H2 can be well modelled in a quasi-static picture with the potential

vd (x) =− 1√
(x −d)2 +1

− 1√
(x +d)2 +1

(cf. 2.111)

that depends parametrically on the variable “bond-length” d . We employed this model already in Sec. 2.5.

In Fig. 6.12, we see the density of two H-atoms under variation of the distance d with and without the

(strong) coupling to the cavity. We see that the influence of the cavity mode strongly depends on the ex-

act electronic structure. The interaction with the cavity mode can locally reduce or enhance the electronic

repulsion due to the Coulomb interaction, where the exact interplay between both effects depends on the

interatomic distance. Thus, we can observe a number of different effects like pure localization of the density

toward the center of charge (d = 1) or localization combined with a local enhancement of repulsion such
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that the density deviations exhibit a double peak structure (d = 2.) The local enhancement of electronic

repulsion can grow so strong that the density at the center of charge is reduced but at the same time the

density maxima shift closer to each other, which is an effective suppression of electronic repulsion (d = 3.)

This interplay is reflected in the natural orbitals and occupation numbers. The coupling shifts a consider-

able amount of occupation from the first natural orbital to the second and third one. The contribution to the

total density of the former (latter) has the character of enhanced (suppressed) electron repulsion. To show

the potential of these effects, we present calculations in the deep-strong coupling regime with g /ω = 1.0,

where the effects reach the order of 10 % of the unperturbed density, which is enormous. For smaller cou-

pling strengths of the order of g /ω = 0.1, these effects are as diverse, but naturally smaller with density

deformations of the order of 10−3. However, as every observable depends on the density, such deviations

are significant. Remarkably, dressed RDMFT reproduces the effects very accurately.

He Be

Figure 6.13: We show the differences in the electronic density (ρg /ω(x)) of He (left) and Be (right) for 3 differ-
ent coupling strengths compared to the atoms outside the cavity (insets), calculated with dressed RDMFT.
We see that the effect of the cavity is very different for both systems: The strong localization of the electronic
density for He indicates the suppression of electronic repulsion for all coupling strengths. For Be instead,
we see additionally local enhancement of the repulsion. The interplay of enhancement and suppression
changes with increasing coupling strength.
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6.4.3 More is different: comparing Helium and Beryllium

In the next example, we compare the behavior of the He and Be atoms under the influence of the cavity. The

shapes of the electronic density of the two bare systems are very similar (see insets in Fig. 6.13). Since we

know that the density determines a system uniquely, one could naively expect that both atoms behave qual-

itatively similar. However, it is well-known that He is a noble gas which has a very low chemical reactivity

and is found in nature almost exclusively as an atomic gas. Beryllium instead occurs naturally only in com-

bination with other elements. It is for example contained in emeralds [277].18 In electronic-structure theory,

Beryllium can be described extremely accurately [278] because of its few electrons and it has been studied

in many different scenarios. However, from a (cavity-QED) model perspective, atoms are just energy levels

that interact with the photon field and all the electronic-structure that contributes to the specific energy is

not represented. Accordingly, these (many-body) energy levels are assumed to remain constant even if they

interact strongly with the cavity.

Having this in mind, let us compare the response of our one-dimensional Be and He atoms to the interac-

tion with the cavity-mode. We see in Fig. 6.13 that they behave actually very differently under the influence

of the cavity. The electronic density of He is pushed toward its center of charge with increasing coupling

strength, which can be understood as a suppression of the electronic repulsion related to the Coulomb in-

teraction. As He can be understood very well with only one orbital this is to be expected.19 Things change

for Be, where we have several dominant orbitals. With increasing coupling strength, we see like in the dis-

sociation example a subtle interplay between suppression and local enhancement of the electronic repul-

sion, that depends on the coupling strength. Thus for the same coupling strength, we can observe opposite

(g /ω= 0.1 and 0.4 in the plot) but also similar effects (g /ω= 0.8 in the plot) in two systems that have almost

the same “bare” density shape. Like in the dissociation example, this intricate behavior can be understood

by the interplay of the different natural orbitals contributing to the electronic density. In this particular case,

the main physics happens in the second and third natural orbital, where the former (with a double-peak

structure) loses a considerable amount of occupation to the latter (with a triple peak structure) with increas-

ing coupling strength.

These (seemingly simple) examples show how subtle details of the electronic-structure influence the

changes induced by the coupling to photons. We see a nontrivial interplay between local suppression and

enhancement of the Coulomb induced repulsion between the particles. This is reflected in the natural or-

bitals and occupation numbers of the light-matter system and thus influences all possible observables.

18Note that although the one-dimensional setting is very different, there are still many traces of this different behavior as our results
will show.

19For g /ω = 0.8 we still observe n1 = 1.85. However, it should be noted that the good agreement of dressed RDMFT with the exact
calculation in comparison to dressed HF is exactly because of the contribution of the second natural orbital, that is (still considerably)
occupied with n2 = 0.14.
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6.4.4 How the microscopic geometry influences light-matter interaction: confinement

In our last example, we will leave the real-space and go back to our site-based model implementation, which

however allows for the study of four-electron systems with arbitrary photon frequencies ω. As we have

discussed before, ω is not very important for polaritonic ground states. Of course different ω will lead to

different results, but qualitatively we can observe the same physics. Since we do not try to study specific

experimental setups, we can just use ω as a kind of “convergence” parameter like for the Be atom in the last

sections. However, we want to show with this last example that our method is capable to produce results

for systems that are not accessible by exact methods. Specifically, we consider a box length of 30 a0 which

corresponds to an electronic basis of Bm = 30 or to a real-space grid from x = −14.5 a0 bohr to x = 14.5 a0.

We consider the case of a 2-electron and a 4-electron system, respectively, and set ω = 0.1Eh, which is far

away from the regime where the fermion ansatz is valid. Thus the right hybrid statistics of the polaritons

are crucial. We consider again Bph = 5, for which all the results are converged. This system might seem

quite small but still, it is practically inaccessible by exact diagonalization. The corresponding many-body

space for 4 particles has a dimension of (2Bs )N ∗Bph = 64.8 ·106. Only highly optimized methods on a high

performance cluster might be able to still explore such a configuration space. In contrast, all the calcula-

tions that are presented in the following have been performed on a laptop although the code is by no means

optimized.

In this system, we employ polaritonic HF to study the effect of electron-photon coupling versus electron

localization. We consider a matter system with a local potential v(x) = N /
p

x2 +ε2, which represents a po-

tential well that is deep (shallow) for small (large) ε. The softening-parameter ε thus represents the level of

confinement of the potenial v(x) which is depicted in green (for various values of ε) in Fig. 6.14. Note that

we need the large simulation box to reduce boundary effects which also represent a form of confinement.

Let us first consider how the electronic ground-state density changes when coupling and the localization

are varied. To facilitate the comparison between the N = 2 and N = 4 case, we plot in Fig. 6.14 the normalized

electronic ground-state density ρ(x)/N , where ρ = γe (x, x) is the diagonal of the electronic 1RDM (in blue)

and the normalized confinement v(x)/N (in green). In Fig. 6.14 (a) we show the uncoupled 2-particle case

and in (b) we use g /ω = 0.2 for the 2-particle case for varying ε. In Fig. 6.14 (c) and (d) we show the same

plots for the 4-particle case. In both cases we see that for strongly-confined electrons, i.e., for small values

of ε, the influence of the strong light-matter coupling on the density is negligible. This is in agreement

with the usual assumption underlying, e.g., the Jaynes–Cummings model, that the ground state for atomic

systems is only slightly affected by coupling to the photons of a cavity mode. Much higher coupling strengths

would need to be employed in order to see a sizeable effect for strong localization. In contrast, once we

lift the confinement and the electrons get delocalized, the influence of the light-matter coupling becomes

appreciable. The induced changes are not uniform but depend on the details of the electronic-structure, i.e.,

in the N = 2 case we have a clear localization effect (Fig. 6.14 (b)) while for N = 4 we have an enhancement

or even emergence of the double-peak structure (Fig. 6.14 (d)). These findings are in good agreement with

the He and Be comparison of the previous section and also what Flick et al. [247] observed with QEDFT.
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(a) (b)

(c) (d)

Figure 6.14: Every plot depicts the normalized electron density ρ(x)/N (blue) with corresponding local po-
tentials v(x)/N = 1/

p
x2 −ε2 (green, rescaled by a factor of 0.25 for better visibility) for a series of softening

parameters ε of the 2- (upper row) and 4-electron (lower row) system and for coupling strength g /ω= 0 (left
column) and g /ω= 0.2 (right column). We see how different both systems respond to the coupling depend-
ing on the degree of confinement, measured by ε. Note that the legends only depict three example lines (the
smallest, largest and middle values of ε), respectively.
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To make these observations more quantitative we display in Fig. 6.15 the normalized changes in the elec-

tronic 1RDMs depending on the confinement and the coupling strength, i.e., ∆γe = ‖γe
g /ω,ε−γe

g /ω=0,ε‖2/N ,

in panel (a) and (d) for the 2-particle case and the 4-particle case, respectively. Also, we show the photon

number Nph in the ground state in dependence of confinement and coupling strength in (b) and (e) for the

2-particle case and the 4-particle case, respectively. As a third quantity we consider ∆ne = ∑
i ||ne

i ,g /ω,ε −
ne

i ,g /ω=0.0,ε||2, where ni are the natural occupation numbers. For the zero-coupling case they are all either

zero or one, which corresponds to a single Slater determinant in the electronic subspace. If they are between

zero and one they indicate a correlated (multi-determinantal) electronic state. Therefore ∆ne measures

the photon-induced correlations and also highlights that although polaritonic HF is a single-determinant

method in the polaritonic space, for the electronic system it is a correlated (multi-determinantal) method.

For both, the 2- and the 4-particle case we find consistently that the more delocalized the uncoupled matter

system is, the stronger the coupling modifies the ground state. Although this effect depends on the details

of the electronic-structure as we saw in Fig. 6.14, the plots of Fig. 6.15 indicate that this behavior is quite

generic. The reason is that within a small energy range many states with different electronic configurations

are available as opposed to a strongly bound (and hence energetically separated) ground-state wave func-

tion (see Fig. 6.16). A glance on the correlation measure ∆ne in panel (c) and (f) of Fig. 6.15 strengthens

this explanation: For large ε and g /ω the electronic correlation is strongest and thus many electronic con-

figurations contribute to the states of this parameter regime. This indicates also that the effective one-body

description of the ground state of many cavity-QED models might be inaccurate in this regime. Additionally,

we observe that the maximal values of∆γe in the 2-particle case are slightly larger than in the 4-particle case,

which again is related to the different electronic structures of the two systems.

For the photon numbers, however, which are depicted in panel (b) and (d) of Fig. 6.15, we see that in

general the number of photons is larger in the 4-particle case. This is due to the simple reason that the more

charge we have the more photons are created. Nevertheless, the amount of photons does not just double

(as expected from a simple linear relation) but is almost three times higher. This highlights the nonlinear

regime of electron-photon coupling that we consider here. Again the number of photons increase also with

the delocalization and hence the parameter ε is a very decisive quantity. All these results point toward an

interesting parameter in the context of strong light-matter coupling: the localization of the matter wave

function. In agreement with a recent case study for simple 2-particle problems [26], systems that are less

confined react much stronger to a cavity mode.
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(a) (b) (c)

(d) (e) (f)

Figure 6.15: The plots show key quantities of the model system as a function of the coupling strength g /ω
and the localization parameter ε for the 2-electron (upper row) and 4-electron (lower row) case. In the first
column, we depict the normalized deviation ∆γe = ||γe

g /ω,ε − γe
g /ω=0.0,ε||2/N of the electronic 1RDM to a

reference for the same ε and g /ω= 0 (blue). In the second column, we show the total photon number Nph

(green) and in the third column, the total deviation of the electronic natural occupation numbers ∆ne =∑
i ||ne

i ,g /ω,ε−ne
i ,g /ω=0.0,ε||2 is displayed. This is a measure of the induced electron-photon correlation. We

observe in all the cases that when the bare matter wave function becomes more delocalized (ε larger), the
modifications due to the matter-photon coupling become stronger.
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Figure 6.16: The first four eigenenergies e1, . . . ,e4 of the electronic one-body equation [− 1
2∂

2
x−v(r )]ψi = eiψi

for N = 2 are shown as a function of the confinement parameter ε. We see that the energies approach each
other with increasing ε and thus decreasing confinement. This means that for a fixed coupling strength,
the less confined the system is the more states are available in a small energy range for photon-induced
modifications of the ground state.

172



6.5. SUMMARY OF THE RESULTS

6.5 Summary of the results

Let us conclude that although we only have regarded matter systems in one spatial dimension and maxi-

mally four electrons, we have made some interesting observations.

Specifically, we observed in the first sections (Sec. 6.4.2 and Sec. 6.4.3) an intricate interplay between

Coulomb-induced and photon-induced correlations: in some cases the Coulomb repulsion was suppressed,

but in others it was effectively enhanced due to the photon-interaction. Although the changes were seem-

ingly small, one should keep in mind that the correlation contribution to the many-body energy is typically

small but nevertheless plays a major role for many important phenomena such as high-temperature super-

conduction [81]. That this observation transfers to the coupled electron-photon case is highly probable. For

instance, Schäfer et al. [125] have shown some possible implications explicitly for a one-dimensional system

coupled to a cavity mode. Whether these modifications of the underlying electronic-structure are indeed a

major player in the changes of chemical and physical properties still needs to be seen. However, to capture

such modifications in the first place (and study their influence) clearly needs a first-principles theory that

is able to treat both types of (strong) correlations accurately and is predictive inside as well as outside of a

cavity. We have shown here that polaritonic HF and polaritonic RDMFT are viable options to predict and

analyze these intricate structural changes. We want to stress again that polaritonic HF explicitly accounts

for electronic correlation and goes thus beyond standard electronic HF.

Besides the interplay between the two types of interaction in coupled light-matter systems, we identified

an interesting parameter that especially influences the electron-photon interaction: the localization of the

matter wave function. We saw that delocalized wave functions respond considerably stronger to the per-

turbation by the photon mode than localized ones which is a parameter that is very difficult to be captured

by cavity-QED models. This suggests that if we want to observe genuine modifications of the ground state

due to strong light-matter coupling, we should consider matter systems that have a spatially extended wave

function. One way would be large molecular or solid-state systems, the other way would be an ensemble

of emitters. In the latter case the strong influence would lead to local changes, in contrast to the Dicke-like

description of collective strong coupling, where we have N independent replicas of the same, perfectly local-

ized system. In both cases, it seems plausible that there are strong modifications of the electronic-structure

even if there is only coupling to the vacuum of a cavity. Modifications of chemistry by merely the vacuum

seem therefore to be feasible. At the same time an interesting perspective with respect to collective strong-

coupling arises: Maybe it is not the simple Dicke-type collectivity[79], where an excitation is delocalized

over many replica, that drives the changes in chemistry, but rather a genuine cavity-photon mediated spa-

tial delocalization of the ensemble wave function. To answer this question, further investigations especially

for realistic three-dimensional systems and ensembles including the Coulomb interaction have to be con-

ducted. And polaritonic first-principle methods as introduced in this work seem specifically well-suited to

answer these interesting and fundamental questions.
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PART III

NUMERICS

The subject of optimization is a fascinating blend of heuristics and rigour, of theory and exper-

iment. It can be studied as a branch of pure mathematics, yet has applications in almost every

branch of science and technology. (R. Fletcher, 1987 [279])
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The last part of this thesis highlights the price we pay to make first-principles methods directly applicable

to strong matter-photon problems: we need to develop new algorithms as well as to validate the accuracy

of well-established algorithms applied to this new setting. Furthermore, this part clarifies how numerical

necessity dictates the choice of the particular algorithms that we have presented in part II.

Before we start the discussion, we want to remark on the role of numerics as an nowadays indispens-

able part of research in physics. This is true in all fields, but in particular in first-principles theory, which is

impossible to do without the development of efficient algorithms and modern advances in computer tech-

nology. Nowadays, everybody with a minimal knowledge of scripting can use standard implementations

to determine, e.g., the equilibrium structure of a molecule. Such a service seeks its equals and it is only

possible because of the concerted efforts of mathematicians, physicists and software engineers that have

painstakingly validated the numerical implementations. Also for our implementations, we have performed

exhaustive testing procedures, which are presented in detail in the appendix C. We are therefore confident

that the available codes are as reliable as other standard implementations.
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Chapter 7

RDMFT IN REAL SPACE

Before we come to the coupled problems, we need to explain the matter-only case, which is the basis for

polaritonic-structure methods. We therefore discuss the two RDMFT-algorithms of the electronic-structure

code OCTOPUS1. The first one is a standard (and the default) method [271] and the second one was built

specifically to investigate the dressed orbitals (but is also useful for matter-only calculations) [3, Ch. 14].

Let us briefly explain the difference between the two methods. The RDMFT equations (Sec. (2.4.2)) con-

sist of two coupled sets of equations for the natural orbitals and the natural occupation numbers that have

to be solved self-consistently. Thus, usual algorithms consist of two major parts that are the occupation

number optimization and the orbital optimization. The default solver for the latter optimization problem

cannot use the full flexibility of the real-space grid but requires a two-step procedure. In the first step, one

has to perform a preliminary calculation on the real-space grid that generates a basis set for which in the

second step Hamiltonian matrix elements are computed. The code performs then the actual optimization

by orbital rotations within this basis set (see Ref. [271]). Thus, the flexibility of the underlying real-space grid

is only present in the preliminarily generated basis. In principle, this flexibility could be exploited to adopt

the basis to specific scenarios and by that, to overcome the limitations of usual quantum-chemistry basis

sets (see Sec. 2.1.1). However, it is very difficult to construct a generic algorithm for this purpose. Currently,

there is only one method to generate a basis, that is by a preliminary calculation with a less expensive the-

ory level such as KS-DFT or even independent particles which solves just the non-interacting Schrödinger

equation (see Sec. 2.1.2). Such basis sets are usually considerably less efficient than optimized quantum-

chemistry basis sets [3, Ch. 14] and they have further shortcomings, when we generalize the description to

dressed orbitals (see Sec. 8).

For this reason, we have implemented and validated a new orbital optimization method that is a gener-

alization of the conjugate-gradients algorithm by Payne et al. [267]. This algorithm uses the full flexibility

of the grid and needs considerably less natural orbitals for a converged result than the default solver [3].

However, RDMFT calculations with the conjugate gradients algorithm are numerically considerably more

expensive than with the orbital-based algorithm. Thus, it is useful to have the choice between both algo-

rithms, which our implementation provides.

7.1 The generic RDMFT algorithm

In this section, we discuss a general strategy to solve an RDMFT minimization problem that is independent

of the details of the orbital handling. The algorithm assumes spin-restriction, i.e., the electron-number N is

even and all B > N electronic orbitals can be doubly occupied (see the discussion around Eq. (2.22)).

1Details on the code can be found on the webpage: https://octopus-code.org/.
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7.1.1 The RDMFT energy functional

As discussed in Sec. 2.4.2, all known RDMFT energy functionals (besides the trivial HF functional) are not

explicitly given in terms of the 1RDM, but can only be expressed with respect to the natural orbitals {φi (r)}

and occupation numbers {ni }. The generic RDMFT functional reads in this representation (cf. Eq. (2.103))

E [{φi }, {ni }] =
B∑

i=0
ni

∫
drφ∗

i (r)h(r)φi (r)+ 1

2

B∑
i , j=0

ni n j

∫
drdr′

∣∣φi (r)
∣∣2 ∣∣φ j (r′)

∣∣2 w(r,r′)

+Exc [{φi }, {ni }],

(7.1)

where h(r) =− 1
2m ∇2+v(r) is the one-body kernel, w(r,r′) is the two-body interaction kernel and Exc [{φi }, {ni }]

is the unknown exchange-correlation part of the functional. In the current state of the OCTOPUS imple-

mentation, there are two exchange-correlation functionals available: the HF exchange-only and the Müller

functional [227] (cf. Eq. (2.102))

Exc [{φi }, {ni }] = EM [{φi }, {ni }] ≡−1

2

B∑
i , j=0

√
ni n j

∫
drdr′φ∗

i (r)φ∗
j (r′) w(r,r′)φi (r′)φ j (r). (7.2)

In the following, we will present all equations explicitly for the Müller functional. To obtain the equivalent

expressions in terms of the HF functional, one simply has to replace
p

ni n j → ni n j in Eq. (7.2).2 We also will

assume spin-restriction, which is the standard case in RDMFT.3

7.1.2 The constraints of the RDMFT minimization and how to take them into account

in practice

The goal of the RDMFT algorithm is to minimize the energy with respect to the natural orbitals and natural

occupation numbers, respecting the following three additional constraints:

0 ≤ ni ≤ 2 ∀i (7.3a)

S [{ni }] =
B∑
i

ni −N = 0 (7.3b)

C [{φi }, {φ j }] =
∫

dd rφ∗
i (r)φ j (r)−δi j = 0 (7.3c)

The first two lines are the (ensemble) N -representability constraints of the (spin-summed) 1RDM, and the

last line guarantees the orthonormality of the natural orbitals. Since the first condition is simple in the

natural orbital basis, it is enforced with the help of an auxiliary construction: We set

ni = 2sin2(2πθi ) ∀ i , (7.4)

2Note that in practice this leads to integer occupation numbers [224] and therefore, the code simply fixes n1 = ... = nN = 1 and
nN+1 = nN+2 = ... = 0 for all other occupations.

3Note that treating systems that are not spin-saturated is very challenging for many electronic-structure methods, but in particular
for RDMFT.
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and minimize over the set of θi instead of the ni directly. The second and the third conditions are imposed

by the Lagrange multiplier technique. For that, we introduce the Lagrangian

L[{φi }, {θi }; {εi j },µ] = E [{φi }, {ni }]−µS [{θi }]−∑
i , j
εi j C [{φi }, {φ j }], (7.5)

with the Langrange multipliers µ and εi j . The extrema of E under the constraints S and C are then found

at stationary points of L,4 i.e., for

δL = 0. (7.6)

The condition (7.6) leads to three sets of independent equations (cf. Eq. (2.109)), i.e..

0 = ∂E

∂ni
−µ (7.7a)

0 = δE

δφ∗
i (r)

−
B∑

k=1
εkiφk (r) (7.7b)

0 = δE

δφi (r)
−

B∑
k=1

εi kφ
∗
k (r) (7.7c)

for all i . The first set of equations, cf. (7.7a) defines the gradient with respect to ni

∂E

∂ni
=

∫
d3rφ∗

i (r)h(r)φi (r)

+
B∑

j=1
n j

∫
d3r d3r ′φ∗

i (r)φ∗
j (r′)w(r,r′)φ j (r′)φi (r)

−
B∑

j=1

√
n j

ni

∫
d3r d3r ′φ∗

i (r)φ∗
j (r′)w(r,r′)φ j (r)φi (r′)

≡
∫

d3rφ∗
i (r)h(r)φi (r)+

∫
d3r ρi (r)vH (r)− 1p

ni

∫
d3r φ∗

i (r)v i
XC (r), (7.8)

where we defined the orbital density

ρi (r) =φ∗
i (r)φi (r) = |φi |2(r), (7.9)

the Hartree-potential

vH (r) =
B∑

j=1
n j d3r ′ρ j (r′)w(r,r′), (7.10)

and the exchange-correlation potential of orbital i

v i
XC (r) =

B∑
j=1

√
n j

∫
d3r ′φ∗

j (r′)w(r,r′)φ j (r)φi (r′). (7.11)

4Note that since the Müller functional is convex [161], the stationarity condition is sufficient to determine the global minimum of E .
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The remaining two sets of equations, (7.7b) and (7.7c), respectively define the functional derivatives with

respect to the orbitals. These “orbital gradients” read using the above definitions

δE

δφ∗
i (r)

=ni h(r)φi (r)+ni vH (r)φi (r)−p
ni v i

XC (r) (7.12a)

δE

δφi (r)
=ni φ

∗
i (r)h(r)+ni φ

∗
i (r)vH (r)−p

ni (v i
XC )∗(r). (7.12b)

7.1.3 The basic scheme of the RDMFT algorithm

We have now derived and discussed all the necessary ingredients to define a generic RDMFT minimization

algorithm that solves Eq. (7.7a) and Eq. (7.7b) (or alternatively Eq. (7.7c)) self-consistently. The structure of

this minimization problem suggests the separation into the

a (natural) occupation number optimization,

where we solve Eq. (7.7a) for fixed {φi }, {εi j } and the

b (natural) orbital optimization,

where we solve Eq. (7.7b) for fixed {ni },µ.

Both optimizations have to be performed alternately within an outer loop until self-consistence.

For our convenience in the following, we rewrite the energy functional with the Müller approximation

(7.2) as

E [{φi }, {ni }] =
B∑

i=0
ni 〈φi |hφi 〉+ 1

2

B∑
i , j=0

ni n j 〈φiφi |w |φ jφ j 〉− 1

2

B∑
i , j=0

√
ni n j 〈φiφ j |w |φ jφi 〉 , (7.13)

where we introduced the abbreviations for one-body integrals 〈φi |hφi 〉 =
∫

d3rφ∗
i (r)h(r)φi (r) and two-body

integrals 〈φiφ j |w |φkφl 〉 =
∫

drdr′w(r,r′)φ∗
i (r′)φ j (r′)φ∗

k (r)φl (r). Additionally we subsume φ = {φ1, ...,φB }

and n0 = (n1, ...,nB ). We now summarize the algorithm in pseudocode form [280].

Algorithm 1. (RDMFT)

Set B.

Initialize φ0 (depends on the orbital algorithm).

Initialize n0,µ0. (see Sec. 7.1.4)

Calculate the initial matrix elements h0
i i = 〈φ0

i |hφ0
i 〉 , w0

i j kl = 〈φ0
i φ

0
j |w |φ0

kφ
0
l 〉.

for l=1,2,...

(a) Occupation number optimization (algorithm 2)

Solve Eq. (7.7a) for fixed {φi }, {εi j } self-consistently with hl−1
i i , w l−1

i j kl for nl ,µl

(b) Orbital optimization (algorithm 3 or 5)

Solve Eq. (7.7b) for fixed {ni },µ self-consistently for φl

Calculate hl
i i , w l

i j kl

break if convergence criterion is fulfilled (depends on the orbital algorithm)

end (for)
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7.1.4 The occupation number optimization

We now explain part (a) of algorithm 1, i.e., the occupation number optimization. This is independent of the

type of orbital optimization routine that we employ for (b) and thus part of the general algorithm.

We start by combining Eq. (7.7a) and Eq. (7.8) in one set of equations that we aim to solve, i.e.,

µ= ∂E

∂ni
=

∫
d3rφ∗

i (r)h(r)φi (r)+
∫

d3r ρi (r)vH (r)− 1p
ni

∫
d3r φ∗

i (r)v i
XC (r)

=〈φi |hφi 〉+
B∑
j

n j 〈φiφi |w |φ jφ j 〉−
B∑
j

√
n j /ni 〈φiφ j |w |φ jφi 〉 . (7.14)

Instead of directly solving Eq. (7.14) for the set n,µ, the algorithm performs a two-step procedure. For that,

we define the auxiliary function

S(µ) =min
n

L(n;µ) (7.15)

with the “occupation Lagrangian”

L(n;µ) = E [n]−µ
(

B∑
i=1

ni −N

)
(7.16)

where E [n] is the energy functional (7.13) with fixed orbitals. The advantage of this construction is that we

can solve Eq. (7.15) with a standard (unconstrained) minimization algorithm. Since we find a set of optimal

n∗ for every given µ, we can label n∗ = n∗(µ). To find the µ = µ∗ that extremalizes S̃, we use then the side

condition

S (µ) =
(

B∑
i=1

n∗
i (µ)−N

)
. (7.17)

Specifically, we solve

S (µ) = 0 (7.18)

with a bisection algorithm. Altogether, we employ the following algorithm to optimize the occupation num-

bers (part (a) in algorithm 1)
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Algorithm 2. (Occupation number optimization)

Set the convergence criterion εµ > 0.

Find an initial interval [µ0
1,µ0

2] that satisfies S(µ0
1) < 0 and S(µ20) > 0.

for k=1,2,...

i Calculate the interval center µk−1
m = µk−1

1 +µk−1
2

2 ,

calculate S̃(µk−1
m ) and

check the side condition S (µk−1
m ).

ii Set the interval for the next iteration by the prescription

S(µk−1
m )S(µk−1

1 ) < 0 →µk
1 =µk−1

1 ,µk
2 →µk−1

m

S(µk−1
m )S(µk−1

1 ) ≥ 0 →µk
1 →µk−1

m ,µk
2 =µk−1

2

break if min(S(µ), |µ1 −µ2|/2) < εµ.

end (for)

We want to remark that algorithm 2 is still not ready to be implemented as it is written here. For instance,

we need yet another small algorithm to determine a good guess for the initial interval and take care that

too small occupation numbers are discarded in the optimization since they occur in the denominator in

Eq. (7.14). We refer the reader for these minor details to the OCTOPUS-code directly.

We see here impressively how solving even a comparatively simple equation as (7.14) may require an

involved algorithm. The reason for this is its nonlinearity. There are basically no “safe” algorithms for non-

linear equations, for which, e.g., convergence con be guaranteed and debugging nonlinear solvers is thus

always a very delicate matter. Since we had to debug the occupation number optimization during the im-

plementation of the dressed orbitals in OCTOPUS, we can provide a concrete example for the latter statement

which also serves well to visualize the algorithm. We present this in Sec. B.

7.2 Orbital-based RDMFT in real space

In this section, we present the default RDMFT algorithm of OCTOPUS that is publicly available from version

10.0 onwards [271, 3]. The algorithm has been introduced by [158] for orbital-based codes and is adopted to

fit also the real-space setting.

7.2.1 The challenge of the RDMFT orbital minimization

Before we lay out the algorithm (Sec. 7.2.2, we start this section with a brief discussion about the special

challenges of the orbital minimization in RDMFT.

The difference of the RDMFT in comparison to single-reference methods: the single-particle Hamilto-

nian is not hermitian

In single-reference methods, the orbital gradients of Eq. (7.12) would define effective one-particle Hamilto-

nians, which are hermitian. We have discussed in Sec. 2.4.2 that this is not the case in RDMFT, which has

strong implications for the numerical minimization. To see this, let us briefly recapitulate the HF gradient
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equation that defines the Fock operator (cf. Eq. (2.45)). In the here employed notation, the HF gradient reads

δEHF

δφ∗
i (r)

=Ĥ 1
HFφi (r)

=ni h(r)φi (r)+ni vH (r)φi (r)−ni v i
X (r),

where v i
X (r) = ∑B

j=1 n j
∫

dr′φ∗
j (r′)w(r,r′)φ j (r)φi (r′) is the “exchange-only” version of Eq. (7.11).5 The sta-

tionarity condition leads then to the N coupled equations (cf. Eq. (2.46))

Ĥ 1
HFφi (r) =

N∑
k=1

εkiφk (r) i = 1, ..., N , (7.19)

which we can transform to a nonlinear eigenvalue equation by a division by ni and a projection on the

orbital φ∗
l , i.e.,

εl i /ni =
∫

drφ∗
l Ĥ 1

HFφi (r)

=
∫

drφ∗
l h(r)φi (r)+

∫
drφ∗

l vH (r)φi (r)−
∫

drφ∗
l v i

X (r)

≡(Ĥ 1
HF )i l

Crucially, the matrix-form of the single-particle Hamiltonian on the right-hand side is hermitian

(Ĥ 1
HF )i l = (Ĥ 1)∗l i . (7.20)

This is obvious for the one-body and the Hartree part. However, also for the exchange term (ĤHF,X )i l =∫
drφ∗

k v i
X (r) we find

(ĤHF,X )∗l i =
(∫

drφ∗
i (r)v l

X (r)

)∗
=

(
B∑

j=1
n j

∫
drdr′φ∗

i (r)φ∗
j (r′)w(r,r′)φ j (r)φl (r′)

)∗

=
B∑

j=1
n j

∫
drdr′φ∗

l (r′)φ∗
j (r)w(r,r′)φ j (r′)φi (r)

=
∫

dr′φ∗
l (r′)

B∑
j=1

n j

∫
drφ∗

j (r)w(r,r′)φ j (r′)φi (r)

=
∫

dr′φ∗
l (r′)v i

X (r′)

=(ĤHF,X )i k . (7.21)

Solving the HF equations, cf. Eq. (7.19), is thus equivalent to diagonalizing the Fock-matrix (Ĥ 1
HF )l i self-

consistently: we start with a guess for the orbitals {φ0
i }, calculate (Ĥ 1

HF )l i [{φ0
i }] and diagonalize it to obtain

new orbitals {φ1
i } for the next iteration. This procedure is repeated until some convergence criterion is sat-

isfied (see also Sec. 2.2). In a similar way, we can solve the equations of other single-reference methods, e.g.,

the KS equations in KS-DFT.

5Note that in standard text books, e.g., Ref. [132, 142] the occupations are usually neglected, since they are fixed. We explicitly include
the ni here to highlight the difference to RDMFT.
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The crucial step in the above derivation to turn the HF equations into a nonlinear eigenvalue problem

was the division by the occupation numbers ni , which appear linear in the gradient equation. For an RDMFT

description beyond HF, this is not possible, because the exchange-correlation functional must depend non-

linearly on the occupation numbers [224]. We can see this explicitly in Eq. (7.12) for the Müller functional.

We therefore cannot reformulate the RDMFT equations as an eigenvalue problem and consequently, we

have to employ also different algorithms for the RDMFT orbital minimization.

An effective eigenvalue equation for the RDMFT minimization

Nevertheless, we can define the one-body Hamiltonian from the gradient equation

Ĥ 1φi (r) ≡ δE

δφ∗
i (r)

=ni h(r)φi (r)+ni vH (r)φi (r)−p
ni v i

XC (r), (7.22)

but it is not a hermitian operator (see also Sec. 2.4.2).6 However, it is possible to manipulate the orbital

equations, cf. Eq. (7.12) such that we can solve an equivalent auxiliary eigenvalue problem [219, 158]. The

RDMFT routine of OCTOPUS employs such an auxiliary construction, which specifically was introduced by

Piris and Ugalde [158] and which we want to briefly present in the following.

We start by noting that in order to solve Eq. (7.12), we have to consider the full Langrange-multiplier

matrix εi j , since we cannot diagonalize Ĥ 1. Although (Ĥ 1)i j is not hermitian, the matrix εi j that fulfils the

stationarity condition is hermitian. To show this, we first note that the two energy gradients with the same

index (
δE

δφi (r)

)∗
= δE

δφ∗
i (r)

(7.23)

are connected by complex conjugation.7 Comparing now the two gradient equations (7.7b) and (7.7c), we

have for all i

B∑
k=1

εi kφ
∗
k (r)

(7.7c)= δE

δφi (r)

=
(

δE

δφ∗
i (r)

)∗
(7.7b)=

B∑
k=1

ε∗kiφ
∗
k (r).

6One might think now that this is a technicality and that there should be a way to “cure” this unusual behavior by, e.g., a more general
definition of the gradient. Indeed, Pernal [219] investigated this and connected issues quite thoroughly considering a generic RDMFT
functional. She showed there that the problem is directly connected to a fundamental property that most common RDMFT functionals
have: they depend only implicitly on the 1RDM, i.e., we can only express their functional form explicitly in terms of natural orbitals
and natural occupation numbers. One way to explain this is that the eigenset of the 1RDM is unique besides possible rotations in the
space of orbitals that have an identical occupation number. Thus, we cannot apply a unitary transformation to find the eigenbasis of
the one-body Hamiltonian. In a single-reference theory instead, the 1RDM is idempotent, i.e., all eigenvalues are one (or two in the
spin-restricted case) or zero, respectively and hence such a transformation can be applied within the occupied space, which is the only
relevant for the one-body Hamiltonian.

7Note that at the stationary point also (ψ∗)∗ =φ must hold, although we treat φ and φ∗ in principle as independent.
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Since the φk are all orthogonal, we have proven that

εi k = ε∗ki (7.24)

is symmetric at the stationary point, where δL = 0. This suggests to define the matrix

F̃ki = εi k −ε∗ki ,

that must be zero at the stationary point. We therefore have

F̃ki = 0 ⇐⇒ δL = 0 (7.25)

If we express εki by projecting one of the gradient equations, say (7.7b) on orbital φ∗
k ,

εki =
∫

d3r φ∗
k (r)

δE

δφ∗
i (r)

=ni

∫
d3r φ∗

k (r)h(r)φi (r)+ni

∫
d3r φ∗

k (r)vH (r)φi (r)−p
ni

∫
d3r φ∗

k (r), v i
XC (r) (7.26)

then Eq. (7.25) is equivalent to the orbital-gradient conditions, cf. Eqs. (7.7b)-(7.7c).

The method of Piris and Ugalde exploits this by considering an auxiliary matrix

Fki =
εi k −ε∗ki i 6= k

Fi i = k
(7.27)

with the same entries as F̃ki on the off-diagonals but additionally with some in principle arbitrary diagonal

terms. The stationarity condition F̃ki = 0 is thus equivalent to Fki = Fiδki being in diagonal form and we can

diagonalize F iteratively to minimize the RDMFT functional.

A remark on hermiticity, the one-body Hamiltonian and the Lagrange-multiplier matrix

Before we lay out the concrete algorithm for this minimization, we want to address the difference between

the hermiticity of (εi k ) and Ĥ 1, which is subtle but crucial. When we define (εi k ) by the gradient equation

εki =
∫

d3r φ∗
k (r)

δE

δφ∗
i (r)

=
∫

d3r φ∗
k (r)Ĥ 1φi (r),

it seems as if εki
?= (Ĥ 1)ki would just be the matrix representation of Ĥ 1 and thus from εki = ε∗i k we can follow

that Ĥ 1 is indeed hermitian, contrary to what we claimed. The resolution of this seeming contradiction is

that (Ĥ 1)ki = (Ĥ 1)∗i k holds only for exactly one point of the definition space of Ĥ 1, which is the stationary

point of L. Only if the indices i ,k correspond exactly to the natural orbitals that extremalize L, the matrix

(Ĥ 1)ki is symmetric. For all other points, this is not the case. To show this, let us calculate εki again, but this

time from the other gradient equation, cf. Eq. (7.7c). We have

ε̃i k =
∫

d3r
δE

δφi (r)
φk (r) (7.28)
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=ni

∫
d3r φ∗

i (r)h(r)φk (r)+ni

∫
d3r φ∗

i (r)vH (r)φk (r)−p
ni

∫
d3r v i

XC (r)φk (r) (7.29)

and thus

ε̃ki =nk

∫
d3r φ∗

k (r)h(r)φi (r)+nk

∫
d3r φ∗

k (r)vH (r)φi (r)−p
nk

∫
d3r vk

XC (r)φi (r)

6=ni

∫
d3r φ∗

k (r)h(r)φi (r)+ni

∫
d3r φ∗

k (r)vH (r)φi (r)−p
ni

∫
d3r φ∗

k (r)v i
XC (r)

=εki .

Obviously, both definitions cannot agree in general. In fact, we could rephrase the task of the RDMFT orbital

optimization as “to search for the one set of ni and φi (assuming no degeneracy) for that ε̃ki = εki .”

7.2.2 The Piris and Ugalde orbital-optimization in OCTOPUS

We have now derived and discussed all the necessary ingredients to complete algorithm 1 and introduce the

orbital optimization. Therefore, we employ the algorithm due to Piris and Ugalde [158].

The goal of the routine is to diagonalize the matrix

Fki =
εi k −ε∗ki i 6= k

Fi i = k
, (cf. 7.27)

for which we still need to specify the Fi , which in principle may have arbitrary values. However, a good

choice will crucially influence the stability of the algorithm. In their original paper, Piris and Ugalde [158]

describe this issue and provide a prescription for initializing and updating them. A good choice are the

eigenvalues of (εi k ) in ascending order and we refer for more details to the publication. The complete algo-

rithm is summarized in pseudocode as

Algorithm 3. (Orbital optimization 1)

Set the convergence criteria εF > 0,εE > 0.

Construct ε0
i j by Eq. (7.26) from the initial orbitals φ0.

Diagonalize (ε0
i j ) to obtain the eigenvalues Fi

for k=1,2,...

i Construct εk
i j by Eq. (7.26) from φk−1.

ii Set the off-diagonals F k
i j = εk

i j −εk
j i
∗ and

determine F k
max = maxF k

i j

iii Diagonalize F k to obtain a new set of orbitals φk

iv Calculate the total energy E k+1 by Eq. (7.13)

break if F k
max < εF and k > 1 |E k+1 −E k |/E k < εE .

end (for)

Again, we skipped some additional steps that assure a better convergence of the code and that are discussed

in [158].
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The explicit RDMFT algorithm of OCTOPUS

Now we have discussed the major steps of the orbital-based RDMFT algorithm that is implemented in OC-

TOPUS. We want to conclude the section by mentioning the last missing pieces, which are the initialization

of φ and the convergence criteria in algorithm 1.

For the former, we first do a preliminary calculation with the independent particles routine of OCTOPUS,

that is we solve the orbital equation

h(r)φi (r) = eiφi (r) i = 1, ...,B (7.30)

to generate a set of orbitals φ−1. We denote them with the index “-1,” because we perform then a further

step before we start with the iteration. Additionally, we need a starting value n−1 for the occupations, which

we obtain by the rule

n−1
i =2−nthr esh ∀ i = 1, ..., N /2

n−1
i =nthr esh ∀ i = N /2+1, ...,B (7.31)

where nthr esh is a threshold that is fixed to nthr esh = 10−5 and that stabilizes the algorithm. We perform

one occupation number optimization with the φ−1 and obtain n0
i . Then, we calculate εi j and diagonalize

(ε0
i j + ε0

j i∗)/2 to obtain φ0. As an overall convergence criterion we calculate the total energy after every

occupation number optimization E k
occ and then slightly generalize the criterion of the orbital optimization

as

F k−1
max < εF and |E k −E k

occ |/E k < εE

with the same thresholds εF ,εE .

The complete algorithm is then summarized as
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Algorithm 4. (RDMFT)

Set convergence criteria εE ,εF .

Set B.

Generate φ−1 by solving Eq. (7.30) and calculate h−1
i i , w−1

i j kl .

Initialize n−1 according to Eq. (7.31).

Solve Eq. (7.14) self-consistently with hl−1
i i , w l−1

i j kl for n0,µ0.

Calculate εi j according to Eq. (7.26).

Diagonalize (ε0
i j +ε0

j i∗)/2 to obtain φ0 and calculate h0
i i , w0

i j kl .

for l=1,2,...

a Occupation number optimization

Solve Eq. (7.14) self-consistently with hl−1
i i , w l−1

i j kl for nl ,µl , employing

algorithm 2

Save total energy as Eocc

b Orbital optimization

Solve Eq. (7.25) with nl for φl , employing algorithm 3

Calculate hl
i i , w l

i j kl

Save total energy E and the Fmax = maxFi j (Eq. (7.27))

break if F k−1
max < εF and |E k −E k

occ |/E k < εE

end (for)

This algorithm has been assessed for a 3d H2-molecule comparing to another RDMFT code based on

Gaussian orbitals and for further details we refer to Ref. [271]. Since we employed this implementation

to study dressed orbitals, we did additional high-accuracy benchmark studies for one-dimensional model

systems. The results are presented in App. C.
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7.3 Conjugate-gradients algorithm for RDMFT

As we have discussed in the introduction, the implementation of the orbital-based algorithm can not take

advantage of the full flexibility of the real space grid. The straightforward way to remedy this, is to employ

another orbital optimization algorithm that does not depend on an orbital basis.

Before we discuss this, we want to briefly remark on the fundamental difference between orbital and real-

space-based electronic-structure codes. In principle, one could see the grid-points as an effective orbital

basis, since all (approximate) bases of a Hilbert space are theoretically equivalent for properly converged

calculations. However, the number of grid points that are necessary to accurately describe even the small-

est molecular systems is orders of magnitude larger than any standard orbital basis. Imagine for instance

that we approximate one spatial dimension with only 10 grid points, which is not sufficient for an accu-

rate description of any realistic scenario. Despite this low quality of the description, we have in 3d already

103 = 1000 grid points and thus a basis with 1000 elements. Consequently, the matrix-representation of, e.g.,

a one-body Hamiltonian in this “grid-basis” consists of 10002 = 1 million matrix elements. Diagonalizing

such a matrix is already at the limits of the capabilities of modern computers. Instead, if we wanted to de-

scribe a systems like Helium by RDMFT with, e.g., Gaussian orbitals and wanted to employ a very large basis

set for such systems, we could choose aug-cc-pVQZ [281] that consists of merely 55 elements. However, one

would consider such a basis set only for numerical tests or comparisons. In practice, considerably smaller

basis sets suffice to obtain very accurate RDMFT results for Helium. From this example, it is obvious that

both approaches require entirely different numerical techniques.

The standard algorithm for the orbital optimization for most theory levels, including standard KS-DFT or

HF in OCTOPUS is the conjugate gradients algorithm by Payne et al. [267]. Originally proposed and optimized

for DFT calculations of solids, which require a parametrization of the reciprocal or k-space, it is ideally suited

for the real space, which is very similar from a numerical point of view [138]. The main complication of a

real-space description is the accurate description of the core-region of atoms, close to the divergence of the

Coulomb potential. The strongly increasing slope would require a very fine grid, which would spoil the nu-

merical efficiency. An accurate and efficient solution of this problem is given by so-called pseudopotentials,

that describe the effective (classical) electrostatic potential of the nuclei together with the core-electrons.

Pseudopotentials do not diverge at the position of the nuclei and have in general much smaller slopes in

the core-region than the exact Coulomb potential. The quasi-classical treatment of the interaction between

these core-electrons and the remaining so-called valence electrons is in most cases very accurate.8 An in-

depth discussion about the advantages and disadvantages of real-space codes is beyond the scope of this

thesis and the reader is for further details referred to the review of Beck [138] and the first OCTOPUS paper

by Marques et al. [282] and reference therein.

In conclusion, we have to describe in a real-space code N active or valence electrons under the influence

of pseudopotentials, instead of all the Nal l > N electrons of the matter system in the local Coulomb potential

of the nuclei (which is called an all-electron calculation). In single-reference methods, this corresponds to

the calculation of N orbital wave functionsφ= (φ1, ...,φN ) on the (real-space) grid. The conjugate-gradients

algorithm by Payne et al. [267] accomplishes this by a direct (iterative) minimization of the corresponding

energy functional E [φ]. This means that the code minimizes E [φ] iteratively along the direction of the gradi-

ent or the steepest-descent ζ= δE [φ]/δφ, taking into account prior steps by what is called conjugation [266,

part 5]. Since the calculation of the gradient with respect to orbital i is still for the whole grid, it is usually the

bottle neck of the algorithm. Taking into account, e.g., the (approximate) Hessian is usually computationally

8For a good introduction in the theory of pseudopotentials, the read is referred to the review of Schwerdtfeger [218].
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too expensive. Nevertheless, modern conjugate-gradients methods have become a standard tool in nonlin-

ear programming [266] and the algorithm by Payne et al. seems to be very reliable for electronic structure

calculations.9

The idea behind the real-space optimization algorithm for RDMFT is to use the already existing well-

tested conjugate-gradients implementation for single-reference methods to a maximal degree. The hope is

that the good convergence properties of the algorithm persist also in the more involved theory. Importantly,

the algorithm minimizes directly the energy functional and not, e.g., the KS or HF eigenvalue equation.

Thus, we just had to replace the respective functional with the RDMFT energy and redo the subsequent

derivations. We present this derivation in the following subsection, which in shortened form is published in

Ref. [3].

7.3.1 Generalizing the conjugate-gradients method to RDMFT

We now derive and comment the conjugate-gradients method for the orbital optimization in real-space

RDMFT. For that, we recapitulate the most important steps of the algorithm by Payne et al. [267], explic-

itly highlighting the necessary modifications for the RDMFT minimization. As the general definition of the

RDMFT minimization problem and the according equations have been presented in Sec. 7.2, we recapitulate

here only the most important equations.

The goal is to find the set of natural occupation numbers ni and natural orbitals φi that extremalize

the RDMFT energy functional (7.1) under the constraints (7.3). Within the Müller approximation (7.2), the

functional reads for M natural orbitals

E [{φi }, {ni }] =
B∑

i=0
ni

∫
drφ∗

i (r)h(r)φi (r)+ 1

2

M∑
i , j=0

ni n j

∫
drdr′

∣∣φi (r)
∣∣2 ∣∣φ j (r′)

∣∣2 w(r,r′)

− 1

2

B∑
i , j=0

√
ni n j

∫
drdr′φ∗

i (r)φ∗
j (r′) w(r,r′)φi (r′)φ j (r).

(7.32)

We will only discuss the orbital optimization and thus assume that ni and µ are constant. Consequently, we

neglect the occupation-number dependence of E and consider the reduced version of the Lagrangian (7.5),

i.e.,

L[{φi }; {εi j }] = E [{φi }]−
B∑

j ,k=1
ε j k

(∫
drφ∗

j (r)φk (r)−δ j k

)
, (7.33)

To present the algorithm, we assume that we are at a certain step m of algorithm 1 with the current orbitals

φm = (φm
1 , ...,φm

B ). To minimize L, we want to vary φm along the direction of the local steepest-descent of L,

which is given by the negative gradient with respect to, e.g., φ∗
i , cf. Eq. (7.12a). The steepest-descent vector

therefore reads

ζm
i =− δL

δφm
i

∗(r)
=−

(
Ĥ 1φm

i (r)−
B∑

k=1
εm

kiφ
m
k (r)

)
, (7.34)

where we used the definition of the one-body Hamiltonian Ĥ 1φm
i (r) = δE

δφm
i

∗(r) , cf. Eq. (7.22). Here, we have

to take the whole sum
∑B

k=1 ε
m
kiφ

m
k (r) into account to find the steepest descent, which is in contrast to the

corresponding definition for single-reference, where we can assume εki = δki εi (cf. Eq. (5.10) of Ref. [267]).

9It is difficult to make this statement general, because there is no database that compares the performance of certain algorithms
in standard codes. For other features there are indeed such databases, see, e.g., https://www.nomad-coe.eu/externals/codes.
However, at least for OCTOPUS we can confirm that the algorithm is usually reliable.
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This is the first of three modifications that are necessary to extend the algorithm the RDMFT.

Next, we need to find an estimate for εm
ki , for which we proceed in an analogous way to [267] by exploiting

the stationarity conditions δL = 0 that determine the solution. The corresponding equations read

0 = δE

δφ∗
i (r)

−
B∑

k=1
εkiφk (r) (cf. 7.7b)

0 = δE

δφi (r)
−

B∑
k=1

εi kφ
∗
k (r). (cf. 7.7c)

We can now derive an expression for εki from both equations, cf. Eqs. (7.26) and (7.28). As we have dis-

cussed in Sec. 7.2.1, these expressions are not equal, because the single-particle “Hamiltonian” in RDMFT is

not hermitian. In the single-reference case that is considered by Payne et al. [267], the single-particle Hamil-

tonian is instead hermitian and thus the corresponding two sets of orbital equations are equivalent. This is

equivalent to the fact that we can diagonalize εi k = δki εi for single-reference methods. Thus, in the RDMFT

case, we have to make sure that the “information” of both equations, (7.7b) and (7.7c) enters the algorithm.

This is the second modification of the RDMFT-algorithm.

Whereas in the single-reference case, we merely have to evaluate the diagonal element εm
i to calculate

the steepest descent with respect to orbital ψm
i (Eq. (5.11) of Ref. [267]), we now have to calculate the B

elements εki (with k = 1, ...,B). For that, we have to choose the “correct” equation from our two choices,

Eq. (7.7b) and Eq. (7.7c). Since we have used the gradient with respect to φ∗
i (Eq. (7.7b)) for the definition of

ζi , we have to employ the equation from the other gradient with respect to φi , i.e., Eq. (7.7c), to define10

εm
ki =

∫
d3r

δE

δφm
k (r)

φm
i (r). (7.35)

We stress this point, because it is very unusual to work with non-hermitian operators in electronic structure

theory. As a matter of fact, the RDMFT algorithm cannot converge to the minimum, if not both equations

are taken into account.

This can be understood from another perspective, if we derive the equations assuming real orbitalsφ∗ =
φ. In this case, there is only one gradient equation and thus no ambiguity. The derivation can be found in

the appendix A.2.

Having determined the steepest-descent vector, we need to perform certain orthogonalization steps,

the preconditioning step for a faster convergence, and the conjugation. All these steps are independent of

the explicit theory and thus, we do not present them in this subsection. We summarize these steps in the

next subsection, when we present the full algorithm in pseudo-code. For the details, reader is referred to

Ref. [267].

We conclude this subsection with the last missing modification to extend the algorithm to RDMFT that

concerns the line-minimization. We therefore assume that we have calculated the normalized conjugate-

gradients vector ξm
i , which determines the “direction” in which we want to minimize the energy functional.

However, we do not know “how long” we need to “go” in this direction and thus we need to perform a line-

minimization, i.e., we need to find the minimal value of the energy E along the line that is defined by ξm
i .

In principle, the vector ξm
i defines an infinite line that we can parametrize by, e.g., a multiplication with

a scalar. However, we can here explicitly take the normalization constraint into account. All orbitals are

normalized to one (and orthogonal to each other) and thus they can be seen as unit or basis vectors of an

10Note that this definition is analogous to Eq. (7.28), where we used the tilde ε̃i k to stress the difference to εki from the other equation.
We drop the tilde in this section.
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B-dimensional subspace of the Hilbert space. The algorithm takes care that this property is preserved at a

iteration step, i.e., 〈φm
i |φm

j 〉 = δi j . Additionally, when we optimize orbital φm
i in the direction ξm

i , it is taken

care that also 〈φm
i |ξm

i 〉 = 0,11 and thus, we can parametrize all points of the possible descent by the angle

Θ between φm
j and ξm

i . This reduces the line-minimization problem to merely a closed interval of [0,π/2],

which can be exploited by the algorithm. The optimized state has the form

φ̃m
i (Θ) =φm

i cosΘ+ξm
i sinΘ. (7.36)

We can now evaluate the energy as a function ofΘ by inserting

E [Θ] = E [{φm
k ,k 6= i }, φ̃m

i (Θ)] (7.37)

and find the optimized state by a minimization overΘ, i.e.,

φm+1
i =φm

i cosΘ∗+ξm
i sinΘ∗, (7.38)

whereΘ∗ is determined by

min
Θ

E [Θ]. (7.39)

Since the evaluation of E [Θ] requires the application of operators to orbitals, it is as expensive as calculating

the gradient, which is the bottleneck of the whole procedure. Consequently, we need to find an approximate

solution to (7.39). The form of the parametrization (7.36) suggests an expansion of E in a Fourier series and

for single-reference theories, a truncation after the first order is already quite accurate [267]. We assume that

this also holds for RDMFT and thus make the ansatz

E [Θ] = E0 + A1 cos(2Θ)+B1 sin(2Θ). (7.40)

First test-calculations have confirmed that this assumption is reasonable [3]. We can now analytically deter-

mine the stationary point Θ∗ of E [Θ] by the usual derivative condition dE/dΘ= 0 (Eq./ (5.30) of Ref. [267]),

i.e.,

Θ∗ = 1
2 tan−1

(
B1

A1

)
. (7.41)

There are several possibilities to determine the coefficients A1 and B1 (see Ref. [267]) and we employ the one

that is implemented in OCTOPUS, which reads

B1

A1
=−

2 dE
dΘ

∣∣∣
Θ=0

d2E
dΘ2

∣∣∣
Θ=0

. (7.42)

To calculate the derivatives, occurring in this expression, we have to consider the RDMFT energy functional,

11Note that there is a further subtle difference between the standard algorithm and the RDMFT version. In the former, we can ad-
ditionally orthogonalize ξm

i to all other states φm
j for j 6= i , because arbitrary rotations are allowed within this subspace. This is not

possible in RDMFT, because the index of every φm
j is uniquely defined by its occupation number. This is another consequence of the

impossibility to diagonalize the Lagrange-multiplier matrix in RDMFT.
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which leads to the third and last modification with respect to the single-reference algorithm. We have

dE

dΘ

∣∣∣∣
Θ=0

=
∫

dr

(
δE

δφ∗
i

dφ∗
i

dΘ
+ δE

δφi

dφi

dΘ

)
=〈ξi |Ĥ 1φi 〉+〈φi |Ĥ 1ξi 〉−

∑
k

(
εki 〈ξi |φk〉+εi k 〈φi |ξk〉

)
(7.43a)

for the first derivative and

d2E

dΘ2

∣∣∣∣
Θ=0

=
∫

δE 2

δφ∗
i

2

(dφ∗
i

dΘ

)2

+
∫
δE 2

δφ2
i

(
dφi

dΘ

)2

+2
∫

δE 2

δφ∗
i δφi

dφ∗
i

dΘ

dφi

dΘ
+

∫
δE

δφ∗
i

d2φ∗
i

dΘ2 +
∫

δE

δφi

d2φi

dΘ2

=2
(〈ξi |Ĥ 1ξi 〉−〈φi |Ĥ 1φi 〉

)+αH
i +αXC

i (7.43b)

for the second derivative.12 Here, we defined

αH
i =ni

∫
dr2ℜ[φ∗

i (r)ξi (r)]

(
ni

∫
dr′2ℜ[φ∗

i (r′)ξi (r′)]w(r,r′)
)

(7.44a)

αXC
i =−ni

∫
d3r d3r ′ 2ℜ[

φ∗
i (r)φ∗

i (r′)w(r,r′)ξi (r)ξi (r′)
]−ni

∫
d3r d3r ′φ∗

i (r)ξ∗i (r′)w(r,r′)ξi (r)φi (r′)

−p
ni

B∑
j=1

√
n j

∫
d3r d3r ′ ξ∗i (r)φ∗

j (r′)w(r,r′)φ j (r)ξi (r′), (7.44b)

and used
dφ(∗)

i (Θ)
dΘ |Θ=0 = ξ(∗)

i and
d2φ(∗)

i (Θ)

dΘ2 |Θ=0 =φ(∗)
i . We see that εi k appears only in the first derivative term,

which hence is the only one that needs to be modified for the RDMFT algorithm, which we summarize in

the next subsection.

7.3.2 The conjugate-gradients algorithm for RDMFT in OCTOPUS

We now want to formulate the complete algorithm for the orbital optimization by conjugate-gradients of the

RDMFT routine of OCTOPUS. The routine can be chosen in the developer’s version of OCTOPUS as alternative

to algorithm 3. The general part (algorithm 1) including the occupation number optimization (algorithm 2)

are not modified.

Before we formulate the complete algorithm, some remarks are appropriate. The crucial advantage of

the whole routine is that we do not need to explicitly calculate the one-body Hamiltonian Ĥ 1 in some basis,

but only need to apply it to a state φi according to

Ĥ 1φi (r) =ni h(r)φi (r)+ni vH (r)φi (r)−p
ni v i

XC (r). (cf. 7.22)

This operation can be done very efficiently on the grid for a couple of reasons. One important of these

reasons is a crucial property of all the occurring operators in Eq. (7.22) with the exception of v i
XC . The

operators h(r) and vH (r) are (semi)local, i.e., they effectively depend only on one coordinate and thus their

application to a state has the cost of an inner product, instead of a full matrix-vector multiplication. For the

one-body part

h(r) =− 1
2∇2 + v(r), (7.45)

12Note that the former is denote by β and the latter by α in the source code of OCTOPUS.
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the locality is obvious for the local potential v(r). The Laplacian ∇2 is instead what is called semi-local. This

means for vectors on the grid that we can approximate ∇2 with, e.g., finite-differences of some order and

then apply it to a state by a so-called stencil that is the same for every point and thus “almost” local [138, Sec.

IV.A]. The Hartree-potential

vH (r) =
B∑

j=1
n j

∫
d3r ′ρ j (r′)w(r,r′) (cf. 7.10)

=
∫

d3r ′ρ(r′)w(r,r′), (7.46)

with the total density ρ(r) = ∑B
j=1 n jρ j (r′) is also local during every iteration step, which is the basic ap-

proximation of our self-consistent field procedure. It is crucial here that we can exchange the sum with the

integration and thus have to calculate the integral only once, which in practice is done in k-space, i.e., after a

Fourier transformation. This is considerably faster for a large number of grid-points and is a main advantage

of the conjugate-gradients algorithm.13 However, the exchange-correlation potential that we employ, e.g.,

in RDMFT, HF or for hybrid functionals in KS-DFT (see Sec. 2.3) is truly nonlocal. We recall the definition

v i
XC (r) =

B∑
j=1

√
n j

∫
d3r ′φ∗

j (r′)w(r,r′)φ j (r)φi (r′). (cf. 7.11)

Importantly, we cannot exchange summation and integration here, because both operations involve differ-

ent orbitals. This is a severe bottleneck of the algorithm and prevented real-space and k-space codes for

a long time to treat larger systems with these methods [276]. In RDMFT this limitation is especially pro-

nounced, because we need to calculate the exchange-correlation potential not only for the one orbital that

we optimize but also for all the other orbitals to determine (εi k ). Consequently, it is still very expensive to

do RDMFT calculations with the conjugate-gradients algorithm and we have so far mostly performed tests

with one-dimensional systems. However, it has been shown recently that this problem can be solved with a

newly developed approximation for the exchange-correlation operator [276]. Although the author explicitly

considers HF theory, the method should be generalizable to RDMFT in a straightforward way.

Next, we want to remark briefly on preconditioning, which we mentioned already in the first part of this

section. This is a very common part of large-scale minimization algorithms and a thorough discussion is

beyond the scope of this text. The basic problem in the realm of electronic structure calculations is that the

kinetic energy operator that we apply to a state to calculate the gradient has a larger error for energetically

higher than lower lying states, because the former have more nodes and thus, in general bigger slopes. The

standard preconditioner in OCTOPUS thus applies a kind of low-pass filter on the gradient. We denote the

corresponding operator with P̂ . For further details, we refer to [267] and references therein.

As a final remark, before we present the algorithm, we want to refer the reader to the excellent explana-

tion of the conjugate-gradients method in Sec. 5.A of Ref. [267]. The authors explain there how a conjugation

of the steepest-descent vector leads to a maximally fast convergence of the algorithm, because it cannot get

“trapped” in a zig-zag trajectory. This is illustrated in Fig. 14 of the reference. Note that there are different

possibilities to do the conjugation and in the following we only present the Fletcher-Reeves [283] method,

but there is also the Polak-Ribiere14 scheme available in OCTOPUS. Both methods are elucidated in, e.g.,

part 5 of Nocedal and Wright [266].

13For this reason, also orbital-based electronic structure codes employ conjugate gradients algorithms for systems that require a very
large basis sets.

14The original paper [284] is unfortunately only available in French.
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We now summarize the complete algorithm in the pseudocode form that we used already before.

Algorithm 5. (Orbital optimization 2)

Set the convergence criterion εφ > 0.

for k=1,...,B

a Minimization of orbital with index k. Initialize φl ,0
k

′ = φl
k from the

current set of orbitals φl

b Orthogonalize to previously optimized states:

φl ,0
k =φl ,0

k
′−∑k−1

i=1 〈φl
i |φl ,0

k
′〉φl

i

c Calculate relevant entries of (εi k ):

εl ,0
i k = 〈Ĥ 1φl

i |φl ,0
k 〉 ∀ i = 1, ...,B and

εl ,0
ki = 〈φl ,0

k |Ĥ 1φl
i 〉 ∀ i = 1, ...,B

for m=0,1,2,...

i if k > 1, update εl ,m
i n ,εl ,m

ni for all n < k

ii Calculate the steepest-descent vector (Eq. (7.34)):

ζm
k =−

(
Ĥ 1φl ,m

k −∑B
i=1 ε

l ,m
i k φl

i

)
iii Apply the preconditioner: ηm

k
′ = P̂ζm

k

iv Orthogonalize to the current and previously optimized states:

ηm
k = ηm

k
′−〈φl ,m

k |ηm
k
′〉φl ,m

k −∑k−1
i=1 〈φl

i |ηm
k
′〉φl

i

v Calculate the conjugation factor:

γm
k = 〈ηm

k |ζm
k 〉/〈ηm−1

k |ζm−1
k 〉 ∀m > 0

γ0
k = 0

vi Calculate conjugate-gradients vector:

ξm
k = ηm

k +γm
k ξ

m−1
k

vii Calculate A1/B1 according to Eq. (7.42) with the expressions of

Eq. (7.43) determine the optimal angleΘ∗

viii Calculate the optimized orbital φm+1
k =φm

k cosΘ∗+ξm
k sinΘ∗

ix Calculate the residue Rm+1 = |Ĥ 1φm+1
k −εkkφ

m+1
k |2

break if m > 0 and Rm+1 < εφ and Rm < εφ
end (for)

end (for)

We want to remark that we left out some details that are not crucial for the algorithm to work. We refer here

again to [267] or directly to the source-code of OCTOPUS.
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7.4 Comparison of both orbital optimization methods

Having two different orbital-optimization techniques at hand, we are able to study the implications of the

real-space description for practical RDMFT calculations. We want to stress here again that there is no other

real-space implementation of RDMFT, which naturally leads to new types of problems that have to be solved.

The most pronounced limitation of the conjugate-gradients algorithm is the high computational cost of

evaluating the exchange-correlation term that we have mentioned in Sec. 7.3.2. This has prevented us so far

from performing all-electron real-space calculations in three spatial dimensions. This would be necessary

for a comparison with an orbital-based code. However, there are new developments that might overcome

this limitation (see Sec. 7.3.2). Besides that, all-electron calculations without pseudo-potentials are very

inefficient in a real-space code, because they require a very high resolution around the divergence of the

Coulomb potential of the nuclei (see the introduction of this section). In RDMFT, this problem becomes

even more pronounced than in single-reference methods, because we need to determine considerably more

orbitals. Since all orbitals are orthogonal to each other, the number of nodes increases with the number of

orbitals, which requires again a finer grid for a good representation. This is not only problematic for all-

electron calculations, but could turn out a general limitation of real space RDMFT.

Nevertheless, the RDMFT implementation in OCTOPUS works and we have tested it extensively for one-

dimensional systems, where we basically can afford arbitrarily fine grids. We want to finish this chapter

about real-space RDMFT thus with a comparison of the different methods for a 1d model-system. The fol-

lowing discussion is based on Ref. [3, Ch. 14]. To do such a calculation, we need to converge the two basic

numerical parameters for every real space calculation, i.e., the box-length Lx and the spacing δx . In RDMFT,

we additionally have to converge the number of natural orbitals B , which are system-dependent but not

equal to the particle number N in contrast to, e.g., the number of KS- or HF-orbitals. Since we have two

methods for the orbital optimization at hand, it is especially interesting to compare these in terms of the

convergence with respect to B .

The default method due to Piris and Ugalde (Piris method in the following) uses the orthonormality con-

straint of the natural orbitals, which implies that the “F-matrix” constructed from the Lagrange multipliers

ε j k is diagonal at the solution point (see Sec. 7.2). As an immediate consequence of the Piris method, the

natural orbitals at the solution point are linear combinations of the orbitals used as the starting point for

the minimization. In other words, the initial orbitals serve as a basis and the convergence of the method

will depend on this basis. The conjugate gradient algorithm also requires a set of initial orbitals to start the

self-consistent calculation, but at convergence the results are independent of that starting point. Therefore,

while a calculation using the Piris method requires a set of initial states which serve as the basis, the conju-

gate gradient algorithm can be used starting from a initial set of random states. In our tests of the conjugate

gradient implementation, the quality of the initial states only had an influence on the number of iterations

necessary for the convergence, but not on the final result. We suggest to use the orbitals obtained from an

independent particle calculation as initial states since they can be obtained for a low numerical cost and

simultaneously can serve as a basis set in the Piris implementation.

We thus will compare different starting points for the Piris method with the conjugate-gradients imple-

mentation. For the former, the initial orbitals are taken to be the solutions obtained with a different level

of theory, like independent particles (IP) or KS-DFT. In order to better understand the effect of the choice

of basis, we tested the following choices: (i) independent particles, KS-DFT within (ii) the local density ap-

proximation (LDA) or (iii) the exact exchange (EXX) approximation, as well as (iv) HF theory. In all cases we

have to ensure that the number of unoccupied states in the calculation is sufficient to cover all the natural
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Figure 7.1: Total energy for the RDMFT calculation for one-dimensional H2 using the Piris method with
different basis sets and using the conjugate gradient implementation. The inset shows a zoom into the area
where convergence is reached.

orbitals which will obtain a significant occupation in the following RDMFT calculation. The results for the

convergence of the total energy of a one-dimensional (1D) hydrogen molecule (see Sec. 2.5) using the Müller

functional [227] are given in Fig. 7.1. The calculations were performed on a 1D grid extending from −12.0 to

12.0 bohr, with a grid spacing of 0.03 bohr. The nuclear potential for the 1D molecule reads

v(x) =− 1√
(x −d)2 +1

− 1√
(x +d)2 +1

, (cf. 2.111)

with d = 1.628 bohr, which corresponds to the equilibrium geometry. The electron-electron interaction in

one dimension is described by the soft-Coulomb interaction

w(x, x ′) = 1√
(x −x ′)2 +1

. (cf. 2.112)

Since Octopus performs all calculations on a finite grid, we typically obtain a finite number of bound

states in the calculations for the basis set and any additional orbitals extend over the whole grid, i.e., they

are unbound and therefore delocalized. However, all natural orbitals with non-zero occupation are localized

close to the center of mass, because they decay with the ionization potential of the system [285]. Hence, the

extended basis states will only contribute with very small coefficients, if at all, and their inclusion in the basis

set does not lead to a significant improvement of the results. Consequently, the fastest convergence and

lowest total energies are obtained by using the results from an independent particles calculation, as those

yield the largest number of localized orbitals from all the different basis sets that were tested, as shown in

Fig. 7.1.

The convergence study with respect to the number of natural orbitals for the conjugate-gradients algo-

rithm is also included in Fig. 7.1. As one can see, a smaller number of natural orbitals needs to be included

in the calculation than for the basis set implementations with the Piris method. As the number of natural

orbitals equals the number of basis functions in these calculations, this is mostly due to the fact that the
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available basis sets are of rather poor quality. In addition, the converged total energy for the conjugate gra-

dient algorithm is slightly lower than for all the basis sets using the Piris method (see inset of Fig. 7.1), which

shows that the conjugate gradient algorithm exploits the full flexibility of the grid implementation, allowing

for contributions to the natural orbitals which are not covered by any of the basis sets. We have also verified

that the converged result of the conjugate gradient method is indeed independent of the choice of initial

state for the Müller functional [227] employed in our calculations. However, one should note that the Müller

functional is known to be convex when all infinitely many natural orbitals are included [161]. This property

is most likely not shared by all available RDMFT functionals. In addition, the number of natural orbitals in

any practical calculation is always finite. Consequently, in practice one needs to test the convergence for the

different starting points, as the appearance of local minima cannot be excluded.
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Chapter 8

POLARITONIC STRUCTURE THEORY: A NUMERICAL PERSPECTIVE

This second chapter of the numerics part deals with the extension of electronic-structure methods to cou-

pled light-matter problems. The principal strategy to do this has been laid out in Sec. 5.1. In this chapter,

we show how to do this in practice in two steps. We first present how to extend an electronic structure code

to treat dressed orbitals with the modified interaction and potential, which is already sufficient to describe

specific situations such as the two-polariton case (fermion ansatz, Sec. 8.1). We exemplify this simple way

to implement polaritonic-structure methods with our implementation in OCTOPUS of polaritonic HF and

polaritonic RDMFT [3, Ch. 4]. Then, we show how to do this also in the general case with the example of a

purpose-built implementation (Sec. 8.2).

At this point, we want to remark briefly on the particular numerical challenge of modifying well-known

electronic-structure algorithms. We present in App. B an example that highlights that even simple modifi-

cations (such as adding the dressed term to the interaction kernel) of a sufficiently complex code require

extensive testing. Besides revealing such issues, the validation procedure of a numerical implementation

often influences also the development of theory itself. For instance, we have only realized the importance of

the hybrid statistics during the exhaustive convergence studies that are presented in App. C.

8.1 The implementation of dressed orbitals in OCTOPUS

In this section, we present how to apply the general prescription to turn an electronic-structure into a

polaritonic-structure method of Sec. 5.1 with the example of our implementation of dressed orbitals in OC-

TOPUS.1 The actual state of the code supports the inclusion of one photon mode and matter systems of one

spatial dimension.2 We therefore do the presentation explicitly for the 1+1 dimensional case. The method is

part of OCTOPUS version 10.0 or higher, which is publicly available (https://octopus-code.org/wiki/

Octopus_10).

As we have mentioned already, our implementation of the dressed orbitals is based on the RDMFT im-

plementation in OCTOPUS and can thus only be used for RDMFT and HF calculations. However, a general-

ization to other methods is possible with little effort, because the only crucial change is in the Poisson solver

that calculates integrals of the form

ṽ(r) =
∫

dz r ′ρ̃(r′)w̃(r,r′). (8.1)

Here r ∈ V ⊂ Rz (in the present case r = (x, q) and thus z = 2) and w̃(r,r′) is the two-body integral kernel.

In the standard 3d-case, this is the Coulomb kernel w̃(r,r′) = w(r,r′) = 1/|r− r′|, which makes Eq. (8.1) the

solution of the Poisson’s equation ∇2ṽ = ρ̃ and explains the name of the routine. For 1d, it is by default the

1This section is based on Ref. [3, part 4].
2Note that the implementation is in principle general enough to treat 3d-matter systems, but this has not yet been tested.
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soft-Coulomb kernel w(x, x ′) = 1/
√

(x −x ′)2 +ε2 with ε = 1 (see also the discussion in Sec. 2.5). Addition-

ally, we have defined ρ̃(r), which can be some orbital density ρ̃(r) = ρi j (r) = φ∗
i (r)φ j (r) that occurs in the

exchange-correlation potential (cf. Eq.(7.11)) or the total density ρ̃ = ρ(r) = ∑M
i=1 niρi i (r) that occurs in the

Hartree-potential (cf. Eq.(7.10)). The Poisson-solver is thus utilized by all methods in OCTOPUS to include

the contribution of the (approximate) Coulomb interaction.

To generalize the code to dressed orbitals, we have to define one additional coordinate q that parametrizes

the photon-degrees of freedom and replace the Coulomb-kernel

w(x, x ′) → w ′(xq, x ′q ′) = w(x, x ′)+
[
− ωp

N
λqx ′− ωp

N
λq ′x + 1

2 (λx)2
]

︸ ︷︷ ︸
wd (xq,x ′q ′)

, (8.2)

whereω is the frequency of the photon-mode, λ=λx the component of the polarization vector in the direc-

tion of the spatial dimension of the matter system x. Obviously, the extra term wd (xq, x ′q ′) is not related to

Poisson’s equation and thus, it does not really “belong” in the Poisson solver. To avoid changing the structure

of the code too much, the application of wd (xq, x ′q ′) is nevertheless implemented in this part of the code.

As a consequence, it is not possible to choose the specific method to evaluate Eq.(8.1), when dressed or-

bitals are used. One is constraint to the (inefficient) direct sum method, which just calculates the integral as

a summation on the grid. We want to stress here that the evaluation of Eq.(8.1) for the extra part wd (xq, x ′q ′)
is considerably less involved than solving Poisson’s equation, because its 2-coordinate dependence is only

due to simple products. To calculate for example∫
dx ′dq ′ρi j (x ′, q ′)[− ωp

N
λq ′x] =− ωp

N
x

∫
dx ′dq ′ρi j (x ′, q ′)q ′,

we can pull out x and thus need to evaluate the integral only once for every value of x, which has merely the

(very low) computational cost of in inner product.3 For the Coulomb-kernel instead, we have to evaluate

the integral for every value of x, when we perform a naive direct-sum calculation. This operation scales

quadratically on the grid and is the bottleneck of basically every method. More sophisticated methods can

reduce this scaling considerably. For example, the standard Poisson solver of OCTOPUS performs a Fourier

transformation of Eq.(8.1) to turn the integral into a multiplication and then transforms back to real space.

Using the fast Fourier transformation [138], this procedure reduces the scaling to B lnB [138].

Besides the two-body integral kernel, also the local potential has to be modified by adding a dressed

extra term, as discussed in Sec. 5.1. This is not yet implemented explicitly in OCTOPUS. Instead, the user is

forced the make use of the option of a user-defined potential, following, e.g., the example of the test-suite of

OCTOPUS.4 Finally, we have also implemented the output of some photonic expectation values at the end of

the calculation. They are written in the static_information.

The just describes modifications allow to perform polaritonic RDMFT and HF calculations with the

fermion ansatz that does not explicitly guarantee the Pauli-principle (see Sec. 5.1). This means that in order

to guarantee results that do not violate the Pauli principle, we either have to restrict the system to one ac-

tive orbital (thus the two-particle singlet case) or make sure that the photon frequency ω is large enough to

guarantee the Pauli-principle trivially (see Secs.4.2.3 and Fig. 6.3).

To go beyond that and consider the polariton ansatz, we need to enforce the N -representability of the

electronic 1RDM with an extra routine, which would require a considerable change of the code. We have so

far only tested this in a small purpose-built code that we present in the next section.

3The calculation of an inner product scales linear with the grid-size B
4See https://octopus-code.org/wiki/Developers:Starting_to_develop#Testsuite.
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8.2 The hybrid statistics of polaritons in practice

In the following, we will show how to go beyond the fermion ansatz of dressed orbitals in practice, i.e., how to

(approximately) enforce the hybrid statistics of polaritonic orbitals in a numerical minimization (polariton

ansatz, see Sec. 5.1). The additional challenge in comparison to the fermion ansatz is here to enforce a set of

nonlinear (only implicitly given) inequality constraints during the minimization of the (also nonlinear) en-

ergy functional of a given method. Including such complicated constraints requires considerable modifica-

tions of standard first-principles algorithms and it is a priori not clear, which algorithm is suited. We there-

fore analyze the problem from a general perspective and present specifically the augmented-Lagrangian

algorithm that is accurate, yet simple to implement and validate (Sec.8.2.1).

We then show with the example of polaritonic HF how to obtain a general polaritonic-structure method

that accounts for the hybrid statistics (polariton ansatz) by combining the augmented-Lagrangian with a

standard electronic-structure algorithm. To test the algorithm, we have implemented it in a simple purpose-

built code,5 which we have employed to show that the polariton ansatz indeed overcomes the limitations of

the fermion ansatz (see Sec. 6.1) and to highlight the influence of localization on the light-matter interac-

tion (Sec. 6.4.4). To get accustomed to the new challenges, it is important to reduce the complexity of the

minimization problem as much as possible. Therefore, we have developed and tested the algorithm in a

simplified setting with 2 electron orbitals (corresponding to N = 4 electrons) in one spatial dimension and

one photon mode (see also Sec. 6.1). We also employ one of the simplest strategies to enforce inequal-

ity constraints, that is the augmented Lagrangian approach. It is likely that in order to extend a standard

electronic-structure code to treat dressed orbitals with the polariton ansatz, a more sophisticated algorithm

will be necessary. The here proposed algorithm is only a first step toward this goal. We therefore not only

present the final form of the algorithm, but also explain the rationale behind its different parts.

8.2.1 The new challenge: enforcing inequality constraints

To start the discussion, let us briefly recapitulate the generic minimization problem (5.8) that we have to

solve to guarantee the Pauli principle within polaritonic-structure theory (polariton ansatz). Irrespective

of the particular method that is considered, the principal numerical challenge of the polariton ansatz is to

enforce a set of M nonlinear inequality constraints gi ≥ 0(i = 1, ..., M) during the minimization. Without loss

of generality, we assume that the state of the system is described N orbitals φ= {φ1, ...,φN }.6

The goal is to minimize the energy

E = E [φ]. (8.3)

that is a (nonlinear) functional of N polaritonic orbitals φ = (φ1, ...,φN ) under a set of equality constraints

(cf. Eq. (5.4))

ci k [φ] = 0 ∀i ,k (8.4)

5The code is written in the programming language PYTHON(https://www.python.org/) employing the numerical routines of the
scientific programming library NUMPY (https://numpy.org/).

6For instance, this applies to HF and KS-DFT. However, we can straightforwardly generalize the argument to, e.g., RDMFT if we
consider additionally the natural occupation numbers. As we have shown in Sec. 7, this only influences the equality constraints, but
not the inequality part. For other methods, a similar argument holds.
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and the Bm inequality constraints7 (cf. Eq. (5.7))

gi [φ] = 1−ni [φ] ≥ 0 ∀i , (8.5)

where the ni are the (electronic) natural occupation numbers, i.e., the eigenvalues of the electronic 1RDM

γe [φ](r,r′) =
∫

dqγ[φ](rq,r′q), (8.6)

where γ[φ](z,z′) =∑N
k=1φ

∗
k (z′)φk (z) is the polaritonic 1RDM. With these definitions, the minimization prob-

lem reads

minimize E [φ]

subject to ci k [φ] = 0 (8.7)

gi [φ] ≥ 0.

Because of the involved diagonalization, the functional dependence gi = gi [φ] is only implicitly known.

Thus, the nonlinearity of the constraints gi is comparable to, e.g., the nonlinearity of the HF equations,

which suggests a similar solution strategy, i.e., another SCF procedure. Additionally, we have to account for

the inequality character of the new constraints, which, as we will see below, requires different methods than

equality constraints. The polariton ansatz thus demands to nest both types of algorithms, which is nontrivial

and requires considerable modifications of the standard algorithms.

8.2.1.1 Minimization under inequality constraints

In order to solve problem (8.7), it is possible to generalize the Lagrange-multiplier technique and derive a set

of necessary conditions for a stationary point, which are known as the Karush-Kuhn-Tucker (KKT) condi-

tions.8 Additionally, we will assume that our functional has only one stationary point, which is a minimum.

In this case, the KKT conditions are not only necessary but also sufficient to characterize this minimum. As

usual in first-principles theory, it is very difficult to proof such an assumption and we can only hope that

it is justified in most cases. We remark that in the tested scenarios, the code always converged to the same

solution, independently of the starting point.

The KKT conditions

To present the KKT conditions, we introduce the Lagrange multipliers ε̄= ε̄11, ε̄12, ..., ε̄N ,N and assuming the

KKT multipliers ν̄= (ν̄1, ..., ν̄Bm ) and define the Lagrangian

L[φ; ε̄, ν̄] = E [φ]−
N∑

i j=1
ε̄i j ci j [φ]−

Bm∑
i=1

ν̄i gi [φ]. (8.8)

7Note that there are in principle as many gi as matter basis states that we have denoted in the previous section by Bm . In practice,
it is however not necessary to consider all these constraints as we discuss below.

8For small summary of the original publications and later generalizations, the reader is referred to the “Notes and References” of
[266, part 12, p349f.]
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The KKT theorem9 states then that if φs is a stationary point of the minimization problem (8.7), there exist

(ε̄s , ν̄s ) such that the following four sets of conditions hold (under some regularity conditions on E)

1. Stationarity10

∂

∂φ∗
k

E [φs ] =∑
i j
ε̄s

i j
∂

∂φ∗
k

ci j [φs ]+∑
i
ν̄s

i
∂

∂φ∗
k

gi [φs ], (8.9a)

2. Primal feasibility

gi [φs ] ≥ 0 ∀i , (8.9b)

hi j [φs ] = 0 ∀i , j , (8.9c)

3. Dual feasibility

νs
i ≥ 0 ∀i , (8.9d)

4. Complementary slackness

νs
i gi [φs ] = 0 ∀i . (8.9e)

Note that the KKT conditions reduce to the Lagrange conditions for equality constraints if all the gi = 0.

Before we discuss solution strategies to determine the set (φs , ε̄s , ν̄s ) for a given problem in practice, let

us have a closer look to the KKT conditions. From a practical point of view, stationarity is the most important

KKT condition, because it provides us the basic equations that have to be solved in order to determine the

minimum. Primal feasibility is the trivial KKT condition that is defined by the minimization problem itself

and primal feasibility together with stationarity are the equivalent to the Lagrange conditions for equality

constraints. The KKT conditions that are not present in Lagrange theory are dual feasibility and comple-

mentary slackness. The former is necessary to fix the sign of the term containing the inequality constraints

(if νi ≤ 0 were allowed, we could not differentiate gi ≤ 0 from gi ≥ 0). But the most important KKT condition

that differentiates inequality from equality constraints is the latter. Complementary slackness states that

either νs
i = 0 or gi (φs ) = 0 at the solution point. This defines the role of the new KKT multipliers: if φs is in

the strictly feasible region where gi > 0, there is no need for “correction” and thus the corresponding KKT

multiplier νs
i = 0. Only if the solution is on the boundary of the feasible region, i.e., gi (φs ) = 0 then we have

a non-zero νs
i > 0. This is exactly the case, when the unconstrained minimization would have a solution φs ′

that is infeasible, i.e., when gi (φs ′) < 0. In this case, the KKT multiplier plays the same role as the Lagrange

multiplier and in this sense KKT theory is a straightforward generalization of Lagrange theory.

The major difference between dealing with inequality constraints in comparison to the equality con-

straints is thus that we do not need to determine as many KKT multipliers as there are constraints. For our

specific minimization problem, most of the multipliers will be indeed zero. The reason is that the particle

number is conserved, i.e.,
∑Bm

i=1 ni = N , and consequently we can maximally have gi = 2−ni = 0 for N /2

conditions (which corresponds to the non-interacting case, where the first n1 = ... = nN = 1 and all other

nN+1 = ... = nBm = 0). This is a very important fact, when we think about describing larger systems, where

Bm is big. We will never need to determine all gi , which would require to determine all the Bm eigenvalues

9See [266, part 12.3] for the mathematical details.
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of the electronic 1RDM, but it will be sufficient to calculate say the lowest M eigenvalues, where M / N .

The basic approaches to solve nonlinear (inequality) constrained minimization problems

However, we still need a method to determine the necessary KKT multipliers and the fact that we do not

know a-priori the active set, i.e., the ν̄i that are non-zero, crucially influences the corresponding algorithm.

Nowadays on can find a plethora of such algorithms, that have been implemented and applied successfully.

For an overview of the topic, we refer the reader to the book of Nocedal and Wright [266] that we also use as

a main reference for this chapter. The minimization problem (8.7) considers a nonlinear energy functional

and nonlinear constraints and thus belongs to the hardest class of minimization problems. To solve such

problems, there are basically three different classes of algorithms.

• The sequential quadratic programming approach:

The idea of this approach is to constrain the minimization to a subspace such that a quadratic approx-

imation of the energy functional becomes very accurate. The challenge is then to choose this subspace

in a smart way taking the constraints into account.

• The barrier or interior-point methods:

Here, one enforces the inequality constraints during the minimization by using a barrier function that

depends on the barrier parameter µ. During the minimization, µ is reduced successively until the KKT

conditions are fulfilled.

• The penalty methods:

Instead of employing a barrier that constrains the minimization to the feasible region and needs to be

reduced for convergence, here violations of the constraint are penalized. For convergence, the penalty

is successively increased.

All of these have certain advantages and disadvantages, which are in principle well-studied. However, it

is not easy to apply this knowledge to our specific problem. We therefore make the following pragmatic

choices: Since our aim is to extend the framework of a working electronic-structure code such as OCTOPUS,

we try to choose a method that is as less invasive as possible. Therefore, we exclude sequential quadratic

programming approaches, which are conceptually very different from the standard electronic-structure al-

gorithms. For instance, it is not straightforward to combine active sets together with the line-minimization

of the conjugate-gradients method by Payne et al. [267]. Unfortunately, this means to exclude the class of

methods that are considered to “show their strength when solving problems with significant nonlinearities

in the constraints,” [266, part 18, p. 529].

The other two classes of methods can in principle be employed to extend standard electronic-structure

methods. Conceptually, barrier and penalty methods are very similar, but in practice, the latter are easier

to handle. Usual penalty functions are simpler to implement and to debug than typical barrier functions.

Therefore, the final version of our here proposed algorithm employs the augmented Lagrangian method

that is based on a barrier function. Before we discuss the full algorithm in Sec. 8.2.2, we briefly outline this

method in the following.

8.2.1.2 The augmented Lagrangian method

The basic quantity of every penalty method is a function that penalizes violations of the constraints. For

simplicity, we discuss in the following only the case of inequality constraints,11 i.e., we consider the mini-

11Note that penalty functions can also be applied to equality constrained minimization problems.
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Figure 8.1: Illustration of the penalty method. The (unconstrained) function E (black dashed line) has its
minimum φs

E in the infeasible region, where g < 0 (left of the black vertical line that marks g = 0). The true
minimum φs of the constrained problem is thus on the boundary, where g = 0. Penalty methods construct
an auxiliary minimization problem by adding a penalty function P (µ) to the energy (blue solid lines). For
every value of the penalty parameter µ, we can find the minimum φs (µ) of the auxiliary problem, which
approaches the true minimum φs for increasing µ. This is illustrated for two example values µ1 (light-blue)
and µ2 (dark-blue), where µ2 >µ1.

mization problem

minimize E(φ)

subject to gi (φ) ≥ 0. (8.10)

For that, we define the quadratic penalty function

P (φ;µ) = µ

2

∑
i

([gi (φ)]−)2, (8.11)

where µ> 0 is the so-called penalty parameter and [·]− is defined as [x]− = max(−x,0) for any real number x.

Therefore, P penalizes constraint violations quadratically (gi < 0) and proportional to µ, but has no effect,

if gi ≥ 0. It can be shown that a minimization with this penalty function converges to the exact solution of

the minimization problem (8.10) for µ→ ∞ [266, Theorem 17.3]. The nonsmoothness of P is a necessary

price to pay for this property, but in practice, this is not a big issue. Most importantly, one can generalize the

stationarity KKT conditions (Eq. (8.9a)) to this case by making use of directional derivatives.12 In a concrete

algorithm, we consider the Lagrangian

L[φ;µ] = E [φ]+P [φ;µ], (8.12)

12For details about this, see [266, part 17.2].
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and sequentially minimize L[φ;µm] to obtain approximate minima φm =φs (µm) for increasing µm > µm−1

until convergence. We have illustrated this procedure in Fig. 8.1.

To calculate the derivative of P , we have to deal with its non-differentiability. For the contribution of

condition i , we can calculate

∂

∂φ∗
k

[µ
2 ([gi [φ]]−)2]=

−µgi [φ] ∂
∂φ∗

k
gi [φ] gi < 0

0 gi > 0,
(8.13)

but for gi = 0, there is no well-defined derivative. As we have mentioned before, the formally correct way

to define the stationarity condition (8.9a) for nonsmooth penalty functions is by means of the directional

derivative. Sophisticated algorithms take care of this by “smoothing procedures” [266, part 17.2] that effec-

tively remove the non-differentiable point. However, a simpler way to deal with this issue is to explicitly keep

the step in the gradient and to define

∂

∂φ∗
k

[µ
2 ([gi (φ)]−)2]

gi=0 =−µgi [φ]
∂

∂φ∗
k

gi [φ], (8.14)

where −µgi [φ] is assumed to remain finite (see below). We therefore have the following stationarity condi-

tions

∂

∂φ∗
k

E [φ] =∑
i
Θ(−gi [φ])µgi [φ]

∂

∂φ∗
k

gi [φ], (8.15)

where we employed the Heaviside step-functionΘ(x) = x for x ≥ 0 andΘ(x) = 0 for x < 0.

Algorithms based on Lagrangian (8.12) usually require very large barrier parameters µ to guarantee the

equality constraints. To see this, we compare Eq. (8.15) with the KKT conditions (8.9a). The KKT multiplier

corresponding to the inequality constraint gi reads for the penalty method (assuming

ν̄
p
i =−µgi (φ). (8.16)

When gi → 0, we needµ→∞ to have a finite KKT multiplier ν̄i . This can be problematic in practice, because

µ is part of the gradient ∂L
∂φ∗

k
= ∂

∂φ∗
k

E [φ]−∑
i Θ(−gi [φ])µgi [φ] ∂

∂φ∗
k

gi [φ] (and of the higher derivatives such as

the Hessian). If µ is large, even small errors in ∂L
∂φ∗

k
are amplified strongly, which might prevent an algorithm

that employs ∂L
∂φ∗

k
(or other derivatives) to determine the minimization steps from convergence. This well-

known problem of penalty (and many other) methods is called ill conditioning.13

The standard way to reduce the ill conditioning of the quadratic penalty method is to “augment” the La-

grangian by a further linear term. This augmented Lagrangian method has considerably better convergence

properties than the penalty method. The corresponding Lagrangian reads

L[φ;ν,µ] = E [φ]−∑
i
νi gi + µ

2

∑
i

([gi ]−)2, (8.17)

where we introduced a new set of Lagrange-multipliers ν = (ν1, ...,νBm ). The corresponding stationarity

conditions read

∂

∂φ∗
k

E [φ] =∑
i

[
νi −µgi [φ]

] ∂

∂φ∗
k

gi [φ], (8.18)

13See p. 505f of [266] for a more general discussion of ill conditioning.
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which we can again compare to Eq. (8.9a) to obtain an expression for the KKT multiplier

ν̄a
i = νi −µgi [φ]. (8.19)

Assuming that the algorithm is in the m-th iteration step close to the solution point, we have

gi [φm] ≈− 1

µ
(ν̄a

i −νm
i ).

Thus, if νm
i ≈ ν̄a

i , the constraint gi ≈ 0 is (approximately) satisfied also for small µ. Instead, in the simple

penalty method, we have close to the solution

gi [φm] ≈− 1

µ
ν̄

p
i ,

and accordingly need much larger µ to satisfy gi ≈ 0. We therefore see how the problem of ill conditioning is

considerably reduced by the linear term of the augmented Lagrangian method.

To guarantee νm
i → ν̄s

i in practice, Eq. (8.19) provides us even with an update formula, i.e.,

νk+1
i = νk

i −µk gi [φk ]. (8.20)

The additional Lagrange-multipliers ν are initialized to zero and updated to values νi > 0 according to

Eq. (8.20) only if the minimization reaches the corresponding boundary of the feasible region where gi = 0.

The νi hence play the same role as the usual Lagrange multipliers for equality constraints.

8.2.2 The polariton ansatz in practice

Having introduced the basic ingredients of the augmented Lagrangian method to guarantee inequality con-

straints in minimization algorithm, we present in this section a concrete algorithm to solve the minimization

problem (8.7). We have implemented this algorithm in a purpose-built code to produce the results of Ref. [2]

that we have presented and discussed in Sec. 6. Specifically, we combine the augmented Lagrangian method

with a simplified version of an algorithm of the LANCELOT software package14 following Ref. [266, algorithm

17.4].

8.2.2.1 The basic algorithm

We want to present now our newly developed algorithm to solve the minimization problem (8.7) to solve

the polaritonic HF equations with the polariton ansatz (polariton-HF algorithm). We start by recapitulating

the most important definitions and reformulating the inequality constraints (8.5) in a more suitable form.

We then apply the augmented Lagrangian method introduced in the previous subsection to the specific

problem. We derive all the necessary equations and present the basic idea of an algorithm to solve these.

Reformulating the minimization problem

We describe the polaritonic orbitals in a basis-set with finite dimension B = BmBph , where Bm(Bph) is the

size of the matter (photon) basis with corresponding index i (α). We assume spin-restriction (see Sec. 2.1.2)

and thus consider for a system of N electrons N /2 polaritonic orbitalsφ= (φ1, ...,φN /2) that are represented

14See http://www.numerical.rl.ac.uk/lancelot/blurb.html or the corresponding book by the head developers Conn et al.
[286].
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as vectors in the given basis, i.e., φk = (φiα
k ) ∈ RBm Bph . Consequently, φ can be regarded as a super-vector (a

vector of vectors) or equivalently as a matrix. The goal is to minimize the HF energy functional

E [φ] = 2
∑

i
〈φi |(T̂ [t ′]+ V̂ [v ′])φi 〉+

∑
i ,k

[
2〈φk | Ĵi [w ′]φk〉−〈φk |K̂i [w ′]φk〉

]
(cf. 5.9)

where we used the definitions of the “dressed” Coulomb-operator Ĵi which acts as Ĵiφk (rq) = ∫
dz′φ′

i
∗(z′)

w ′(z;z′)φi (z′)φk (z) (cf. Eq. (5.10a)), and the “dressed” exchange-operator K̂i which acts as K̂iφk (z) = ∫
dz′φi (z)

w ′(z;z′)φi
∗(z′)φk (z′) (cf. Eq. (5.10b)). Here t ′, v ′w ′ are the dressed integral kernels, cf. Eqs. (4.38),(4.39) and

(4.40). Using the definition of the polaritonic 1RDM

γiα,i ′α′ =
N /2∑
k=1

φ∗
k

i ′α′
φiα

k , (8.21)

we define

Ĵ [γ]φk (z) ≡
N /2∑
i=1

Ĵiφk (z) =
N /2∑
i=1

∫
dz′φ∗

i (z′)w ′(z;z′)φi (z′)φk (z) =
∫

dz′w ′(z;z′)γ[φ](z′,z′)φk (z) (8.22a)

K̂ [γ]φk (z) ≡
N /2∑
i=1

K̂iφk (z) =
N /2∑
i=1

∫
dz′φi (z)w ′(z;z′)φ∗

i (z′)φk (z′) =
∫

dz′w ′(z;z′)γ[φ](z,z′)φk (z′) (8.22b)

Thus, the energy can be expressed as

E [φ] = 2
∑

i
〈φi |(T̂ + V̂ )φi 〉+

∑
k

[
2〈φk | Ĵ [γ]φk〉−〈φk |K̂ [γ]φk〉

]
, (8.23)

where we shortened T̂ ≡ T̂ [t ′] and V̂ ≡ V̂ [v ′]. The equality constraints (8.4) guarantee the orthonormality of

the polaritonic orbitals and read explicitly

ci k [φ] = 〈φi |φk〉−δi k = 0 k = 1, ..., N /2. (8.24)

Because of the spin-restriction, the M inequality constraints (8.5) read

gi (φ) = 2−ni [φ] ≥ 0 i = 1, ..., M , (8.25)

where the ni are the (electronic) natural occupation numbers. The number M ≤ Bm is smaller or equal to

the size of the electronic basis Bm and depends on the specific problem (see Sec.8.2.1). To determine the ni

and therefore the gi from a given a set of states φ, we first calculate the polaritonic 1RDM

γiα,i ′α′ =
N /2∑
k=1

φ∗
k

i ′α′
φiα

k . (8.26)

From γ, we obtain the electronic 1RDM (cf. Eq. (8.6))

γi ,i ′
e =

Bph∑
α=1

γiα,i ′α =
Bph∑
α=1

φ∗
k

i ′αφiα
k (8.27)
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by a contraction over the photon index, which means that we set α= α′ and perform the sum
∑Bph

α=1. Then,

we have to diagonalize γe by solving the system of equations

Bph∑
i ′=1

γi ,i ′
e ψe,i ′

j = n jψ
e,i
j

for the natural occupation numbers n j and the natural orbitalsψe
j . Diagonalizing a matrix can be performed

numerically very efficiently, but there is no explicit formula that relates γe to its eigenvectors, i.e., the ni are

implicit functions of φ.15

To disentangle the diagonalization step of γe from the rest of the rest of the algorithm, we consider natu-

ral orbitals and dressed orbitals as independent variables of the minimization and enforce their connection

as an additional constraint.16 We collect the natural orbitals in the vector ψe = (ψe
1, ...,ψe

Bm
) and define (cf.

Eq. (4.49))

ni [φ,ψe ]ψe
i = γ̂e [φ]ψe

i , (8.28)

where

ni [φ,ψe ] = 〈ψe
i |γ̂eψ

e
i 〉 (8.29)

The inequality constraints (8.25) therefore become explicit functionals of φ and ψe , i.e.,

gi = gi [φ,ψe ] = 2−ni [φ,ψe ]. (8.30)

Since the ψe are independent variables now, we also have to enforce their orthonormality by a third set of

conditions

f̄i j = 〈ψe
i |ψe

j 〉−δi j = 0. (8.31)

Importantly, this construction allows us to consider either φ or ψe as constant, while optimizing the other

and connect both in a self-consistent field procedure.

We thus have transformed the original minimization problem (5.8) with the implicit inequality con-

straints (8.25) into the new minimization problem

minimize E [φ]

subject to ci j [φ] = 0

gi [φ,ψe ] ≥ 0

fi j [ψe ] = 0, (8.32)

with the explicit inequality constraints (8.30).

15Note that this is very similar to nonlinearity of the HF equations themselves, which we have to solve by a self-consistent diagonal-
ization (see the discussion in Sec. 7.2 and below).

16This is similar to considering φ and φ∗ as independent.
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Enforcing the inequality constraints: the augmented Lagrangian method

To enforce the inequality constraints, we consider an augmented Lagrangian algorithm, which we have in-

troduced and motivated in the previous section (especially Sec. 8.2.1.2). The augmented Lagrangian method

extends a given Lagrangian with extra penalty terms, which allows us to do a similar “trick” as we have shown

before for the RDMFT generalization (see Sec. 7.3): we use the conjugate-gradients method by Payne et al.

[267], but exchange the Lagrangian. However, we will see in the following that the inequality constraints

require a considerably stronger modification of the algorithm (and several further steps) than the general-

ization to RDMFT, where we only had to consistently exchange the diagonal elements with the full Lagrange-

multiplier matrix.

Consequently, instead of minimizing E directly, we consider the Lagrangian

L[φ,ψe ] =E [φ]+C [φ]+G [φ,ψe ], (8.33)

where

C [φ] =−∑
i j
ε̄i j ci j [φ] (8.34)

is a standard Lagrange term to enforce the equality constraints (8.24) that introduces the Lagrange multipli-

ers ε̄i j . We used here the notation according to the translation rules depicted in Fig. 5.1. The other term G

includes all extra terms that are related to the inequality constraints. For our specific construction, these are

on the one hand a standard Lagrange term, −∑
i j θ̄i j fi j , to guarantee the constraints (8.31) and on the other

hand, the two terms, −∑
i νi gi +µ/2

∑
i ([gi ]−)2, that are introduced by the augmented Lagrangian method

(see Sec. 8.2.1.2). The θ̄i j and νi are Lagrange multipliers, µ is the penalty parameter and [y]− = max(−y,0).

Collecting all the three terms, we have

G [φ,ψe ] =−∑
i
νi gi [φ,ψe ]+ µ

2

∑
i

([gi ]−[φ,ψe ])2 −∑
i j
θ̄i j fi j [ψe ], (8.35)

which completes the definition of the Lagrangian (8.33).

To derive the according stationarity conditions, we need to evaluate functional derivatives of the form

∂

∂φ∗
k

gi (φ) = ∂

∂φ∗
k

(2−ni ) =− ∂

∂φ∗
k

ni ,

which is nontrivial to compute. Using operator perturbation theory, one can derive

∂

∂φ∗
k

ni = 2
Bm∑
j ′=1

ψ
e, j ′
i

∗φ j ′,α
k ψ

e, j
i , (8.36)

which can be seen as a projection of only the electronic part ofφk on the to ni corresponding natural orbital

ψe
i . The derivation of Eq. (8.36) is shown in appendix A.3 for the general case of real-space orbitals. For

convenience, we introduce the operator Ĝi that acts as

Ĝiφk = 2
Bm∑
j ′=1

ψ
e, j ′
i

∗φ j ′,α
k ψ

e, j
i (8.37)

on a given polaritonic orbital φk and thus ∂
∂φ∗

k
gi =−Ĝiφk .
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The complete stationarity conditions (cf. Eq. (6.4), Eq. (8.9a)) read

0 = ∂

∂φ∗
k

L = Ĥ 1φk −
∑

j
ε̄k jφ j +

∑
i

[
νi −µ[gi ]−

]
Ĝiφk (8.38a)

0 = ∂

∂ψe
i
∗ L = (µ[gi ]−−νi )γ̂eψ

e
i −

∑
j
θ̄i jψ

e
j , (8.38b)

where we considered φk ,φk
∗,ψe

i ,ψe
i
∗ as independent variables and employed the definition of the Fock

operator (cf. Eq. (5.11))17

Ĥ 1[γ] = 2(T̂ + V̂ )+2 Ĵ [γ]− K̂ [γ]. (8.39)

Looking at Eq. (8.38a), we observe a structural similarity to the stationarity conditions for electronic single-

reference methods. We have a Lagrange-multiplier matrix ε̄k j and nonlinear operators that depend on the

orbitals Φ of a Slater determinant. Since the one-body Hamiltonian Ĥ 1 and the new operators Ĝi are all

hermitian, we can also here diagonalize the Lagrange-multiplier matrix ε̄i j = δi j ε j and bring Eq. (8.38a) into

the form of an eigenvalue equation

εkφk = Ĥ 1φk +
∑

i

[
λi −µ[gi ]−

]
Ĝiφk . (8.40a)

The same is possible for the second gradient equation, cf. Eq. (8.38b), because also the electronic 1RDM γe

is hermitian. We choose θ̄i j = δi jθ j and rewrite

θiψ
e
i = (µ[gi ]−−λi )γ̂eψ

e
i . (8.40b)

This equation is in principle nontrivial to solve. However, as the φ and ψe are treated as independent vari-

ables, we can equivalently solve the eigenvalue problem for γe (Eq. (8.28)) an then simply replace θi =
ne

i (µ[gi ]− −λi ). With these definitions, we are able to perform HF calculations with the polariton ansatz

by numerically solving the Eqs. (8.40a) and (8.40b) with the expressions (8.23) and (8.39).

The basic polariton-HF algorithm

We split the full algorithm in the following two principal parts that we discuss separately in the following.

1. The inner part that (approximately) minimizes the subproblem:

L(µl ,νl )[φ,ψe ;ε,θ] = L[φ,ψe ;ε,θ;µ=µl ,ν=νl ]

for fixed penalty parameters (µl ,νl ) that are updated by the outer part. This part can be solved in prin-

ciple by any minimization method and we will employ a modified version of the conjugate-gradients

algorithm by Payne et al. [267]. We call this penalty-corrected conjugate-gradients (PCG) method.

2. The outer part that constitutes the actual augmented Lagrangian method. Here we iteratively up-

date (µl ,νl ) → (µl+1,νl+1) until the approximate solution (φ(µl ,νl ),ψe (µl ,νl )) of the subproblem is suf-

17The several factors of 2 that appear in this expression are the occupation numbers of the polaritonic orbitals, which arise from the
spin-summation in restricted setting. Note that these numbers also occur in electronic HF. However, they are usually neglected, because
they enter every term of the HF equations linearly. Here, this is not possible anymore because of the nonlinear penalty function.
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ficiently feasible, i.e., all constraints are

g (µl ,νl )
i = gi [φ(µl ,νl ),ψe (µl ,νl )]' 0.

We employ here a simplified version of an algorithm of the LANCELOT software package.18 following

Ref. [266, algorithm 17.4]

8.2.2.2 The outer part: the augmented Lagrangian method

We start with the second part of the algorithm, i.e., the augmented Lagrangian method that constitutes the

“penalty loop” with iteration index l . This outer algorithm has two tasks. First, it needs to provide a set a of

rules to update

(µl ,νl ) → (µl+1,νl+1),

and second, it needs to control the convergence threshold εPCG of the inner part of the algorithm. As long

as we are far away from the overall solution, there is no point in finding the minimum of L(µl ,νl )[φ,ψe ;ε,θ]

with a high precision. On the contrary, a too small εPCG far away from the solution can even prevent the

code from convergence, especially due to the strong nonlinear character of L. Thus, the penalty loop should

increase or decrease εPCG , depending on the constraint functions g (µl ,νl )
i and the gradient of L(µl ,νl ).

Let us first discuss the updates of the penalty parameters. These are determined by the “measure of

feasibility,” i.e., the value of the constraint functions

g l
i = gi [φ(µl ,νl ),ψe (µl ,νl )]

for the current approximate set of orbitals. If we have not found the overall solution, where δL = 0, there

must be at least one function g l
i < 0 that violates the constraint. Thus, g l

i indicates how far we are away

from the feasible region. If the violation is weak, i.e., if −g l
i < εl

g is smaller than a threshold εl
g > 0 that also

is updated during the minimization process, we are “sufficiently close” to the feasible region. The current

value of µl is producing an acceptable level of constraint violation and we update µl → αµµl by a factor

αµ& 1 equal or slightly bigger than one. In our implementation, we set αµ = 1.5, which reduces the number

of iterations until convergence in comparison to the most conservative choice αµ = 1. At this point, the

“augmented” Lagrange multiplier νi comes into play, which we update according to the rule (cf. (8.20) and

[266, Eq. 17.39])

νi ,l+1 = νi ,l −µl g l
i . (8.41)

As discussed in Sec. 8.2.1.2, this update formula is not chosen arbitrarily but is prescribed by augmented

Lagrangian formalism. It is a crucial ingredient for the convergence of the method (see also [266, part 17.3]).

If instead −g l
i ≥ εl

g , the minimization has not been “enough” penalized and thus, µl → βµµl is raised by a

factor βµ > 1. We choose a conservative value of βµ = 20, but very stable codes can even afford values until

βµ = 100 to speed up the convergence [266, part 17.3]. If µ is updated, we should not update the Lagrange-

multipliers νl → νl , because L is nonlinear and the update formula (8.41) is only valid close to the solution.

We would risk to increase νl too much.

Now, we still need to define the threshold εl
g that determines whether µ or ν is updated. Clearly, the

18See http://www.numerical.rl.ac.uk/lancelot/blurb.html or the corresponding book by Conn et al. [286].
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value of εl
g should depend on how close we are to the solution and one can show that a good measure for

that is the current value of g l
i and µl [266, Theorem 17.5 and 17.6]. We employ the update formulas of [266,

Algorithm 17.4], which have a form that can be derived analytically19 but involve certain free parameters,

which have been determined empirically. Additionally, [266, Algorithm 17.4] provides us with an update rule

for the convergence criterion εPCG of the inner part of the algorithm. In total, we have to following update

formulas

if g l
i ≤ εl

g

νi ,l+1 = νi ,l −µl g l
i

µl+1 =αµµl

εl+1
g = (1/µl+1)0.9

εl+1
PCG = εl

PCG /µl+1

else

νl+1
i = νl

i

µl+1 =βµµl

εl+1
g = (1/µl+1)0.1

εl+1
PCG = εl

PCG /µl+1

(8.42)

The above prescription is completed by the initial values for penalty parameter, for which we chose µ0 = 10.

The Lagrange multipliers have to be initialized ν to zero, because they are strictly positive and can only grow

due to the update formula (8.41). Thus, if we choose them too big in the beginning, the algorithm cannot

converge.

The last missing piece of the polaritonic HF algorithm is the overall convergence criterion εtot al , which

must be set by the user. Since we aim to find the stationary point of L, the eigenvalue equations (8.40a),(8.40b)

provide the natural convergence criterion. However, Eq. (8.40b) is much simpler than Eq. (8.40a) and there-

fore it is sufficient to test only Eq. (8.40a) (see below). For that, we define the residue sum20

R l =
N /2∑
k=1

√√√√〈
φ

(µl ,νl )
k

∣∣∣∣∣ ∂

∂φ∗
k

L|
φk=φ(µl ,νl )

k

〉
(8.43)

which should go to zero, when we approach the overall solution. However, it may happen that R l is very

small although the code has not yet converged.21 Thus, we consider a second convergence test based on the

value of the Lagrangian function Ll = L(µl ,νl ) that we (approximately) calculate in the PCG algorithm (see

below). We simply compare the differences

∆Ll = |L(µl−1,νl−1) −L(µl ,νl )| (8.44)

19This derivation is presented in [287, part 14.4].
20The quantity p〈φk | ∂

∂φ∗
k

L〉 is called the residue of the k-th gradient ∇φ∗
k

L.

21This situation occurs for instance, when we are close to the unconstrained minimum of E in the infeasible region, i.e., the solution
of the polaritonic-HF minimization under the fermion approximation.
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between subsequent iterations. The overall convergence test reads

R l <εtot al ,R (8.45)

∆Ll <εtot alL , (8.46)

where we usually simply set εtot al = εtot al ,R +εtot al ,L .

Algorithm 6. (augmented Lagrangian)

Set the overall convergence criterion εtot al > 0.

Initialize φ(µ0,ν0).

Initialize the penalty parameters µ0 = 10,ν0 = 0.

Initialize ε0
g ,ε0

PCG according to (8.42).

(Approximately) calculate and save Ll for the overall convergence test.

for l = 0,1,2, ... (penalty loop)

Inner part: (PCG algorithm)

Solve ∂
∂φ∗

k
L < εl

PCG and ∂
∂ψe

i
∗ L < εl

PCG to obtain φ(µl+1,νl+1),ψe,(µl+1,νl+1)

Then,

(A) Calculate gi = 2−ni .

(B) Update µl+1,νl+1,εl+1
g ,εl+1

PCG according to (8.42).

(C) Calculate Ll+1 (see PCG algorithm) and the residue sum R l+1 according to Eq. (8.43)

break if max(∆Ll+1,R l+1) < εtot al

end for (penalty loop)

8.2.2.3 The inner part: orbital optimization with the penalty-corrected conjugate-gradients algorithm

Let us now discuss the inner part of the pHF-algorithm, i.e. the PCG algorithm. The goal is to approximately

solve the two intermediate coupled eigenvalue problems

εkφk ≈Ĥ 1[γ[φ]]φk +
∑

i

[
νl ,i −µl [gi [φ,ψe

i ]]−
]

Ĝi [ψe
i ]φk , (8.47a)

θiψ
e
i ≈(µl [gi [φ,ψe

i ]]−−νl ,i )γ̂eψ
e
i , (8.47b)

up to the threshold εPCG (we show below how εPCG enters in the algorithm). We have explicitly highlighted

the functional dependence of the occurring operators:

• Ĥ 1 = Ĥ 1[γ] depends only on the polaritonic 1RDM γ (Eq. (8.39),

• Ĝi = Ĝi [ψe
i ] depends on the natural orbitals ψe

i (Eq. (8.37)) and

• gi = gi [φ,ψe
i ] = 2−ni [φ,ψe

i ] depends on both φ and ψe
i (Eq. (8.29)) and thus couples the two eigen-

value problems (8.47a) and (8.47b).

These intricate dependencies suggest to split the minimization in three parts that define the following three

nested loops with according indices m1,m2,m3 and convergence thresholds εφ,εψe ,εPCG .
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1. DO loop, m1,εφ:

In the innermost loop Eq. 8.47a is (approximately) solved for fixed ψe and fixed Ĥ 1[γ] to update the

dressed orbitals φm1 →φm1+1.

2. NO loop, m2:

The next loop (approximately) solves Eqs. (8.47b) for fixed Ĥ 1[γ] and φ to update the natural orbitals

ψe,m2 →ψe,m2+1.

3. PCG loop, m3:

In the utmost loop of the PCG algorithm, Ĥ 1[γm3 ] → Ĥ 1[γm3+1] is updated.

In principle, every quantity that is updated depends on 3 indices, e.g.,φ=φm1,m2,m3 . To simplify the no-

tation, we keep within one loop only explicitly track of the one corresponding index. For example, we denote

the polaritonic orbitals for the orbital optimization by φm1
k . Once, we have completed the orbital optimiza-

tion, we can update the set φm2 →φm2+1 in the next higher loop, which is the NO loop in this case. Once the

NO loop has converged, we can update the set φm3 → φm3+1 of the utmost loop of the inner minimization,

the SCF loop. Once the SCF loop is converged, we can update the penalty parameters (µl ,νl ) → (µl+1,νl+1)

in the second part of the algorithm. Correspondingly, we have to update the polaritonic orbitals in this loop,

i.e., φ(µl ,νl ) →φ(µl+1,νl+1).

The dressed-orbital optimization (DO loop)

Instead of solving Eq. 8.40a directly, we employ a modified version of the conjugate-gradients algorithm of

Payne et al. [267] to minimize the Lagrangian L[φ] with fixed ψe . To ease reading, we denote the approxi-

mate orbitals during the orbital optimization only by φm1 = (φm1
1 , ...,φm1

N /2), where m1 denotes the iteration

step. We reserve the upper index (µl ,νl ) only for the solutions of the complete inner minimization. The

steepest-descend vector for orbital φm1
k is given by the negative gradient (cf. Eq. (7.34))

ζ
m1
k =− ∂

∂φ∗
k

L(µl ,νl ) =−
(

Ĥ 1 +∑
i

[
νl ,i −µl [gi ]−

]
Ĝi −εm1

k

)
φ

m1
k , (8.48)

where the Lagrange multiplier εm1
k is estimated in every step by projecting the eigenvalue equation (8.47a)

on φm1
k , i.e.,

ε
m1
k = 〈φm1

k |Ĥ 1φ
m1
k 〉+∑

i

[
νl ,i −µl [gi ]−

]〈φm1
k |Ĝiφ

m1
k 〉 . (8.49)

Until this point, we have generalized the conjugate gradients algorithm in a very similar way as we have

shown for RDMFT in Sec. 7.3. We changed the basic Lagrangian in comparison to the originally considered

one in Ref. [267] and accordingly, calculated a modified steepest-descend vector. We then follow the pro-

cedure of Ref. [267] to obtain the corresponding conjugate-gradients vector ξm1
k , which is analogous to how

we have proceeded for RDMFT. The most important steps for that are summarized in algorithm 5 of Sec. 7.3

and we do not repeat them here.22

However, we have to modify the line-minimization to properly account for the penalty. This is nontrivial

and we have developed a new algorithm for this task that we present below (see algorithm 8).

22We remark that we skip in our test-implementation the preconditioning step, which is not crucial for small systems and the tight-
binding-like approximation of the kinetic energy.
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To test the convergence of state φk in the DO loop, we define

|φm1+1
k −φm1

k | < εl
PCG . (8.50)

The natural orbital optimization (NO loop)

The next higher iteration loop is the “NO loop” that updates the natural orbitalsψe,m2 , after theφ-optimization

(DO loop) has converged for fixed Ĥ 1 and ψe,m2 . Instead of solving Eq. (8.47b) directly, we determine the

first M eigenvalues of γm2
e = γe [φm2 ], i.e., we solve

nm2+1
i ψ

e,m2+1
i = γ̂e [φm2 ]ψe,m2+1

i , (cf. 8.28)

for a set of natural occupation numbers nm2+1 = (nm2+1
1 , ...,nm2+1

M ) and the new set of natural orbitalsψe,m2+1
i .

This is a linear eigenvalue problem and thus, we can employ any standard eigensolver to solve it. We use the

function “eigh” of the NUMPY library.

If we then set θm2+1
i = nm2+1

i (µ[gi ]− −νi ), we have solved Eq. (8.40b). In practice, we do not need to

perform the latter step explicitly, because we only utilize the updated natural orbitals in the rest of the algo-

rithm.

The convergence criterion of the NO loop is

|γm2+1
e −γm2

e | < εl
NO . (8.51)

The update of the Fock-matrix (PCG loop)

After the NO loop has converged, we have obtained a set of orbitals (φm3 ,ψm3 ) that (approximately) solve

both, Eq. (8.40a) and Eq. (8.40b), for a fixedĤ 1,m3 . The PCG loop updates then

Ĥ 1,m3+1 = Ĥ 1[γm3 ] = Ĥ 1[γ[φm3 ]].

After the PCG loop has converged, we have found an approximate solution (φ(µl ,νl ),ψe (µl ,νl )) for the current

values of the penalty parameters (µl ,νl ).

To test the convergence of the PCG loop and thus of the inner part of the algorithm, we employ the

criterion

|γm3+1 −γm3 | < εl
SC F . (8.52)

Convergence thresholds

Since the outer algorithm only determines the εl
PCG , we need to adopt the convergence thresholds of the

other loops accordingly. Since the loops are nested, it is crucial that criteria of inner loops are stricter than

the thresholds of outer loops. In our implementation, we employ

εl
NO =10−1εl

PCG

εl
DO =10−1εl

NO = 10−2εl
PCG

(8.53)
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The full PCG algorithm

We now summarize the full PCG-algorithm in pseudo-code.

Algorithm 7. (PCG)

Initialize φ0 and calculate

γ0 = γ[φ0] from Eq. (8.26),

Ĥ 1,0 = Ĥ 1[γ0] from Eq. (8.39).

γ0
e = γe [γ0] from Eq. (8.6).

ψe,0 by solving Eq. (8.28).

Initialize ε0
DO ,ε0

NO according to (8.53).

for m3 = 0,1,2, ... (PCG loop)

for m2 = 0,1,2, ... (NO loop)

Initialize φm2=0 =φm3 ψe,m2=0 =ψe,m3 .

for k = 1, ..., N /2 (state iteration)

Initialize φm1=0
k =φm2

k .

for m1 = 0,1,2, ... (DO loop)

(a) Calculate ζm1
k from Eq. (8.48) with the current H m3 , Ĝm2

i and ψe,m2 .

(b) Calculate ξm1
k according to the algorithm by Payne et al. [267] (see algorithm 5).

(c) perform a line-minimization along the direction of ξm1
k to obtain φm4+1

k (algorithm 8).

break if |φm1+1
k −φm1

k | < εl
PCG

end for (DO loop)

end for (state iteration)

(i) Collect all final sates of the PCG loop into the new φm2+1.

(ii) Calculate γm2+1
e = γe [φm2+1] from Eq. (8.6).

(iii) Diagonalize γm2+1
e , i.e., solve Eqs. (8.28), to obtain the new set ψe,m2+1.

break if |γm2+1
e −γm2

e | < εl
NO

end for (NO loop)

(1) Update φm3+1,ψe,m3+1 with the final set of φm2ψe,m2 for which the NO loop has converged.

(2) Update γm3+1 = γ[φm3+1].

(3) Calculate Ĥ 1,m3+1 = Ĥ 1[γm3+1] from Eq. (8.39).

break if |γm3+1 −γm3 | < εl
SC F

end for (PCG loop)

The line-minimization

In order to employ the conjugate gradient algorithm by Payne et al. [267] together with the augmented La-

grangian method, we need to modify the line-minimization (LM). The first-order Fourier approximation of

the energy functional that Payne et al. [267] employ (see Sec. 7.3) is not justified here because we have to

take the nonlinear penalty-term into account. Thus, instead of minimizing E , we consider the “penalized
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energy” functional

Ẽ (µl ,νl ) =E +P (µl ,νl ), (8.54)

where P (µl ,νl ) = −∑M
i νl ,i gi [φ,ψe ]+ µl

2

∑M
i ([gi ]−[φ,ψe ])2. The goal of the LM is then to minimize Ẽ (µl ,νl )

along the direction that is defined by the conjugate-gradients vector, where we need to take especially the

nonlinearity of the penalty part into account.

Specifically, we parametrize the conjugate-gradients vector ξm1
k by the angleΘk ∈ [0,π] (cf. Eq. (7.36))

φ̃
m1
k (Θk ) = cosΘkφ

m1
k + sinΘkξ

m1
k ,

and accordingly Ẽ (µl ,νl ) = Ẽ (µl ,νl )(Θk ), which we approximate by

Ẽ (µl ,νl )(Θk ) ≈Ẽ (µl ,νl )(0)+
〈
φ̃

m1
k (Θk )

∣∣∣∇φ∗
i

Ẽ (µl ,νl )|φk=φ̃m1
k (Θk )

〉
=Ẽ (µl ,νl )(0)+〈

φ̃
m1
k (Θk )

∣∣Ĥ 1φ̃
m1
k (Θk )

〉+∑
i

[
νl ,i −µl [gi [φ̃m1

k (Θk )]]−
]〈
φ̃

m1
k (Θk )

∣∣Ĝi φ̃
m1
k (Θk )

〉
.

(8.55)

Note that this is not a first-order Taylor expansion, as one might think at a first glance. Expression (8.55) has

been developed specifically for this algorithm and it cannot be understood out of its context. We explain this

in detail in the following.

We start by remarking that the operators Ĥ 1 and Ĝi are constant during the DO optimization. Neverthe-

less Eq. (8.55) is nonlinear, because of the constraint functions gi = 2−ni with (cf. Eq. (8.29))

ni [φ] = 〈ψe
i |γ̂e [φ]ψe

i 〉 .

This formulation allows us to keep the natural orbitalsψe
i fixed during the optimization of theφm1 , which is

consistent with the rest of the algorithm, but to consider

γe = γe [φ̃m1
k (Θk )] = γe [Θk ]

as a function ofΘk . To find the optimal angleΘ∗
k , the natural next step would be to derive some approximate

expression similar to Eq. (7.41) in Sec. 7.3, which would be crucial for larger systems. However, for our

test-implementation, we could afford to employ an algorithm that directly calculates Ẽ (µl ,νl )(Θk ) with the

approximate expression (8.55) for a not too large set of test-values of Θk . It is important to realize that to

do so, we only need to construct but not to diagonalize γe [Θk ], which is numerically cheep for not too large

bases.

In practice, we perform the LM by a newly developed method that is inspired by so-called divide-and-

conquer algorithms. The idea is to sample the interval of possible values of the angle Θ, such that we can

locate the (global) minimum of Ẽ (µl ,νl )(Θ) roughly. We define then a smaller interval around the approximate

position of the minimum, which we sample in the next iteration with the same number of test-values to

localize the minimum with a higher precision. We repeat this procedure until the interval is smaller than a

prescribed threshold εLM that we adopt with respect to the threshold of the DO-loop, i.e.,

εl
LM =10−1εl

PCG = 10−3εl
SC F . (8.56)
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Specifically, we define the interval

Θ ∈ I j = [Θ j
mi n ,Θ j

max ],

and initialize the search for the maximal possible interval, i.e.,Θ j
mi n = 0 andΘ0

max =π/2. We sample then the

energy Ẽ (µl ,νl )(Θ) over a set of NLM linearly distributed test-values in I j . Therefore we define ∆ j = (Θ j
max −

Θ
j
mi n)/NLM and the test set

T j = {Θ j
mi n ,Θ j

mi n +∆ j ,Θ j
mi n +2∆ j , ...,Θ j

max }, (8.57)

calculate

E j = {Ẽ (µl ,νl )(Θ)|Θ ∈ T j }. (8.58)

and determine the approximate minimum E j
mi n = minE j . The corresponding approximate minimum Θ j

for which holds that

E j
mi n = Ẽ (µl ,νl )(Θ j ) (8.59)

defines then the center of the interval for the next iteration. We define the new (reduced) interval half-length

D j
Θ
=αLM |Θ j

mi n −Θ j
max |/2, where 0 <αLM < 1 and then choose

Θ
j+1
mi n =max(Θ j −D j

Θ
,0)

Θ
j+1
max =min(Θ j +D j

Θ
,π/2).

(8.60)

Here the min and max functions are necessary to constrainΘwithin the maximally allowed interval [0,π/2].

Depending on the values for NLM = 10 and αLM , the algorithm may perform quite differently and these val-

ues should be tested with care. We found that NLM andαLM = 0.5 lead to very precise minima, but remained

numerically feasible for our small test systems. The advantage of the algorithm is that we in principle can

locate the minimum of Ẽ (µl ,νl )(Θ) with a very high precision, which was very important in the debugging

process. The algorithm is summarized in pseudo-code as follows.
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Algorithm 8. (PCG line-minimization)

Set the convergence threshold εLM according to Eq. (8.56), the sampling

number NLM and αLM for the interval reduction.

InitializeΘ0
mi n = 0 andΘ0

max =π/2 and set I 0 = [Θ0
mi n ,Θ0

max ].

for j=0,1,2,...

a Sample I j according to Eq. (8.57)

b Calculate E j according to Eq. (8.58)

c Determine the approximate minimumΘ j according to Eq. (8.59)

d UpdateΘ j+1
mi n andΘ j+1

max according to Eq. (8.60)

break if (Θ j+1
max −Θ j+1

mi n)/2 < εLM

end (for)

Remarks

We want to conclude the section with some final remarks regarding the algorithm and our implementation.

• The convergence threshold εLM of the line-minimization should be smaller than the threshold

• Although we formally defined all different sets of states for all iteration loops, we do not have to save

them separately. Thus, when we write, e.g., φm3=0 = φ(µl ,νl ) we do just pass a pointer between the

routines.

• We want to stress that we could converge the code for basically every tested setting up to εtot al = 10−4.

Higher accuracies are possible for small systems, but become difficult with increasing system size,

such as a large number of lattice sites. A possible reason could be the simple treatment of the non-

differential point of the penalty function (see Eq. (8.14)).

• The current version of the code works only for 4 particles and with the additional approximation do

not apply the penalty to the lowest occupied orbital, but only the second one. Without this approxi-

mation, we only converge very small test systems (see also the Outlook in Sec. IV).
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Chapter 9

CONCLUSIONS

In the course of this thesis, we have analyzed the new challenges that arise in a first-principles description of

(equilibrium) coupled light-matter systems in comparison to the well-studied problem of describing matter

from first principles. Motivated from this, we have proposed the dressed-orbital construction that allows to

overcome many of these challenges by using established (matter-only) methods to also investigate strongly-

coupled electron-photon systems. We have illustrated by several examples that this approach stays accurate

even for very strong coupling between light and matter, while being numerically feasible.

This still very young research area confronted us with many unexpected challenges. Already the starting

point of our analysis was not clear. For instance, the usual cavity-QED model Hamiltonian (see Sec. 1.2)

that has been used extensively to study coupled light-matter systems, is not useful for a first-principles de-

scription because it is not bounded from below. On the other hand, the full theory of QED is also not useful,

because we do not know how to renormalize the theory non-perturbatively. To account for the specific needs

of a first-principles approach, we have then identified Pauli-Fierz theory as a suitable theoretical framework

that includes cavity QED as a well-defined limit case. We have presented most of our discussion for this

simpler setting that constitutes a good starting point to describe many phenomena of strong-coupling ex-

periments.

The next challenge expected us when we tried to generalize standard electronic-structure methods to

the cavity-QED setting: we first had to understand how such a generalization can be done. Therefore, we

analyzed three conceptually different approaches to describe the many-electron ground state, i.e., HF the-

ory (as an example for wave-function methods), KS-DFT and RDM theory. We then showed that all these

approaches have a clear counterpart in the coupled setting. However, it turned out that especially for

equilibrium scenarios, many of these generalizations are considerably less efficient. For instance, the MF

description, i.e., the generalization of HF theory cannot account for the quantum nature of the electron-

photon interaction. This is a direct consequence of the fact that there is no exchange symmetry between the

electronic and photonic Hilbert space, and thus no “Fock-term”. The remaining classical electron-photon

interaction consists of merely electrostatic fields induced by the total dipole of the matter. This means that

in order to understand nontrivial effects, such as the formation of polaritons and their influence on equilib-

rium properties of the system, we fundamentally have to describe photon-induced correlation.

This is in principle possible in terms of the MF wave function, if we consider (KS-)QEDFT. The challenges

of the coupled space manifest here in the unknown photon-exchange-correlation potential, for which we

still do not have useful approximations. To describe the electron-photon interaction energy instead within

the RDM approach, we had to introduce the 3/2-body RDM, which is a new type of RDM of mixed-electron

photon nature. The 3/2-body RDM has very different properties than the usual RDMs, e.g., it is not con-

nected to the usual RDMs by a sum rule, because of its photonic half-body part. Without investigating this

and other issues such as the unknown representability conditions, it is very difficult to make practical use

of this 3/2-body RDM. Nevertheless, it is possible to define QED-RDMFT that describes the system’s state
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with the electronic 1RDM and the displacement coordinates of the photon modes (or the vector potential

for full Pauli Fierz-theory). We have explicitly shown that this description is in principle exact by generaliz-

ing Gilbert’s theorem to Pauli-Fierz theory. However, to capture the quantum nature of the electron-photon

interaction with QED-RDMFT, one faces similar challenges as in KS-QEDFT, since the according exchange-

correlation functional is also not known.

Our thorough analysis allowed us to identify a similarity in these challenges of the many-electron-photon

problem: many of the difficulties are directly connected to the structure of the electron-photon interaction

operator, which couples both particle species and leads to a non-conserved photon number. Established

tools to approximate the Coulomb interaction between electrons often seem to be less powerful if there is a

second particle species involved. And most approaches are directly geared toward the description of systems

with a fixed particle number. We have thus proposed an alternative strategy that approaches the problem on

a more fundamental level. Instead of further investigating the interaction between the two species directly,

we have presented the dressed-orbital construction, which allows to describe cavity-QED systems in terms

of only one polaritonic particle species. We have shown that we can describe the ground state of an N -

electron-M-mode system in terms of an N -polariton wave function. These polaritons are hybrid particles

that depend on electronic and photonic coordinates and adhere to a Fermi-Bose hybrid statistics. Only the

possibility to introduce a new particle class is a striking feature of the coupled space, which to the best of

our knowledge has never been explored before, and opens up many interesting research directions.

One important consequence of describing the coupled problem with only one particle species is the

structural equivalence between the dressed version of the cavity-QED Hamiltonian and the electronic-

structure Hamiltonian: both consist of only one-body and two-body terms that conserve the particle num-

ber. Thus, the restructuring of the many-body space allows to circumvent basically all fundamental prob-

lems of the light-matter first-principles approaches that we have discussed. The polaritonic-HF ansatz leads

to an exchange contribution and explicitly accounts for correlation between the electronic and photonic

subspaces. In polaritonic DFT, we can in principle employ any known exchange-correlation functionals to

describe “polaritonic correlation,” i.e., all effects beyond polaritonic HF. And the necessary RDMs to cal-

culate the polaritonic energy conserve the particle number. Thus, they are connected to each other in an

analogous way as in the single-species case. Although the polaritonic 1RDM is not as simple as the elec-

tronic or photonic one, we can straightforwardly employ it in polaritonic RDMFT as basic variable together

with known exchange-correlation functionals. But the dressed construction is not limited to these three

particular approaches. We have explicitly shown how to turn basically any electronic-structure theory into a

polaritonic-structure theory. Importantly, this also means that we can generalize existing implementations

of electronic-structure methods in a straightforward way to describe coupled systems.

However, the advantages of dressed orbitals come also with a price. First, we have to raise the dimension

of the electronic orbitals by one for every photon mode that is considered. This clearly limits the applica-

tion of polaritonic-structure methods to settings, where the explicit description of only one or a few modes

is sufficient. Then, we have to add additional terms to the kernels of the potential and interaction opera-

tors. This should not be a big issue in most cases, as we have shown explicitly for our implementation in

OCTOPUS (see Sec. 8). Finally, we have to enforce the hybrid statistics of the polaritons, which is an entirely

unexplored issue in the realm of first-principles theory. The standard approach that is to expand the many-

polariton state in a properly symmetrized basis (such as Slater determinants for many-fermion systems) is

not applicable in practice because of the occurrence of “mixed-index” orbitals (see Sec. 4.2.3). Thus, new

strategies have to be explored. As a first step, we have proposed two practical approximations. The simplest

one is the fermion ansatz, which treats polaritons as fermions and thus completely neglects the bosonic part
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of the statistics. This allows for the most straightforward implementation of dressed orbitals and to study

the practical consequences of the hybrid statistics. With the help of the comprehensive convergence stud-

ies with our first implementation of the fermion ansatz (see App. C), we could understand that the ansatz

allows for violations of the Pauli principle in the electronic subsystem. Conversely, it seems that polaritonic-

structure methods with the fermion ansatz describe coupled light matter systems very accurately in all cases,

where the Pauli principle is satisfied trivially (such as two-polariton singlet states that are described by one

doubly-occupied orbital).

This observation motivates the second proposed approximation to the hybrid statistics. The idea of

the polariton ansatz is to remain as close as possible to the fermion ansatz, but remedy its most severe

shortcoming by explicitly enforcing the Pauli principle. To do this in practice, the wave function description

is not helpful, because enforcing the Pauli principle is here basically equivalent to enforcing antisymmetry.

To define the polariton ansatz, we therefore consider the electronic (ensemble) 1RDM to guarantee the Pauli

principle explicitly (but not strict antisymmetry) by enforcing its ensemble N -representability conditions.

To test this idea, we have developed and implemented an algorithm to perform polaritonic-HF calculations

with the polariton ansatz. Although this algorithm is considerably more involved than any standard HF

algorithm, our first results have confirmed that the polariton ansatz is not only numerically feasible but

also accurate. In scenarios where the fermion ansatz trivially fulfils the Pauli-principle and provides a very

accurate description, the polariton ansatz reproduces these results. However, the polariton ansatz remains

accurate also in the scenarios, where violations of the Pauli principle may occur with the fermion ansatz.

We also have explicitly shown how to “switch” between both cases by varying the photon mode frequency

ω. This illustrates yet from another perspective the differences between a single-species and a coupled

two-species problem: a concept such as the electronic 1RDM might be useful for both problems, but in

considerably different ways.

Besides the interesting new perspective on many-species problems that the dressed construction offers,

we have shown that polaritonic-structure methods have a big potential to shed light on the complicated

mechanisms of polaritonic physics. For instance, we have demonstrated a nontrivial interplay between

local suppression and enhancement of the Coulomb induced repulsion between the electrons (Sec. 6.4.2

and 6.4.3). This is reflected in the natural orbitals and occupation numbers of the light-matter system and

thus influences all possible observables. Such small changes have been shown to theoretically strongly affect

chemical properties and reactions, which are determined by an intricate interplay between Coulomb and

photon induced correlations [125]. Whether these modifications of the underlying electronic-structure are

indeed a major player in the changes of chemical and physical properties still needs to be seen. However,

to capture such modifications in the first place (and study their influence) clearly needs a first-principles

theory that is able to treat both types of (strong) correlations accurately and is predictive inside as well as

outside of a cavity.

As a last example, we have applied polaritonic HF to investigate the interplay of electron localization

and electron-photon coupling. We found for nontrivial problems that the more delocalized the uncoupled

matter wave function is, the stronger it reacts to the modes of a cavity, which comes along with an increase

of electronic correlation. This is a first result that directly contributes to the debate on whether the ground

state can be measurably influenced by only coupling to the vacuum of a cavity (see Sec. 1.1). The findings

indicate that the spatial extension of the electronic wave function might be another important parameter

that influences the light-matter coupling. The ground state of spatially extended systems could indeed be

strongly modified by the vacuum field of an optical cavity. Importantly, the influence of localization cannot

be studied easily with standard approaches such as cavity-QED models, which is one probable explanation
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why it has not yet played a role in the debate. Additionally, this raises the question whether an ensemble

of emitters with a spatially extended wave function might show collective strong-coupling effects that also

modify the local electronic-structure, in contrast to the Dicke-type collective coupling picture that does not

consider electronic correlation.

These first results illustrate the prospects of the new first-principles perspective on coupled light-matter

systems that the polariton picture provides (see below). However, this comes with the price of an increased

numerical complexity, which demands the development of efficient and robust algorithms, a careful imple-

mentation and comprehensive validation procedures. Nevertheless, with the example of our polaritonic-

RDMFT implementation in OCTOPUS, we have shown that even complex electronic-structure code envi-

ronments can be extended to describe polaritons. Although the nonlinearities of the involved equations

may lead to hardly predictable side effects (App. B), our convergence studies have revealed that polaritonic-

structure methods are as accurate as their electronic counter parts (App. C). Importantly, many synergetic

effects arise from such an extension of standard routines. For instance, we understand now the accuracy

and limitations of the default RDMFT routine of OCTOPUS (Sec. 7.2.2) much better because of the conver-

gence studies with polaritonic RDMFT. This understanding lead to the development and implementation

of the new conjugate-gradients methods (Sec. 7.3, which allows to perform both electronic-RDMFT and

polaritonic-RDMFT calculations with the full flexibility of the grid. On the one hand, this opens new inter-

esting research directions in the entirely unexplored field of real-space RDMFT (see below), while on the

other hand it crucially has contributed to our understanding of the hybrid statistics and eventually to the

development of the polariton ansatz.

Although generalizing an electronic-structure algorithm to treat general cavity-QED systems with the po-

lariton ansatz is numerically nontrivial, we have shown with the example of polaritonic HF that it is indeed

possible and also has affordable computational costs (Sec. 8.2). This algorithm and its successful implemen-

tation represents an important first step toward the goal describing realistic strongly-coupled light-matter

systems from first principles. However, to reach this goal, further optimization of the algorithm is still nec-

essary (see below). We have therefore carefully analyzed the numerical challenge of enforcing nonlinear

inequality constraints in addition to the nonlinear minimization problems of typical electronic-structure

methods.
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OUTLOOK: OPEN QUESTIONS AND PROSPECTS

During the years of my PhD, I have faced many interesting research questions. Some of them have been

answered in this manuscript or by my colleagues, but many others are still open. The present work will be

an important step forward to understand and resolve some of these open questions. We want to address

these in the following.

Extension of existing dressed-orbital implementation to 3d

The next obvious step is to extend the actual implementation of dressed orbitals in OCTOPUS [3, Ch. 4] to

treat matter in three spatial dimensions. Most prerequisites are already fulfilled for that and the last miss-

ing piece is to optimize the calculation of the dressed interaction integrals, which should be done separately

from the Coulomb integrals (see Sec. 8.1).1 Once this straightforward modification is accomplished, one can

directly perform polaritonic-HF and polaritonic-RDMFT calculations with the fermion ansatz. For instance,

systems with only two active electrons, such as many diatomic molecules can be described without further

limitations, but as we have shown, also systems with more electrons can be accurately described if the pre-

cise value of the photon-mode frequency plays a subordinate role and can be adjusted (see Sec. 6.1.3). Addi-

tionally, such an extension allows to investigate the accuracy of standard exchange-correlation functionals

for polaritonic QEDFT without further modifications of the code. In OCTOPUS, we have a direct access to

the full LIBXC-library to do so.2 It is crucial to realize here that besides the necessarily larger orbital bases,

the scaling of these methods is not affected by the inclusion of the photon field (see Sec. 6.3).

Large-scale calculations with the polariton ansatz

The next evident research questions is how to extend a standard electronic-structure code to treat dressed

orbitals with the polariton ansatz. Our in Sec. 8.2 presented polariton-HF algorithm is in principle applica-

ble, if not too large electronic bases are considered and a direct diagonalization of the electronic 1RDM is

feasible. This applies to, e.g., medium-sized systems described by standard quantum-chemistry basis sets.

Note that in contrast to the matter description, the extra photon orbitals do not necessarily have to be con-

structed in the code. The analytically known structure of the photon-number states allows to calculate all

necessary matrix elements analytically. We have exploited this also in our implementation (see Sec. 6.1.2).

Nevertheless, to apply the polariton-HF algorithm to systems involving many particles, it clearly needs

to be optimized. The current algorithm of the line-minimization should be replaced by a similar approx-

imation as laid out in Ref. [267]. Additionally, we have to investigate new practical ways to determine the

Lagrange multipliers εi and νi corresponding to the equality and inequality constraints, respectively. In

1Note that the calculation of the dressed-interaction integrals is much simpler than the solution of the Poisson equation. The sepa-
ration of both computations thus allows to do the latter more efficiently with (already implemented) standard solvers.

2https://www.tddft.org/programs/libxc/
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the current state of the algorithm, the νi are calculated according to the prescription of the augmented La-

grangian method, which works well. However, the εi are determined according to a direct generalization of

the conjugate-gradients algorithm by Payne et al. [267] (see Sec. 8.2.2.3). As a consequence the εi depend

nontrivially on the νi , which may lead to numerical instabilities. This issue requires a careful analysis, but

should be resolvable by employing a different method to determine the εi .

Once, we have optimized the algorithm, a reasonable next step is to extend the existing implementation

of the dressed construction in OCTOPUS [3, Ch. 4] to the polariton ansatz. For that, one would not explic-

itly diagonalize the electronic 1RDM, which is numerically prohibitively expensive but resort to semidef-

inite programming methods [288] that exploit the reformulation of the constraints in terms of positivity-

conditions (see also Sec. 6.3).

It is clear that developing, implementing and validating such an optimized polariton-HF algorithm is

nontrivial. We believe however that such extensions, though they require a certain amount of work, are in-

deed worthwhile. At the moment, polaritonic-structure methods are one of the most promising candidates

to describe molecule-cavity systems even for very large coupling strengths. The principal reason for that

is that we do not have to develop entirely new functionals, but can “recycle” the ones of the correspond-

ing electronic-structure methods. This will be extensively tested with the planned extension of the Octopus

implementation to 3d systems with the fermion ansatz, before we develop the generalized algorithm.

Describing vibrational strong coupling with dressed orbitals

The fact that many strong-coupling phenomena have been experimentally observed by coupling the vibra-

tional degrees of freedom of molecular systems to a cavity [80, 64, 296] poses the question whether we can

generalize the dressed-orbital approach to this setting. This means that we have to include the motion of

the nuclei and their coupling to the cavity mode in our description.

To answer this question, it is important to realize that in the cavity-QED setting the coupling of the pho-

ton modes to electrons structurally identical and to the coupling to the nuclear degrees of freedom (see

Sec. 1.3.3). Thus, in principle, we can employ the same strategy and dress the nuclear orbitals with the

photon modes. The straightforward way to do so is to employ the Born-Oppenheimer approximation to

decouple the electronic from the nuclear-photonic degrees of freedom (cavity Born-Oppenheimer approx-

imation [128]). However, one could also investigate different approaches such as discussed in Ref. [125].

Note that also in such settings, the dressed construction should allow to transfer accurate first-principles

methods for matter-only problems to describe coupled systems.

Polaritonic structure methods for extended systems

Another interesting research question is whether we can apply the polaritonic-structure methods also to ex-

tended systems. This would allow to study strong-coupling phenomena of solid-state systems. For instance,

Rokaj et al. [289] recently have presented an approach based on the cavity-QED Hamiltonian that allows to

describe interesting phenomena such as Landau physics from first principles. Polaritonic-structure meth-

ods based on this approach would allow to study, e.g., the modification due to quantum fluctuations of phe-

nomena such as the Landau levels [290], the integer [291, 292] and the fractional quantum Hall effect [293].

Another very promising research direction is to investigate how properties of solids can be controlled by the

interaction with the cavity. Examples are the stabilization of topological states [294] or the control of the

electron-phonon coupling strength and thus phonon-mediated superconductivity [295]. Since such phe-

nomena usually depend on a complex interplay of different effects, for their investigation there are few al-
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ternatives to an unbiased description from first principles. Especially, if strongly-correlated materials are

considered, the dressed-orbital approach might be advantageous in comparison to other methods, simply

because of its flexibility. Following our prescription of Sec. 4.3, one could generalize an established accurate

method for strongly-correlated electrons to the cavity setting.

To extend the dressed-orbital approach to such cases, one has to consider periodic local potentials. Usu-

ally, this setting is simplified according to the Bloch theorem by a kind of mode expansion that takes the

periodicity of the potential into account. Since the (dipole) coupling to the photon modes breaks the trans-

lational symmetry, the Bloch theorem cannot be applied straightforwardly. Here, a similar strategy to the

recently proposed generalized Bloch theorem [289] should be applicable within the dressed-orbital con-

struction. If this is indeed the case, one could straightforwardly make use of the k-space routines of OCTO-

PUS to perform, e.g., polaritonic QEDFT calculations with extended systems (strongly) coupled to a cavity

mode.

Development of a KS-QEDFT photon-exchange-correlation functional

Although methods based on dressed orbitals are a promising candidate to describe the strong-coupling

regime of the light-matter interaction, their practical applicability is limited to a few modes. The most

promising first-principles method to describe systems with many relevant modes is KS-QEDFT (Sec. 3.2).

One important reason is that calculations with KS-QEDFT have the same numerical costs as the semiclassi-

cal Maxwell-KS approach, which in equilibrium settings often even reduces further to the cost of a standard

KS-DFT calculation (see Sec. 3.1.2). However, to account for the quantum nature of the electron-photon

interaction, new approximation strategies to the unknown photon-exchange-correlation (pXC) functional

have to be investigated. Known strategies of KS-DFT either cannot be generalized in a straightforward way,

such as the LDA, or the generalizations are less useful, such as the KLI approximation [247] for the photon-

OEP (see Sec. 3.2 for details).

For that, the insights from the dressed construction can contribute in two practical ways. First, we can

try to derive useful pXC functionals by investigating the connection between polaritonic QEDFT and KS-

QEDFT. For instance, such a connection can be established via the equations of motion of both approaches,

assuming the same density [173]. Another option is to study the polaritonic and KS auxiliary systems of

an analytically solvable reference systems, such as the homogeneous electron gas coupled to a few cavity

modes [124]. This would allow to study the connection between both auxiliary constructions by comparing

how they describe the same system. In the best case, we will identify some general rules that allow to derive

pXC functionals from polaritonic exchange-correlation functionals.

Another very interesting approach to construct an approximate pXC functional is to employ the Breit ap-

proximation to the light-matter description. As the dressed construction, the Breit approximation removes

the difficult electron-photon interaction term from the theory. However, this is done very differently in the

latter case by an approximate expression of the vector potential in terms of the electric current, which is

derived from the Maxwell’s equations. This in turn allows to remove the photon-degrees of freedom entirely

from the description and leads to a (purely electronic) Hamiltonian that conserves the particle number. The

electron-photon interaction manifests here in an additional 2-body term that consequently can be approx-

imated with standard methods for the Coulomb interaction. This idea was motivated by the encouraging

results of polaritonic-structure methods that also employ approximations for the Coulomb-interaction op-

erator to describe the electron-photon interaction. The research in this direction is already ongoing and the

first results are promising.
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Dressed orbitals for full minimal coupling

Another research question is to understand whether we can generalize the dressed-orbital approach in a

useful way beyond the cavity-QED setting and consider, e.g., full minimal coupling (Pauli-Fierz theory). It is

clear that such a generalization could not be directly applicable in the sense of a polaritonic-structure theory,

because the corresponding dressed orbitals would depend on too many photon coordinates. However, if we

generalize the approach and construct the corresponding many-polariton space, this can already be useful

to analyze this still very little understood setting from a different perspective.

To apply the dressed construction to, e.g., the Pauli-Fierz Hamiltonian that considers full minimal cou-

pling, we have to consider the full spatially-dependent (transversal) vector potential A⊥(r). The polaritonic

coordinates read then (r,A⊥(r)) and the polaritonic density is n(r,A⊥(r)) including the information of both

the electronic one-body density and A⊥(r). We would then only need to generalize the coordinate transfor-

mation that symmetrizes the auxiliary A⊥-fields in a reasonable way (see Sec. 5.1). This should in principle

be possible.

The dressed-orbital construction in different contexts

Another very interesting application of the dressed-orbital construction is with regard to other multi-species

situations. It seems possible, provided we can define species with the same number of particles, that one can

instead of working with complicated multi-species wave functions, work with the combined density matri-

ces and enforce the ensemble representability conditions on the subsystems. This does not necessarily need

any dressed construction. For instance, think about the Schrödinger equation for electrons and nuclei/ions.

Assuming that we have one kind of nuclei/ions we could express the combined density matrix in terms of

electron-nuclei/ion pairs. It seems interesting to investigate the above procedure also in the context of such

cases.

The connection between hybrid statistics and RDM representability conditions

A research question, that popped up when we developed the polariton ansatz, concerns the representability

conditions of the polaritonic 1RDM γ (and other polaritonic RDMs). With respect to the combined coor-

dinates, γ is a 1RDM, but if we separate the electronic and photonic parts, γ becomes a (1,1)-body RDM

(one electronic and one photonic coordinate) that is very similar to the electronic 2RDM. Importantly, only

for the latter point of view, we know how the hybrid statistics of the polaritonic orbitals manifest in terms

of the coordinates. This suggests that γ has more complicated representability conditions than the simple

ones that we enforce in polaritonic RDMFT (Sec. 5.3). Understanding these conditions would be valuable to

improve polaritonic-structure methods. For instance, we have observed that all polaritonic HF calculations

were variational, although the corresponding wave-function ansatz may violate the hybrid statistics (even if

the Pauli-principle is fulfilled).3 If this is not a coincidence (which further calculations with polaritonic HF

will show), it suggests that the single-reference ansatz in polaritonic coordinates with the polariton ansatz

reduces the configuration space of the minimization with respect to the full many-polariton space. This is

different from electronic variational 2RDM theory, which usually leads to energies that are a lower bound

to the exact one. The reason is that not all N -representability conditions can be tested in practice and thus,

3Specifically, one can construct polaritonic Slater determinants with the polariton ansatz(, i.e., every electronic orbital has an oc-
cupation number between zero and one), that do not correspond to an ensemble of wave functions that adhere to the full hybrid
statistics.
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the configuration space of the minimization is too large and includes elements that do not correspond to an

N -electron wave function.

To answer such questions, we need to understand the representability conditions of the (1,1)RDM. Al-

though it depends on electronic and photonic coordinates, the (1,1)RDM is much simpler than the 3/2-body

RDM, because it can be connected to all the other relevant RDMs of the system by sum rules. The (1,1)RDM

is also a positive-semidefinite matrix,4 such as the usual single-species RDMs. Thus, we believe that we can

derive the representability conditions of the (1,1)RDM and more generally of any (p, q)RDM with a similar

strategy as Mazziotti [214] employed to derive the N -representability conditions of the 2RDM.

Representability conditions of the 3/2-body RDM

A research question that accompanied me from the beginning of my PhD and that is directly connected to

the previous question is about the representability conditions of the 3/2-body RDM. In Sec. 3.3.1, we have

briefly discussed the RDM approach to study the coupled electron-photon space that to the best of our

knowledge has never been investigated. We believe that understanding the representability conditions for

the 3/2-body RDM could be very valuable for further progress in the field. For instance, one could perform

variational minimizations of the energy without the wave function analogously to variational 2RDM theory

(see Sec. 3.3.1). Importantly, such a method would not be limited to cavity QED, but could be generalized

straightforwardly to the Pauli-Fierz level. A very interesting opportunity that opens up on this level is to

investigate the full gauge freedom of the theory. There are gauges such as the temporal gauge [117], for

which the Coulomb interaction does not explicitly occur in the Hamiltonian, but instead is carried by the

longitudinal part of the vector potential. Thus, the energy could be completely described only in terms of

the electronic and photonic 1RDMs and the 3/2-body RDM. If the representability conditions of the 3/2-

body RDM were easier to handle than the N -representability conditions of the 2RDM, this reformulation

could be useful not only for coupled light-matter systems but also for difficult electronic-structure prob-

lems. For instance, most methods that accurately describe the strong-correlation regime can efficiently only

take short-range interactions into account, but there are many systems, where this approximation breaks

down. To include also the long-range part of the Coulomb interaction, there have been proposals to in-

troduce additional artificial degrees of freedom (see, e.g., Ref. [297]). The “natural” candidates for this are

longitudinal photons that could be described by the 3/2-body RDM.

Although the 3/2-body RDM has very different properties than the 2RDM, one could derive its repre-

sentability conditions with a similar approach as proposed by Ref. [214]. The first step of this programme

would be to generalize the bipolar theorem [213] that is the basis of the construction in Ref. [214] to the more

general case of coupled electron-photon systems. Based on this theorem, one can derive representability

conditions from the positivity of linear combinations of RDMs. There is already work in progress on this

direction and the first results are promising.

RDMFT in real space

Finally, we want to address another question that came up during my PhD and that concerns our real-space

implementation of RDMFT in OCTOPUS. With the new conjugate-gradients algorithm, we are in the position

to explore natural orbitals with the full flexibility of a real-space grid. This would allow to study, e.g., the lim-

itations of standard quantum-chemical basis sets in RDMFT. We suppose that there are many scenarios in

which the flexibility of the grid would allow to achieve converged results with less natural orbitals than such

4Note that this follows directly from its definition.
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basis sets. The results presented in Sec. 7.4 provide a first indication for this although the there employed ba-

sis sets where considerably less optimized than usual quantum chemistry ones. To really compare real-space

RDMFT to orbital-based RDMFT, we have to perform 3d calculations. However, in its current state the algo-

rithm is numerically too expensive for that, because of the inefficient calculation of the exchange-integrals

(see Sec. 7). This is a known issue that also severely limits the applicability of HF and hybrid functionals of

KS-DFT in real space (or for solids that are described in k-space). Another limitation of the current RDMFT

implementation is the lack of pseudo potentials. These are crucial for real-space first-principles calcula-

tions, because they allow to converge the results with considerably larger grid spacings than an all-electron

calculation (see Sec. 7).

Recently, a new method has been proposed to calculate exchange integrals considerably more efficiently

[276]. Although this method has been tested only for HF theory and hybrid functionals of KS-DFT, it is highly

probable that we can also apply it to RDMFT calculations, since the corresponding exchange integrals are

equivalent to the Fock-exchange ones (see Sec. 2.4.2). There is already work in progress in this direction (by

a colleague) and the first tests seem to confirm this assumption. Naturally, this method would then also be

applicable to polaritonic RDMFT.

Once, the implementation of this new method is finished, we can straightforwardly generalize the usual

strategies to generate pseudo-potentials [218] to RDMFT functionals.
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Appendix A

APPENDIX

A.1 The bosonic symmetry of the photon wave function

In this appendix we go into a little more detail and show how the mode-representation, which makes the

bosonic symmetry explicit and which we discussed in Sec. 3.1.1. We introduce in this setting the usual

bosonic density matrices [200]. Instead of starting with the displacement representation we start with the

definition of the single-particle Hilbert space and its Hamiltonian. We choose the single-particle Hilbert

space H1 to consist of M orthogonal states |α〉. These states are defined by the eigenstates of the Laplacian

with fixed boundary conditions and geometry and correspond to the Fourier modes of the electromagentic

field [10, 39]. This real-space perspective is a natural choice if one either wants to connect to quantum

mechanics and deduce the Maxwell field from gauge independence of the electronic wave function [10], or

when deducing the theory in analogy to the Dirac equation [298]. It is this analogy of Maxwell’s equations as

a single-photon wave function with spin 1 that makes the appearance of a bosonic symmetry most explicit

when quantizing the theory [11]. We note, however, that in general the concept of a photon wave function

can become highly nontrivial [89]. Since we work directly in the dipole approximation we do not go through

all the steps of the usual quantization procedure of QED but from the start assume that we have chosen a few

of these modes |α〉 (with a certain frequency and polarization) in Coulomb gauge [39]. The single-particle

Hamiltonian in this representation is then given by

ĥ′
ph =

M∑
α=1

ωα |α〉〈α| .

Since a total shift of energy does not change the physics and for later reference, we can equivalently use

ĥph = ∑M
α=1

(
ωα+ 1

2

) |α〉〈α|. Therefore, the energy of a single-photon wave function |φ〉 = ∑M
α=1φ(α) |α〉

(corresponding to the classical Maxwell field in Coulomb gauge [11]) is given by

E [φ] =
M∑

α,β=1
φ∗(β)〈β|ĥph |α〉︸ ︷︷ ︸

=ĥph (β,α)

φ(α) = ∑
α,β

ĥph(β,α)γb(α,β) =∑
α

(
ωα+ 1

2

)
γb(α,α)︸ ︷︷ ︸
|φ(α)|2

.

Here we have introduced the single-particle photonic 1RDM γb(α,β) = φ∗(β)φ(α). We can then extend the

single-particle space and introduce photonic many-body spaces HNb which are the span of all symmetric

tensor products of single-particle states of the form [200, 254]

|α1, ...,αNb 〉 =
1√
Nb !

∑
℘
|℘(α1)〉 ... |℘(αNb )〉 ,
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where ℘ goes over all permutations of α1, ...,αNb . This construction is completely analogous to the typical

construction of the fermionic many-body space with the only difference having minus sings in front of odd

permutations. Such a many-body basis is not normalized for bosons, as states can be occupied with more

than one particle. Thus, the normalization factor occurs in the corresponding resolution of identity, i.e.

1 = 1
Nb !

∑M
α1,...,αNb

=1 |α1, ...,αNb 〉 〈α1, ...,αNb |. This approach is explained in great detail in Ref. [144]. An Nb-

particle Hamiltonian is then given by a sum of individual single-particle Hamiltonians (interactions among

the photons will only come about due to the coupling with the electrons.) Introducing for a general Nb

photon state |φ̃〉 = 1p
Nb !

∑M
α1,...,αNb

=1 φ̃(α1, ...,αNb ) |α1, ...,αNb 〉 with φ̃(α1, ...,αNb ) = 1p
Nb !

〈α1, ...,αNb |φ̃〉 the

corresponding 1RDM according to Eq. (3.42) as γb(α,β) = Nb
∑
α2,...,αNb

φ̃∗(β,α2, ...,αNb ) φ̃(α,α2, ...,αNb ),

the energy of that state is given by

E [φ̃] =
M∑

α,β=1
ĥph(β,α)γb(α,β) =

M∑
α=1

(
ωα+ 1

2

)
γb(α,α).

Such a state can be constructed, for instance, as a permanent of Nb single-photon states φ(α). Note further

that the 1RDM of an Nb photon state obeys Nb =∑
αγb(α,α).

Finally, since we want to have a simplified form of a field theory without fixed number of photons, we

make a last step and represent the problem on a Hilbert space with indetermined number of particles, i.e., a

Fock space. By defining the vacuum state |0〉, which spans the one-dimensional zero-photon space, the Fock

space is defined by a direct sum of Nb-photon spaces F = ⊕∞
Nb=0 HNb . Introducing the ladder operators

between the different photon-number sectors of F by [200]

â+
α |α1, ...,αNb 〉 = |α1, ...,αNb ,α〉

âα |α1, ...,αNb 〉 =
Nb∑

k=1
δαk ,α |α1, ...,αk−1,αk+1, ...,αNb 〉

with the usual commutation relations, we can lift the single-particle Hamiltonian to the full Fock space and

arrive at Eq. (3.46). The Fock space 1RDM for a general Fock space wave function |Φ〉 can then be expressed

as

γb(α,β) = 〈Φ|â+
β âαΦ〉 ,

and
∑M
α=1γb(α,α) = Nb now corresponds to the average number of photons. And finally, since we know that

Eq. (3.46) is equivalent to Ĥph = ∑M
α=1

(
− 1

2
∂2

∂p2
α
+ ω2

α
2 p2

α

)
, we also see that the Fock space F is isomorphic to

L2(RM ), which closes our small detour.

A.2 Conjugate gradients algorithm for real orbitals

In this appendix, we present an alternative derivation for the conjugate-gradients algorithm for RDMFT that

is presented in Sec. 7.3. Since we are only interested in ground states, we can also restrict the configuration

space of the RDMFT Lagrangian to only real orbitals, so we have φi =φ∗
i and

L̃ = L̃[φi ,ni ] =Ẽ [ni ,φi ]−µ
(

M∑
i=1

ni −N

)
−

M∑
i , j=1

λ j i

(∫
d3r φi (r)φ j (r)−δi j

)
, (A.1)
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where we have to define the introduced total energy functional and the respective Hartree and XC-Potentials,

Ẽ [ni ,φi ] =− 1

2m

M∑
i=1

ni

∫
d3rφi (r)h(r)φi (r)+ 1

2

M∑
i=1

ni

∫
d3r φi (r)ṽH (r)φi (r)

− 1

2

M∑
i=1

p
ni

∫
d3r φi (r)ṽ i

XC (r).

ṽH (r) =
M∑

j=1
n j d3r ′φ j (r′)w(r,r′)φ j (r′) (A.2)

ṽ i
XC (r) =

M∑
j=1

√
n j

∫
d3r ′φ j (r)φi (r′)w(r,r′)φ j (r′) (A.3)

So the differential of L reads:

δL̃ =4
M∑

i=1
sin(θi )

[
∂Ẽ

∂ni
−µ

]
dθi +

M∑
i=1

∫
d3r

[
δẼ

δφi (r)
−

M∑
k=1

λi kφk (r)

]
δφi (r) (A.4)

When we now require stationarity, δL̃ = 0, we arrive at two different Euler-Lagrange equations for every

orbital i:

∂Ẽ

∂ni
−µ= 0 (A.5a)

δẼ

δφi (r)
−

M∑
k=1

(λi k +λki )φk (r) = 0 (A.5b)

So in fact, only the (real-)symmetric part of Λ enters the equations, which is the main differences between

the two formulations. For the sake of completeness, we also provide the modified orbital equations (the

equations for ni remain structurally unchanged we just remove the stars from the orbitals):

δẼ

δφi (r)
=ni

(
φi (r)h(r)+h(r)φi (r)

)+2ni ṽH (r)φi (r)+2
p

ni ṽ i
XC (r)

h=h+
= 2

[
ni h(r)φi (r)+ni ṽH (r)φi (r)+p

ni ṽ i
XC (r)

]
(A.6)

=2
δE

δφi (r)
(A.7)

The steepest descent-vector is now given as

ζ̃i =− δF̃

δφi (r)
=−

(
2

δẼ

δφi (r)
−

M∑
k=1

(λki +λi k )φk (r)

)
. (A.8)

We can calculate λki +λi k then just by Eq. (A.5b). We have tested also this version in OCTOPUS and it seems

to work equivalently well than the other definition of Sec. 7.3.

A.3 Gradient of the electronic natural occupation numbers

In this appendix, we show how to derive expression (8.36) for the gradient of the inequality constraints (8.25).
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We consider a symmetrized perturbation of the electronic 1RDM γe by the k-th polaritonic orbital

δγk (r,r′) = 2
∫

dqφ∗
k (r′, q)δφk (r, q)+2

∫
dqδφ∗

k (r′, q)φk (r, q), (A.9)

such that δγk (r,r′) = δγ∗k (r,r′). We perform first-order perturbation theory on the equation of the i-th eigen-

value of γe ,

2niφ
e
i (r) =

∫
dx[γ(r,r′)+δγk (r,r′)]φe

i (r), (A.10)

which results in a correction of ni , i.e.,

δni =
∫

drdr′φe
i
∗(r)δγk (r,r′)φe

i (r′)

=2
∫

drdr′dqφe
i
∗(r)φ∗

k (r′, q)δφk (r, q)φe
i (r′)+2

∫
drdr′dqφe

i
∗(r)δφ∗

k (r′, q)φk (r, q)φe
i (r′)

=2
∫

drdqφe
i
∗(r)[

∫
dr′φ∗

k (r′, q)φe
i (r′)]δφk (r, q)+2

∫
drdqφe

i (r)[
∫

dr′φe
i
∗(r′)φk (r′, q)]δφe

k
∗(r, q)

From this expression, we can derive

δni

δφk (r, q)
= 2φe

i
∗(r)[

∫
dr′φ∗

k (r′, q)φe
i (r′)] (A.11)

δni

δφ∗
k (r, q)

= 2φe
i (r)[

∫
dr′φe

i
∗(r′)φk (r′, q)]. (A.12)
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Appendix B

VALIDATION OF THE OCCUPATION NUMBER OPTIMIZATION IN

RDMFT

In this appendix, we discuss the validation of the occupation number optimization part (algorithm 2) of the

RDMFT routine. Although the generalization from electronic to dressed orbitals directly influences only the

orbital optimization, there might still be an indirect influence on other parts of the routine. This is a typical

challenge of nonlinear programming.

In fact, during the implementation of the polaritonic RDMFT routine, an issue of this type has occurred:

some approximations of the occupation number optimization algorithm can lead to pronounced inaccura-

cies in polaritonic RDMFT, but a similar problem has not been observed in electronic RDMFT. Specifically,

the algorithm converges to a set of occupation numbers n = (n1, ...,nM ) that do not sum up to the total parti-

cle number N . Depending on the specific scenarios, this sum might deviate very strongly from N including∑
i ni = 0. This issue is so severe that the polaritonic RDMFT routine cannot converge. If we apply instead

the electronic RDMFT routine to the same matter system but outside the cavity, we find a converged result.

We want to utilize this issue to exemplify the challenges of the numerical implementation of first-principles

methods and how we can confront them. A very important role is hereby played by the proper definition of

a test case (Sec. B.0.1) that allows for a simple visualization (Sec. B.0.2) of the involved quantities. This con-

siderably facilitates the identification of the origin of the issue, i.e., the “bug” (Sec. B.0.3). In this and many

other cases, it is not difficult to fix the bug, once it is identified (Sec. B.0.4).

B.0.1 Definition of the test setting

The issue occurs in all versions of OCTOPUS before 10.0 that support RDMFT and can be reproduced in

the following test setting. We consider for the matter part a 1d-Helium-atom model, i.e., 2 electrons con-

fined in a soft-coulomb potential v(x) = 2/
p

x2 +1 and interacting via w(x, x ′)) = 1/
√

(x −x ′)2 +1 (see also

Sec. 6.2.2). This serves as a test system for the purely electronic routine. Additionally, we couple this system

to a photon mode with frequency ω= 0.55 and λ= 0.1 as a test system for the dressed routine.

We constrain the natural orbital basis in both cases by M = 3 natural orbitals. We remind the reader that

the orbitals {φ1,φ2,φ3} are fixed during the occupation number optimization. Thus, the energy functional

reduces (7.13) to

E [n] =
3∑

i=1
ni ε

h
i + 1

2

3∑
i , j=1

ni n j ε
H
i j − 1

2

3∑
i , j=1

√
ni n j ε

X
i j , (B.1)

where we introduced the vector of the occupation numbers n = (n1,n2,n3), and εone
i = 〈φi |hφi 〉, εH

i j =
〈φiφi |w |φ jφ j 〉, εX

i j = 〈φiφ j |w |φ jφi 〉 (see definitions below Eq. (7.13)). In the dressed setting, the one-body

kernel h(x, x ′) is replaced by its dressed version h′(xq, x ′q ′) = t ′(xq, x ′q ′)+v ′(xq, x ′q ′) (Eq. (4.38) and (4.39))
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and the Coulomb kernel w(x, x ′) that enters the latter two integrals is replaced by w ′(xq, x ′q ′) as discussed

in the previous section. The Lagrangian (7.5) that we denote in this section by F becomes1

F [n;µ] =E [n]−µS[n] (B.2)

=E [n]−µ
(

3∑
i=1

ni −2

)
(B.3)

and we have stationary conditions

δF = 0 ⇐⇒ ∇nE [n] =µ
S[n] = 0.

B.0.2 Visualization of the algorithm

Let us begin the discussion with a small illustration of algorithm 2 with the electronic test system. As dis-

cussed in Sec. 7.1.4, the minimization of the F [n;µ] is performed with the help of an auxiliary function F̃ 2

that reads for this test-case

F̃ (µ) = min
n1,n2,n3

F [n;µ] (B.4)

≡F [n∗;µ], (B.5)

where in the second line we indicated with n∗ the set of occupation numbers that minimize F̃ (µ) for a pre-

scribed µ. The problem of finding ∇n,µL = 0 is thus transformed in a two-step procedure that involves solv-

ing a minimization problem to determine F̃ (µ) and then finding the stationary point of F [n∗;µ] that fulfils
dF
dµ = 0. The algorithm in OCTOPUS exploits this reformulation by using a bisection algorithm to find the

set of occupation numbers n∗
1 (µ),n∗

2 (µ),n∗
3 (µ) that satisfies the side condition S(µ) =∑3

i=1 n∗
i (µ)−2 = 0 (see

algorithm 2).

We now want to visualize this procedure for our test system. For that we employ the computer-algebra

software MATHEMATICA3 to solve minn1,n2,n3 F [n;µ] with its highly accurate internal routine. The matrix

elements εone
i ,εH

i j ,εX
i j that enter F are extracted from the RDMFT routine of OCTOPUS.

We start by noting that F [n;µ] for constant µmust always have at least one (and possibly more than one)

minimum because of the constraint 0 ≤ ni ≤ 2. Put differently, F can have “normal” minima, where ∇F = 0

or border minima and both cases are visualized in Fig. B.1. In the latter case, we call the occupation number

pinned.

To enforce these constraints, we either have to choose an algorithm that can perform a constrained min-

imization or we replace the occupations

ni = 2sin2(2πθi ) ∀ i , (cf. 7.4)

as variables by the angles θi and perform an unconstrained minimization. The latter is a very common

approach, because there are many standard algorithms for unconstrained optimization. In this case, F as a

function of θ = (θ1,θ2,θ3) has a true minimum at the boundary, as shown in Fig. B.2.

1Note that this is equivalent to Eq.(7.16), where we denoted F with L.
2Note that this expression is equivalent to Eq. (7.15) for M = 3, where the auxiliary function is denoted by S.
3https://www.wolfram.com/mathematica/
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Figure B.1: Shown is the Lagrangian F as a function of the first occupation number n1 keeping the other
occupation numbers n2,n3 and the Lagrange multiplier µ fixed. We see the two different types of minima
that occur depending on the value of µ. In figure (a), we see a normal minimum for µ=−0.8, and in figure
(b) the border minimum for µ=−0.1 that occurs because the occupation numbers are constraint to values
between 0 and 2 (the vertical line denote the latter border). In this case, we say that the occupation numbers
are pinned. Note that in the chosen setting n2/n3 do not vary much with µ and can therefore be ignored.
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Figure B.2: We show the Lagrangian F for the same parameters as in Fig.B.1 (b), but re-expressing the ni by
Eq. (7.4). We see that the border minimum of F(n) turns to a regular minimum of F (θ).

Since our test system is very small, we can afford enough calculations to actually plot the auxiliary func-

tion F̃ (µ) (shown in Fig. B.3 (a)), which allows us to visualize its properties. The bisection algorithm of

OCTOPUS calculates F̃ (µ) of course only for certain values of µ. We see in Fig. B.3 (a) that F̃ (µ) has indeed

a stationary point at µ∗ ≈ −0.41, but it is actually a maximum and not a minimum as one could have ex-

pected naively. In fact, that stationary point might correspond even to a saddle point in certain settings. The

simple reason is that F̃ (µ) is not related to the energy, in fact F̃ (µ) corresponds per definition to a minimal

energy solution for all µ. The advantage of the algorithm is that it does not matter, which type of stationary

point F̃ (µ) has, because we do not directly consider F̃ (µ). Instead, the problem is transferred to finding the

root of the side condition S(µ). If S(µ) is monotone, the bisection algorithm will always converge. This can-

not be proven rigorously, but judging from the experience with another code4 it seems to be a reasonable

assumption. For our test-case, S(µ) is indeed monotone as we can see clearly in Fig. B.3 (b). Another inter-

esting observation is that, while F̃ (µ) is everywhere smooth, S(µ) has a kink, which occurs exactly, when the

4The algorithm was copied from the well-tested HIPPO-code. It is not publicly available and the interested reader is referred to
lathiot@eie.gr.
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minimum of F (n,µ) touches the border.
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Figure B.3: The auxiliary function F̃n∗ (µ) (a) and the side condition Sn∗ (µ) (b) are shown. F̃n(µ) has its
maximum at the point µ∗, where the side condition is satisfied, i.e., Sn(µ∗) = 0 has a root. We also see that
Sn(µ) is monotone over the whole region of µ and has a kink at µ ≈ −0.38. For this point of the normal
minimum n∗(µ) becomes a border minimum, i.e., the first occupation number reaches n∗

1 = 2 and keeps
this value also for larger value of µ because of the constraint (“pinning”).

B.0.3 The identification of a resolved bug of polaritonic RDMFT

We now apply the just introduced visualization tools to study the failure of the occupation number opti-

mization algorithm of polaritonic RDMFT. This means that the algorithm converges to n∗ with S[n∗] 6= 0.

For a better comparison with the results of MATHEMATICA, we have manipulated the occupation number

routine slightly to evaluate the function S(µ) for a larger range of µ than the algorithm would require.

The RDMFT routine of OCTOPUS 9.2 and below uses the fast version of the Broyden-Fletcher-Goldfarb-

Shanno (BFGS) method5 of the GSL6 library (called BFGS2). Fig. B.4 (a) shows the comparison of BFGS2

with the results from the accurate routine of MATHEMATICA: We see that while the function S(µ), obtained

from MATHEMATICA smoothly increases with µ (blue line), S(µ) obtained from the BFGS2 algorithm jumps

for µ>−0.6 to S ≈ 0. This coincides with a jump in the solution occupation number to n1 ≈ 2 (not shown).

This comparison shows that the BFGS2 algorithm fails in certain cases drastically to solve the minimization

problem (B.4).

If we employ instead the standard BFGS algorithm of the same library, the accuracy increases, as Fig. B.4

(b) shows. We see that BFGS reproduces the curve of MATHEMATICA considerably better than BFGS2, but

still not exactly. Also here the occupation number n1 gets pinned for too small values of µ.

Nevertheless, this comparison shows that the minimization algorithm, employed in the RDMFT routine

is the origin of the inaccuracy.

B.0.4 A simple resolution of the issue

Let us therefore briefly discuss the BFGS-method. The basic idea behind the algorithm is the Newton

method for minimization: we approximate the minimum of a function (stationary point) with a second

order Taylor expansion. In the 1d-case, this requires merely the second order-derivative of the function

5See for example [266, part 6.1].
6https://www.gnu.org/software/gsl/doc/html/multimin.html
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Figure B.4: (a) Comparison of the function S(µ) , calculated by the very accurate routine of MATHMATICA

(exact, blue) and the BFGS2 method (red) from the GSL-library. The latter fails to find the correct minimum
of F̃ [n;µ] for µ>−0.6, which leads to a non-smooth behavior of S(µ).
(b) Same as (a) but comparing MATHEMATICA (exact, blue solid line) with the BFGS method (red solid line).
Additionally the function n1 − 2 is plotted in both cases (MATHEMATICA: dashed (dark) blue line, BFGS:
dashed red line). We see that BFGS leads to a continuous S(µ), but it still predicts a slightly wrong root.
Additionally, it predicts a boundary minimum of n1 (n1 −2 = 0) for too small values of µ.

(since the first-order derivative is zero by definition), i.e., the calculation of one term. However, in a multi-

dimensional setting, the derivative has to be generalized to the Hessian H . In thise case, the second-order

Taylor expansion around the extremum n∗ reads

F (n∗+n)−F (n) = F (n∗)+ 1
2 nT HF n.

For the very high-dimensional minimization problems in electron structure theory, only the calculation of

the gradient is the bottleneck, i.e., the most expensive step, of the whole method. Calculating the Hessian is

usually numerically too expensive and hence, one either needs to employ directly gradient-based methods

or approximate the Hessian. The conjugate-gradients algorithm that is employed for the orbital optimiza-

tion in OCTOPUS is an example for the former option and the BFGS and BFGS2 algorithms are examples of

the latter category. In particular, the BFGS algorithms are so-called quasi-Newton methods, which approxi-

mate the Hessian HF by the gradient ∇F , such that the so-called secant equation,

∇F (n∗+n) =∇F (n0)+HF n,

is satisfied. As this equation does not fully determine HF , there are many different quasi-Newton methods

that are adopted to certain minimization problems.7 Note that typical quasi-Newton methods (including

BFGS and BFGS2) can only perform unconstrained minimizations.

We can conclude that certain approximations of the quasi-Newton algorithms BFGS and BFGS2 must

lead to the observed inaccuracies. The best way to avoid this issue is to employ a method that does not ap-

proximate the Hessian. However, the inaccuracies are much more pronounced for BFGS2 than for BFGS and

thus, in a first attempt to resolve the issue, one could simply employ BFGS. We have tested this extensively

and indeed, we have not observed convergence issues of the RDMFT routine. We have concluded that the

identified inaccuracies of BFGS (Fig. B.4 (b)) are small enough to still ensure the overall convergence. From

7For further details, the reader is referred to any standard textbook about optimization, e.g., the book by Nocedal and Wright [266].
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OCTOPUS version 10.0 onwards, BFGS is therefore employed as default in the RDMFT occupation number

optimization routine.
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Appendix C

CONVERGENCE OF DRESSED ORBITALS IN OCTOPUS

In this appendix, we present in detail how we have validated the dressed orbital implementation of OC-

TOPUS. We therefore have developed a strategy to systematically converge the numerical calculations with

dressed orbitals for HF theory and RDMFT, respectively. All numerical results of Ch. 6 in the in real-space

setting have been converged according to this strategy. We present the validation and the convergence study

with an example system (Sec. C.1-C.3) and then provide a summary in the form of a “HowTo” for such cal-

culations in C.4. This appendix is based on the supporting information of Ref. [1].

Validation with the help of a second implementation

To find the accuracy threshold of our implementation we compared the OCTOPUS results to calculations of

a private code DYNAMICS that was used and validated for Ref. [258] by S.E.B. Nielsen.1 In DYNAMICS, the

polaritonic orbitals are approximated on discretized real-space boxes in the x and q coordinate exactly as in

OCTOPUS. However, both codes employ different boundary conditions, a different level of finite differences

for the approximation of the differential operators (fourth order in OCTOPUS vs sixth order in DYNAMICS),

a different method of the grid point evaluation (on-point in OCTOPUS vs. mid-point in DYNAMICS), and

also a different orbital optimization technique. Both codes are only able to perform calculations under the

fermion ansatz, i.e., solutions may violate the Pauli-principle for electrons. We have in DYNAMICS the option

to calculate the exact many-body ground state (for very small systems) as well as the KS-DFT ground state

under the exact exchange (EXX) approximation. As for a two-electron spin-singlet system EXX coincides

exactly with HF theory, we can assess the electronic HF and the dressed HF routine (that we abbreviate in

the following by dHF) with DYNAMICS.

The test system

We present the convergence studies at the example of the one-dimensional Helium atom inside a cavity

(He) that we employed already before (Sec. 6.2.2 and Sec. B.0.1). The He atom is described by the nuclear

potential vHe (x) =− 2p
x2+1

and is coupled to one cavity mode with frequency ω and coupling parameter λ.

The modified local potential due to the dressed auxiliary construction reads v ′
He (x, q) = vHe (x)+ vd (x, q)

with vd (x, q) = 1
2 (λx)2 + ω2

2 q2 − ωp
2

q(λx) and the modified interaction kernel is w ′(xq, x ′q ′) = w(x, x ′) +
wd (xq, x ′q ′) with w(x, x ′) = 1p

(x−x′)2+1
and wd (xq, x ′q ′) =−ωλp

2
(xq ′+x ′q)+λ2xx ′.

The principal steps of the convergence study

The convergence study and validation of our implementation in OCTOPUS requires several steps, which cor-

respond to the following sections. We start with converging the exact dressed many-body ground-state and

1Contact: soerenersbak@hotmail.com
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compare it to the results of DYNAMICS (Sec. C.1). Although we are limited to a very small Hilbert space for

such exact calculations, we only have to solve a linear eigenvalue problem, so it is easy to converge the re-

sults to a very high precision within the accessible parameter range. Thus, we obtain an upper bound for

the accuracy from these exact calculations. In the next section, we present the convergence of dressed HF

(dHF)2 in all its details and compare the converged ground-state to DYNAMICS (Sec. C.2). This allows us

to determine the accuracy for dHF calculations, that is (because of its nonlinear nature) harder to converge

than the exact solver. Additionally, the comparison of the two codes is a good validation of the correct imple-

mentation of the dressed modifications. Since these modifications are exactly the same for dressed RDMFT

(that we abbreviate by dRDMFT in the following) and dHF, validating the dHF implementation validates also

the corresponding changes for dRDMFT. In Sec. C.3, we discuss the convergence of dRDMFT, which requires

two different minimization procedures that are interdependent, and thus again is harder to converge than

dHF.

All these sections are organized similarly. We start with the separated problem of the electronic system

outside the cavity and converge first the electronic counterparts of the routines, i.e., the electronic exact

solver, HF or RDMFT. The purely photonic problem of the separated problem remains the same at all the

discussed levels of theory. We therefore discuss it only once in the first section. Then, we analyze the conver-

gence of the dressed theories in the no-coupling (λ= 0) limit, which theoretically means that the electronic

and photonic problems are perfectly separated, but solved in only one large calculation. By comparison of

only the electronic (photonic) part of the dressed solutions to the results of the purely electronic (photonic)

theories, we can measure if there is a decrease in accuracy due to the simultaneous description of electronic

and photonic coordinates. We finish the sections with a convergence study for λ> 0.

C.1 Validation of the exact dressed many-body ground-state

We start with the validation of the exact many-body ground-state. In both codes, this is calculated by mini-

mizing directly the energy expression of the full many-body wave function (denoted byΨ′ in the main text),

discretized on the grid. For the He test system, Ψ′ =Ψ′(x1, q1, x2, q2) is four-dimensional. The actual mini-

mization is performed in OCTOPUS by conjugate-gradients (see Sec. 7.3), whereas DYNAMICS makes use of a

Lanczos algorithm.3

At the beginning of every calculation, we need to find the proper grid, which is defined by the box sizes

Lx ,Lq and the spacings ∆x ,∆q in both dimensions. For the minimization in OCTOPUS, we use two differ-

ent convergence criteria, εE = 10−9 and ερ = 10−8. The former tests the energy deviations and the latter

the integrated absolute value of the density deviations between subsequent iteration steps.4 These are the

criteria already available in OCTOPUS, so we here show that these are sufficient to produce reliable results.

Note that we choose εE = 1
10ερ , because ερ is a much stricter criterion.5 For the box size and spacing con-

vergence, we perform series C = {C 1,C 2, . . . }, where C can be Lx ,Lq ,∆x , or ∆q in the following. We per-

form two types of convergence tests for every parameter C . In the first one, we investigate the deviations

in the energy between subsequent elements ∆EC i = EC i − EC i−1 . We denote the corresponding thresh-

olds with εEC
. The second type of convergence series considers the maximal deviations in the absolute-

2Note that we use the term dressed HF/RDMFT in stead of polaritonic HF/RDMFT in this appendix to stress the fact that we employ
dressed orbitals with the fermion approximation.

3This algorithm can be seen as a generalization of the conjugate-gradients methods. It was originally proposed in 1950 by Lanczos
[299] and is widely used today. It is explained in most standard textbooks about optimization, e.g., in Nocedal and Wright [266].

4Details can be found on http://octopus-code.org/doc/develop/html/vars.php?page=alpha with the keywords Eigen-
solverTolerance and ConvRelDens.

5This is also recommended by the OCTOPUS Variable Reference.
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value of the electronic/photonic part of the polaritonic density∆ρC i = maxx/q |ρC i (x/q)−ρC i−1 (x/q)|, with

ρC i (x) = ∫
dqρC i (x, q) for the series Lx ,∆x and ρC i (q) = ∫

dxρC i (x, q) for the series Lq ,∆q (see Fig. C.1 for

an illustration of these quantities). We denote the corresponding thresholds with ερC
.

(a) (b)

Figure C.1: As an example for the convergence tests, we show here the two spatially-resolved convergence
parameters ∆ρLx and ∆ρ∆x in (a) and (b), respectively. We see for in figures that the deviations can change
the sign and are typically most pronounced in the center region. We also observe how the deviations ∆ρLx

(∆ρ∆x ) decrease at all positions with increasing (decreasing) Lx (∆x ). These are generic features of all per-
formed series. However, this decrease continues until∆ρLx < 10−8, reaching the limit set by the convergence
parameter ερ for the Lx -series (not shown). The ∆x -series instead saturates at ∆ρ∆x ≤ 10−7. The reason is
the finite difference approximation that effectively leads to different Hamiltonians for every value ∆x of the
spacing. To push the accuracy beyond ερ∆x

= 10−7, one would need to adjust the finite-differences stencil ac-
cordingly. However, this accuracy is clearly beyond our needs, since the goal is to converge the numerically
more involved theory levels HF and RDMFT, which are in general less accurate.

We start with the electronic part of the example (corresponding to the He atom outside the cavity),

choose ∆x = 0.14 and vary Lx = {8,10,12, . . . }. The ground-state energy ELx drops with increasing Lx (be-

cause boundary effects become less important) and we find ∆ELx < 10−8 and ∆ρLx < 10−7 for Lx ≥ 20. For

illustration, we have depicted ∆ρLx for a choice of Lx in Fig. C.1 (a). In the following, we choose Lx = 20

because the thresholds of ερLx
= 10−7 and εELx

= 10−8 are already stricter than the maximal accuracy of the

later nonlinear (dHF, dRDMFT) calculations. Next, we perform ∆x = {0.2,0.19,0.18, . . . ,0.06}. We find that

∆E∆x also drops with decreasing ∆x until ∆E∆x < 10−8 for ∆x = 0.15 and does not decrease any more (as the

convergence criteria of the minimization are no more precise). We show ∆ρ∆x for a choice of ∆x in Fig. C.1

(b). ∆ρ∆x instead decreases (slowly) until the lowest tested value of ∆x = 0.06. We find ∆ρ∆x < 10−7 already

for ∆x < 0.14, but to reach ∆ρ∆x < 10−8, we need to decrease the spacing until ∆x = 0.07. Such a small

spacing is numerically unfeasible for larger boxes and thus we will not try to go beyond ερ∆x
= 10−7.

We repeat the same series for the harmonic oscillator system of the q-coordinate with frequency ω =
ωr es ≈ 0.5535 (resonance with the transition between ground and first excited state of the He atom outside

the cavity) and find that the box size is converged with∆ELq < 10−8 and∆ρLq < 10−8 for Lq ≥ 14. The spacing

is converged in the energy ∆E∆q < 10−8 and in the density ∆ρ∆q < 10−7 for ∆q ≤ 0.20.

From these preliminary calculations, we can infer the parameters for the dressed calculations: Lx =
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20,Lq = 14,∆x = 0.14,∆q = 0.20. To be sure that these parameters are still sufficient for non-zero coupling

(λ> 0), we perform another box length series in the four-dimensional space of the exact ground-state, e.g.,

for λ= 0.1 and ω=ωr es . To have a uniform grid distribution, we also set ∆x =∆q , although our preliminary

calculations suggest that we could choose a larger ∆q . Unfortunately, we cannot explore this space com-

pletely, but we are limited with Lx ,Lq ≤ 18.6 However, we can confirm that the energy is converged in the

q-direction for Lq = 14 and in the x-direction, we have ∆ELx ≈ 10−7 for Lx = 18.

Finally, we compare the OCTOPUS results with the results from the DYNAMICS code. For that, we consider

the differences in the total energy EOD = |ED ynami cs −EOctopus | and the maximum deviations in the polari-

tonic density ρOD ≡ maxx,q |ρOctopus (x, q)−ρD ynami cs (x, q)| between the two codes. Due to the optimiza-

tion of DYNAMICS, we are limited to a box length of Lx = Lq = 14 to have a spacing of ∆x = ∆q = 0.14. With

these parameters, all the energy and density errors in OCTOPUS increase to ∆ELx ,Lq ,∆x ,∆q = ∆ρLx ,Lq ,∆x ,∆q ≈
10−5. When we compare the ground-state energies of both codes for this maximum possible mesh, we find

EOD ≈ 10−5 and ρOD ≈ 10−5. We thus were able to confirm that both codes agree on the level of accuracy

that we estimated from the OCTOPUS calculations before and this although they are quite different from a

numerical perspective. We conclude from these calculations that the implementation of the exact many-

body routine for dressed two-electron systems7 in OCTOPUS is reliable and we can use it as benchmark for

the dHF and dRDMFT approximations within OCTOPUS.

C.2 Validation of the dHF routine

In this section, we present the validation of dHF, which requires several steps. We start with the electronic HF

routine and converge the He atom model (outside the cavity) in box size and spacing, where we proceed as

in the previous section. Then, we converge the second HF routine (that we call HFbasi s in this section) that

is implemented in OCTOPUS, which is based on the RDMFT implementation and thus makes use of a basis

set (Sec. 7.2.2). We have mentioned there already that the difference of such a basis-set implementation is

that the routine calculates all the integral kernels of the total energy as matrix elements of a chosen basis

and then searches for the energy minimum by only varying the corresponding coefficients. This routine can

be considerably faster than the standard one of OCTOPUS, i.e., the conjugate-gradients algorithm, because

the calculation of the problematic exchange-term needs only to be performed once in the beginning for the

matrix elements. Such a basis-set implementation requires a convergence study with respect to the basis

size, which we explain in detail in the second part of this section together with a comparison between HF

and HFbasi s . We conclude the section with the discussion of dHF, which also uses a basis set. However, the

basis-set convergence for dHF is more involved than for the purely electronic HFbasi s and we explain this in

detail. Afterwards, we compare dHF in the no-coupling limit to HF/HFbasi s and we discuss the comparison

of OCTOPUS and DYNAMICS on the level of dHF, where we follow the same strategy as in the previous section.

C.2.1 HF minimization on the grid

We start with the He atom outside the cavity and calculate the HF ground-state with the standard routine of

OCTOPUS, which uses a conjugate gradients algorithm for the orbital optimization. The convergence criteria

for the conjugate gradient algorithm are defined exactly as before for the exact many-body ground-state. We

set them to εE = 10−9 and ερ = 10−8 and determine Lx and ∆x . We start with a spacing of ∆x = 0.1 and find

6The precise reasons is that the memory of one node of the cluster we are using is too small. We would consequently need to
distribute the wave function over several nodes, which is possible, but would demand a considerable programming effort.

7Larger systems are in principal also possible, but numerically infeasible in real space.
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that∆ELx ≈ 10−8 and∆ρLx < 10−7 for all Lx ≥ 20. We choose Lx = 20 and perform the spacing series, which is

converged in energy with∆E∆x < 10−8 for∆x ≤ 0.15 and in the density with∆ρ∆x < 10−7 for∆x ≤ 0.14. These

calculations suggest that all ∆x ≤ 0.14 are sufficient and we choose ∆x = 0.1, which is numerically feasible

for the test system, we consider. We see that although we solve a nonlinear equation in HF, we achieve the

same accuracy than for the exact calculations of the previous section. We want to remark that the for the

above accuracy necessary parameters correspond to considerable computational costs and therefore, it will

be very difficult to achieve similar results for larger systems.

C.2.2 HF minimization with a basis set

In this section, we present the convergence of the He test system in the HFbasi s routine with respect to

the basis set. It is based on the orbital-based RDMFT implementation that we introduced and discussed

in Sec. 7.2, employing the HF functional (see paragrpah below Eq. 7.1.1). To generate a basis, we perform a

preliminary calculation with the independent particle (IP) routine, which solves a simple 1-body Schrödinger

equation to generate the basis ((1/2∇2+v ′
He )φi = eiφi , see Sec. 7.4). To allow for enough variational freedom,

we calculate besides the occupied orbitals8 (that form the HF ground state and are denoted by GS) also

excited orbitals, which are called extra states (ES) in OCTOPUS. The so generated basis set has the size M =
GS +ES.

As discussed in Sec. 7.2, the routine performs the minimization by representing the coefficients of the

basis-set expansion in a matrix and diagonalizing it repeatedly until self-consistence. The corresponding

energy convergence criterion εE remains the same in HFbasi s like in HF. But the second convergence crite-

rion εF of the orbital minimization that tests the hermiticity of the Lagrange multiplier matrix needs to be

adapted. As εF is a considerably stricter criterion than εE (and ερ), it is set as default to εΛ = 103 ·εE .

For the convergence of the size of the basis set M or equivalently the parameter ES, we perform a se-

ries ES = {10,20, . . . ,100} and test deviations in energy ∆EES,ESr e f = EES −EESr e f and density ∆ρES,ESr e f =
maxx |ρES (x)−ρESr e f (x)| from the reference value ESr e f that yields the lowest total energy and that typically

occurs for the largest basis. We use Lx and ∆x that we determined before in HF and find that ∆EES,100 and

∆ρES,100 decrease with increasing ES and for ES ≥ 40, ∆EES,100 < 10−8 and ∆ρES,100 ≈ 10−5. The latter value

is considerably smaller than the one we obtained with the standard solver and the reason is the bad quality

of the basis set. We see that for ES ≥ 40 the extra basis states cannot improve the accuracy anymore but in-

stead add only noise. We will see later for RDMFT, where we also have to optimized the occupation numbers

that this effect leads to a generic non-variational behavior, i.e., the energy does not always decrease or stay

constant with increasing ES, but will first drop and than rise again for very large ES. Thus, we define there

what we have called an optimal region for the basis size, in which the energy remains constant within a cer-

tain threshold. For the sake of completeness, we want to mention that after we had published the paper, we

found such kind of non-variationality even for HF, however only for very large ES ' 120. Thus, in principle

there is also such an optimal region for HF, but it is so large that in practice it does not matter.

In summary, HFbasi s cannot be as strictly converged as HF, which is especially visible for the electron

density deviations that saturate of the order of ∆ρES,100 ≈ 10−5 even for large basis sets. Nevertheless, this

accuracy is sufficient to interpret and compare numerical data in the following. Comparing HF with HFbasi s

with these parameters, we find that |EHF −EHFbasi s | ≈ 10−8 and maxx |ρHF (x)−ρHFbasi s (x)| ≈ 10−5. So both

methods are consistent.

8Note that in our case, we have always GS = N
2 , where N is the number of electrons, because we only look at closed-shell systems,

which distribute two electrons to every spatial orbital.
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C.2.3 Validation of dHF

After having properly understood the convergence of the electronic HF methods, we can now turn to dHF.

All the calculations shown in Ch. 6 are done with the basis-set type of implementation, which is more in-

volved than in the purely electronic HFbasi s case. Thus, we start in Sec. C.2.4 with discussing the new issues

that enter when one needs to converge a system in the dressed space with respect to the basis set. In Sec.

C.2.5, we present the convergence of dHF with zero-coupling (λ = 0), which means that the electronic and

photonic part of the system completely decouple such that we can compare the results of the electronic part

to electronic HF. In the last section, C.2.6, we conclude the discussion by comparing the dHF results from

OCTOPUS with DYNAMICS.

C.2.4 Basis-set convergence in the dressed auxiliary space

In the dressed auxiliary space that we explore with dHF and dRDMFT, the basis-set convergence is even

more difficult than in the HFbasi s case. We illustrate this additional difficulty for dHF in the no-coupling

(λ= 0) case. λ= 0 makes the discussion much simpler, because we have two perfectly separated problems,

the atomic system and harmonic oscillators that are just calculated at the same time. However, we use a

combined basis that consequently needs to include the appropriate degrees of freedom for both systems.

But the composition of the basis set is strongly influenced by the parameters of the system, especially ω,

because it is generated by a preliminary calculation. This can be illustrated as follows:

For λ = 0, the electronic and photonic part of the system separate. Thus, the coupled (dHF) Hamilto-

nian is a direct sum of the electronic (photonic) Hamiltonian Ĥ e (Ĥ p ) and the two-dimensional dressed

orbitals ψiα(x, q) can be exactly decomposed in their one-dimensional electronic φi (x) and photonic χα(q)

constituents, ψiα(x, q) =φi (x)⊗χα(q). Here, φi (χα) is an eigenfunction with eigenvalue ee
i (ep

α) of the elec-

tronic (photonic) Hamiltonian Ĥ e (Ĥ p ). Consequently, we know that we can calculate the eigenvalues of the

dressed orbitals as sum of the uncoupled ones, i.e., eep
iα = ee

i +ep
α. The basis set for a dHF calculation is then

constructed using the ground and the first ES excited orbitals of a preliminary IP calculation. These orbitals

are ordered by their eigenvalue eep
iα and for that, the relation between the individual energies of the electron

and photon space is crucial.

Table C.1 shows the decomposition of such a basis with ES = 6 (and thus M = 7). We see that slightly

more electronic states contribute to the basis, but already 3 out of 7 states describe excited photon contri-

butions. So if we wanted to use that basis for an dHF calculation with for example λ= 0, that trivially needs

only ground-state contributions for the photonic coordinate, these 3 states would be entirely unnecessary

and waste computational resources. Before we discuss this further, we want to explain how ω influences

this distribution between electronic and photonic contributions: If we chose for example a larger ω ≈ 1.3,

the first 4 states of the combined basis would only vary in the electronic contribution. If we instead lowered

ω, the opposite would happen and the first states would vary in the photonic contribution. A similar kind

of argument could be done for all other ingredients of the Hamiltonian of course, but for ω this influence

is most directly visible and comparatively strong. Note that this effect is independent from the issue of the

fermion ansatz that we discussed in Sec. 4.2.3. Also there, we can increase ω to trivial satisfy the extra con-

ditions due to the hybrid statistics of the polaritonic orbitals. However, it is very difficult to disentangle both

effects (employing the Piris orbital-optimization routine).

At this point, one might ask the question why at all we use the basis-set implementation and the an-

swer remains the same as for the purely electronic case: Although we need large basis sets for the properly

converged dHF calculations which makes them numerically very expensive, these computations are still

248



C.2. VALIDATION OF THE DHF ROUTINE

contribution
index ee

i ep
α eep

iα i α

1 -1.483 0.277 -1.207 1 1
2 -0.772 0.830 -0.653 1 2
3 -0.461 1.384 -0.495 2 1
4 -0.263 -0.184 3 1
5 -0.100 1 3
6 0.014 4 1
7 0.058 2 2

Table C.1: Basis set structure (IP calculations) with ES = 6 (thus M = N /2 + ES = 7 basis states) for the
dressed He atom with mode frequency ω≈ 0.5535, but no coupling (λ= 0). On the left side of the table are
the first eigenenergies ee

i (ep
α) of the pure electronic (photonic) Hamiltonian Ĥ e (Ĥ p ) shown. On the right

side, we see the orbital energies eep
iα = ee

i + ep
α of the combined Hamiltonian Ĥ ep and the decomposition of

the combined index: The first eigenenergy eep
1 = eep

11 = ee
1+ep

1 is the sum of the two first uncoupled energies.
The second energy eep

2 = eep
12 instead is formed from the electronic ground but photonic first excited state,

etc. In this example, we see that both contributions are similar, although there are slightly more electronic
orbitals included. This tendency continues also for increasing ES.

relatively inexpensive compared to calculations with a conjugate gradients algorithm that calculates all in-

tegrals on the grid. In the case of the He atom, the dHF calculation with conjugate gradients and ES = 15

takes still 4 times longer than the same calculation with a basis set and ES = 50.9

Finally, we want to mention that the statements of this subsection carry over straightforwardly to the

coupled (λ > 0) case, we just do not have the direct connection to the decoupled spaces and thus cannot

visualize this case as well. It is clear that we need more variational freedom for the photonic subspace than

in the λ= 0 case but the basis will still depend on the system parameters. One can expect that also for λ> 0

many basis states will be unnecessary.

C.2.5 Validation of dHF for λ= 0

Now we can address the ES-convergence of dHF, which we present for λ = 0, such that we can compare

the electronic part of the converged result to HF afterwards. As we set λ = 0, we know that for the photon

component, the IP ground-state orbital χ1(q) is already the exact solution, because the photons do not in-

teract directly with each other and HF (or any other level of approximation) will not change this. The dHF

ground-state orbital thus is φ(x, q) =ψHF (x)⊗χ1(q) with the electronic HF ground-state orbital ψHF (x). As

we saw in the last section, when we converged the He test system using the HFbasi s routine, ψHF (x) can

be approximated by an IP basis with ES = 40. So we know that in the no-coupling limit of dHF, we do not

need a larger basis set, because Kronecker-multiplying the basis-states of the HFbasi s -calculation with χ1(q)

would be exactly sufficient. However, here and in the following, we do not want to choose by hand such

a well-adapted state space (which for very strong coupling strength is nontrivial), but instead rely on the

polaritonic IP-calculations. From our considerations before, we expect to need more basis states to reach

the same level of accuracy than using HFbasi s and the exact number will depend on ω. Indeed, for ω=ωr es ,

we need ES = 80 to have ∆EES,100 < 10−7 and ∆ρES,100 ≈ 10−5, where we calculate the electron density of

the dHF-calculation by ρ(x) = ∫
dq ρ(x, q). When we instead choose a very high value of ω = 5.0, we reach

∆EES,100 < 10−7 and ∆ρ ≈ 10−5 already for ES ≈ 40. For both calculations, we do not reach ∆EES,100 < 10−8

9Note that both algorithms are not yet fully optimized and thus, the efficiency might still significantly change. See also the Outlook
in part IV.
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even for bigger ES. This is due to the many "unnecessary" states that are taken into account in the mini-

mization. These then only introduce numerical noise without providing useful variational information. We

find this confirmed by analyzing the “photonic density” ρ(q) = ∫
dxρ(x, q), which deviates from the correct

density ρex (q) = 2|χ1|2(q) although χ1(q) is explicitly part of the basis. Adding basis states consequently

cannot improve the photonic orbital. For instance, for ω = ωr es , the density deviations remain at approxi-

mately ∆ρES,ESr e f ≈ 10−4 for all ES and ESr e f . When we instead chooseω= 5.0, we increase the accuracy to

∆ρES,100 ≈ 10−5 for ES ≥ 40. Despite being less accurate, we used ω = ωr es for the results in Ch. 6, because

∆ρES ≈ 10−4 is still two orders of magnitude smaller than the deviations from the exact or the dRDMFT so-

lution. Again, we can safely use these “less” accurate results, because we know “where it comes from,” i.e.,

we understand how the accuracy is controlled.

This is confirmed by the comparison of the electronic part of dHF to HF that we are now able to perform.

For the energy comparison, we need to subtract the photon part Ep = 2ω2 from the total dHF energy Ed HF ,

Ed HF,e = Ed HF −Ep . However, this analytical expression is also not exact, because of the just mentioned error

in the photonic part of the orbitals. Consequently, we have deviations forω=ωr es of |EHF −Eω=ωr es
d HF,e | ≈ 3·10−6

and maxx |ρHF (x)−ρω=ωr es
d HF,e (x)| ≈ 10−4. However, for the “better” value of ω = 5.0, we find |EHF −Eω=5.0

d HF,e | ≈
4 ·10−7 and maxx |ρHF (x)−ρω=5.0

d HF,e (x)| ≈ 10−5.

C.2.6 Validation of dHF with DYNAMICS

We conclude this section by comparing the results of our implementation of dHF in OCTOPUS with the DY-

NAMICS code, which uses an imaginary time propagation [300] algorithm to calculate the HF ground-state.

This comparison allows us to validate also the case of λ> 0. We choose ω=ωr es and λ= 0.1 for the compar-

ison and perform another ES-convergence, confirming that we need ES = 90 for the same level of accuracy

like before in the no-coupling case. For the sake of completeness, we want to mention that for ω = 5.0 we

need again a significantly smaller basis set for even better converged results, exactly as we found before in

the λ= 0 case. However, already for ω=ωr es the level of convergence is an order of magnitude better than

the expected deviations between the codes that we estimated before.

So we compare the ground-state for these parameters to the result of DYNAMICS and find for the energy

the expected deviations of EOD ≈ 10−5. For the density, we find instead deviations of ρOD ≈ 10−3. This dis-

crepancy is probably due to the different convergence criteria of the two codes. DYNAMICS tests the eigen-

value equation of the one-body Hamiltonian for a certain subset of all the grid points, which is a much

stronger criterion than the one of OCTOPUS, explained before. The influence of these different criteria on a

self-consistent calculation are naturally stronger than on the calculation of a linear eigenvalue-problem like

the many-body calculation. Still, density errors of the order of 10−3 are small enough for our purposes. We

find similar errors also for other values of λ and conclude that both codes are sufficiently consistent.

C.3 Validation of dRDMFT

In this section, we can finally turn to dRDMFT. This is the first implementation at all of this theory, so we

cannot validate it with a reference code any more. However, the difference between HF and RDMFT (using

the Müller functional) on the implementation-level essentially is in the treatment of the occupation num-

bers, which are fixed to 2 and 0 in the former case but are allowed to be non-integer for the latter. The 1-body

and 2-body terms, which implementation-wise are the only modifications due to the dressed auxiliary con-

struction (v(r) → v ′(r, q), w(r,r′) → w ′(rq,r′q ′)) are the same for HF and RDMFT and thus also for dHF and
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dRDMFT. This means that the validation of dHF that we presented in the previous section at the same time

largely validates the implementation of dRDMFT.

Still, we need to analyze and understand the convergence with respect to the basis set in dRDMFT and

check for the consistency between the results of RDMFT and dRDMFT in the no-coupling limit.

C.3.1 Basis-set convergence of RDMFT

In RDMFT, we have to perform two minimizations that are interdependent: for the natural orbitals φi and

the natural occupation numbers ni (where always i = 1, . . . , M). This is done by fixing alternately φi or ni ,

while optimizing the other until overall convergence is achieved (see Sec. 7.1.3).

We have the possibility to define different convergence criteria for each minimization, εE (which is con-

nected to εΛ, see Sec. C.2.2) and εµ. The latter tests the convergence of the Lagrange multiplierµ that appears

in the RDMFT functional to fix the total number of particles in the system (see algorithm 2). The occupation

number optimization routine at iteration step m sets µ=µm , minimizes the total energy with respect to the

ni = nm
i and calculates the particle number N m = ∑M

i=1 ni . Based on the deviation to the correct system’s

particle number, µm+1 is increased or decreased. The routine exits if |µm −µm−1| < εµ. For the remainder of

this section, we set εE = εµ = 10−8.

However, the ES-convergence of RDMFT is again more difficult than in the HFbasi s -case. Contrary to the

(largely) monotonic dependence between ES and the energy that we found for HFbasi s , the current RDMFT

implementation in OCTOPUS shows a clear non-variational behavior with respect to the number of basis

states. For all tested systems, the energy went down with increasing ES until a certain value ESmi n < 100 and

then up again. Therefore, it seems that the interplay of the two minimization processes and the relatively

soft types of convergence criteria introduce for big ES such large errors that they exceed the gain of accuracy

due to more variational freedom. In Tab. C.2, we show the variation of the ground-state energy of He (outside

the cavity) for a series ES = {10,20, . . . ,80}. The energy first decreases until its lowest value for ESmi n ≈ 40

and then increases again.

ES Energy ∆EES = EES −EES−10

10 -2.2421837 -
20 -2.2426908 −5.1 ·10−4

30 -2.2427080 −1.7 ·10−5

40 -2.2427085 −4.9 ·10−7

50 -2.2427049 +3.6 ·10−6

60 -2.2427035 +1.3 ·10−6

70 -2.2426928 +1.1 ·10−5

80 -2.2426937 −9.9 ·10−8

Table C.2: Ground state energies of the He atom (outside the cavity) calculated by RDMFT with parameters
mentioned in the main text. The energy goes first down with increasing number of ES until it reaches its
lowest value at ESmi n ≈ 40 and then up again.

This non-strictly variational behavior makes a clear definition of the convergence difficult. However,

we find that for every considered system there is an optimal region ES opt = {ES |ESmi n ≤ ES ≤ ESmax }.

By optimal region, we mean an interval of ES in which the solutions vary minimally among each other,

i.e., their energy and density deviations are minimal. For the energies, we define ∆EES,ES′ = |EES −EES′ |,
the corresponding threshold εEopt , and require ∆EES,ES′ < εEopt for all ES,ES′ ∈ ES opt . For the densi-

ties, we define the point-wise density deviations ρES,ES′ (x) = ρES (x) − ρES′ (x), their maximal deviations
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∆ρES,ES′ = maxx |ρES,ES′ (x)|, and the corresponding threshold ερopt . As second condition on ES opt we re-

quire ∆ρES,ES′ < ερopt for all ES,ES′ ∈ ES opt .

We start with the investigation of the energies and find that ∆EES,ES′ < 5 ·10−6 for all combinations 30 ≤
ES,ES′ ≤ 60, but ∆EES,ES′ > 10−5 when we choose 30 ≤ ES ≤ 60 and 30 ≤ ES′ ≤ 60 or 10 ≤ ES′ ≤ 20. We

conclude that the first condition for ES opt is met by the interval 30 ≤ ES ≤ 60 with threshold εEopt = 5 ·10−6.

For the investigation of the second condition, we depict in Fig. C.2 the density deviations ρES,ES′ (x) with

ES′ = 60, the upper boundary of the just found interval and ES′ = 80, that corresponds to the largest basis

set of this example. For a better visibility, the curve for ES = 10 is not shown, but it deviates stronger than all

the other curves from both ES′. We conclude that ∆ρES,ES′ goes down until ES = 20, independently of the

reference. However, for ES ≥ 30 this is not the case any more. We find ∆ρES,80 ≈ 10−4 but ∆ρES,60 < 5 ·10−5.

Additionally, we observe two different types of deviations: The curves ρES,80(x) have a similar form for all

30 ≤ ES ≤ 60, but when we change the reference point to ES′ = 60, we cannot find pronounced similarities

which is what we would expect from fluctuations. When we test also the other possible values for ES′, we

find ∆ρES,ES′ < 5 ·10−5 for all 30 ≤ ES,ES′ ≤ 60. Thus, the second condition for the optimal region is met by

the same interval like the first condition with threshold ερopt = 5·10−5. Therefore, we have ES opt = {ES |30 ≤
ES ≤ 60} and conclude that the maximum possible accuracy of RDMFT calculations is already reached for

ES = 30 and it is generally lower than for HFbasi s .

Figure C.2: Differences in the ground-state density ∆ρES,ES′ (x) for RDMFT calculations of the He atom with
ES′ = 80 (left) and ES′ = 60 (right). ρES=20(x) deviates similarly for both reference points, but for ESr e f = 80,
we see a systematic (instead of random) ∆ρES (x) for 30 ≤ ES ≤ 60. The deviations merely drop under 10−4,
except for ES = 70, which is very close to the reference. When we instead use ES′ = 60, the calculations for
ES = 30 to ES = 60 only deviate of the order of 10−5 and the deviations have a random character.

The strong decrease in accuracy of RDMFT in comparison to HFbasi s suggests that the occupation num-

ber minimization adds a significant error to the calculation. As we have discussed in Sec. B, also the more

accurate BFGS algorithm that is now the default solver exhibits certain inaccuracies. It is very difficult to

estimate the exact error that is introduced by the method, because of the strong nonlinear character of the

minimization (especially the interdependence between the φi and ni optimizations). For a thorough un-

derstanding of this issue, one needs to implement and test different numerical solvers. However, for the
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purposes of this text, we consider the current accuracy as sufficient.

C.3.2 Basis-set convergence of dRDMFT and comparison to RDMFT

For the ES-series of dRDMFT, we need to deal with the combination of the inaccuracies introduced by the

ni -minimization, explained in the previous subsection and the additional errors due to extra large basis sets

that contain many redundant degrees of freedom, that we found for dHF before (Sec. C.2). We know already

that a large photon frequency is advantageous in terms of the latter. So we choose ω= 5.0 to make this error

as small as possible.

As expected, it is much harder to define a convergence region in the way we did before for electronic

RDMFT. We find the lowest energy at ES = 50, which deviates from ES = 40 and ES = 60 by |EES=40/60 −
EES=50| > 10−5. So we cannot find a region, where the energy is converged better than 10−5. Nevertheless, if

we accept an accuracy of ∆EES < 5 ·10−5 as sufficient, we find a region as large as 20 ≤ ES ≤ 100 that satisfies

the criterion. A look at the density deviations reveals that we can slightly tighten this region and exclude

ES = 20, such that we have deviations ∆ρES,50 ≈ 10−4 for all 30 ≤ ES ≤ 100. We found similar values also for

other examples and we can conclude that we lose about one order of magnitude of accuracy for dRDMFT in

comparison to RDMFT. Careful fine-tuning of the numerical parameters could improve this, but the current

accuracy suffices for our purposes. For the calculations, presented in Ch. 6, we employed much smaller

frequencies ω < 1.0 and consequently, we had to employ larger bases. Nevertheless, we obtained the same

level of accuracy.

Finally, we present the consistency check between RDMFT and dRDMFT in the λ = 0 limit. We find

|ERDMF T −EdRDMF T | ≈ 10−5 and maxx |ρRDMF T (x)−ρdRDMF T (x)| ≈ 10−4, which means that the deviations

between the levels of theory are of the same order as the maximal accuracy that dRDMFT provides. We

conclude that both theories are consistent.

C.4 Protocol for the convergence of a dHF/dRDMFT calculation

We conclude the convergence study with a step-by-step guide for the proper usage of the dressed orbital

implementation in Octopus. All the real-space calculations presented in Ch. 6, presented in the main part

of this paper were performed according to this protocol

1. Box length Lx and spacing ∆x convergence for the purely electronic part of the system on the level of

IP and electronic HF and for the uncoupled photonic system on the level of IP.

• Test the deviations in energy ∆ELx < εELx
and density ∆ρLx < ερLx

, as explained in Sec. C.1.

We chose εELx
= 10−8 and ερLx

= 10−5 to exclude any numerical artefacts. However, as the dHF

and dRDMFT calculations do typically not reach such precisions, one can relax these criteria in

general.

• For the ∆x -series, test only the deviations in energy ∆E∆x < εE∆x
due to the larger density errors.

We chose εE∆x
= 10−8, but like for the box length, this criterion can be relaxed.

2. Basis size convergence for the HFbasi s routine with the purely electronic part of the system.

• Perform an ES-series and test the deviations in energy∆EES,ESr e f < εEES and in density∆ρES,ESr e f <
ερES as explained in Sec. C.2.2. Here, we were typically able to reach εEES = 10−8 and ερES = 10−4.10

10Note that in Sec. C.2.2, we wrote instead ∆ρES,ESr e f
≈ 10−5 because some values were slightly larger than 10−5. Thus, εEES = 10−4

for sure is satisfied.
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Again, these criteria can be relaxed.

• Compare the converged HFbasi s and the electronic HF results in energy and density and make

sure that both are consistent on their level of accuracy.

3. Basis size convergence of the dressed theory that is wanted (dHF or dRDMFT) in the no-coupling

(λ= 0) limit

• Perform an ES-series like for HFbasi s . Note that one needs to expect considerably larger basis

sets for the same level of convergence (see Sec. C.2.5 for details).

• Check consistency of the electronic sub-part of the system with HFbasi s as mentioned in Sec.

C.2.5. If this check fails drastically, this is very probably due to the violation of the extra exchange

symmetry in the photonic coordinates (see Sec. 5.1).

4. The convergence study is finished with another basis-set convergence for λ > 0. Typically, we also

performed another small box length series with the converged basis set to make sure that the cou-

pling does not increase the size of the system crucially such that boundary effects could influence the

results.
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