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Abstract

We present an efficient scheme to calculate the chiroptical response of molec-
ular systems within time dependent density functional theory using either a
real-time propagation or a frequency-dependent Sternheimer method. The
scheme avoids the commonly used sum over empty orbitals and has a very
favorable scaling with system size. Moreover, the method is general and can
be easily implemented. In the present work, we implemented it using a real-
space pseudo-potential representation of the wave-functions and Hamiltonian.
The specific use of non-local pseudo-potentials implies that a gauge correc-
tion term in the angular momentum operator must be included to ensure that
the total scheme is fully gauge invariant. Applications to small organic chi-
ral molecules are shown and discussed addressing some deficiencies of present
exchange-correlation functionals to describe the absolute position of the ex-
citations. However, the shape or sign of the dichroism spectra comes out in
excellent agreement with available experiments.
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Preface

Solomon saith: There is no new thing upon the earth.
So that as Plato had an imagination,
that all knowledge was but remembrance;
so Solomon giveth his sentence,
that all novelty is but oblivion.

Francis Bacon,
in Essays LVIII

In the development of new strategic tools which allow the social and tech-
nological advance in the world physics appears in a prominent place. This
position is not only position of power but also a responsibility one. From
ancient times the knowledge has been an invisible Iron curtain between the
different cultures and has been the key ingredient for social and technological
advances.

In the last decades the rising mutualism between the fast evolution of com-
putational power and the new theories in solid state physics has permitted the
irruption of condensed matter techniques especially designed for the nano and
micro world more tangible. Biology is one of the biggest beneficiaries of this
invasion of electronic structure methods, especially the ab initio-based ones. It
is now possible for many biological systems to tailor their electronic and optical
properties to a specific functionality and behavior inside the living organisms.

Density functional theory and its time dependent extension have become a
successful way to solve to a very good approximation the Schrödinger equation
for many-body systems. In this framework the observables are represented by
functionals which only depends on the electronic density instead of the complex
many-body wave function. Taking advantage of this formalism, we introduce in
this master thesis a gauge invariant methodology for the numerical description
of the optical activity in molecular systems.
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Chapter 1

Introduction

TIGER, tiger, burning bright
In the forests of the night,
What immortal hand or eye
Could frame thy fearful symmetry?

William Blake,
in The Tiger

The present manuscript deals with the numerical description of the chirop-
tical properties of molecular systems in Time Dependent Density Functional
Theory (TDDFT). Our goal is to develop a deeper understanding of the re-
sponse to external electromagnetic fields in this kind of structures.

Certain materials have the property of rotating linearly polarized light,
an effect usually referred to as optical activity, it forms the basis of one of
the most useful spectroscopic techniques in chemistry, biology, and materials
science: circular dichroism. In the simplest version of this technique, one
probes either the optical rotatory dispersion (ORD) or the electronic circular
dichroism (ECD). The former approach consists in the measurement of the
change in the angle of polarisation of the incident linearly polarised light as a
function of the wavelength. In ECD measurements, one measures the difference
in absorption between right and left circularly polarised light. The incident
linearly polarised light becomes elliptically polarised as it travels through the
medium. Therefore the molecular chirality, left and right handedness, is then
directly probed. Chirality in general constitutes an area of great scientific
and commercial interest: pharmaceutical science depends largely on chiral
recognition, as well as catalysis in chemical industry and liquid crystal displays,
among others.

Enantiomers, chiral molecules, play a fundamental role in the activity of
living organisms, for example, sugars are right-handed and amino-acids are
left-handed, and pharmaceutical complexes, for example thalidomide in its
R- specie is effective against morning sickness in pregnant women but the S-



2 1. Introduction

enantiomer produces fetal deformations. Therefore, the determination and
control of the absolute configuration of chiral molecules is of paramount im-
portance. For example, ECD in the ultraviolet is used to determine pro-
tein secondary structures [Wallace 00] and the helical structure of nucleic
acids [Sutherland 81] in vacuo. This powerful and sensitive spectroscopic tool
can be extended beyond chiral molecules by placing the target molecule in a
magnetic field so that it becomes optically active. This technique is known as
magneto-chiral dichroism or magnetic circular dichroism (MCD).

It was early recognised that the formulation and implementation of an effi-
cient and predictive theoretical scheme to address chiroptical properties in dif-
ferent molecular systems would be instrumental in important fields of science.
In fact, experimental spectra are often hard to interpret, and their comparison
to theoretical models becomes essential to unveil the relevant structural and
dynamical information about the system. It is not surprising, therefore, that a
considerable amount of effort has been devoted to the development of such the-
oretical schemes in the past decades [Amos 82, Buckingham 83, Amos 87]. Fol-
lowing the seminal works by Rosenfeld and Condon [Rosenfeld 28, Condon 37],
several calculations of circular dichroism have been presented in different the-
oretical frameworks such as Hartree-Fock [Polavarapu 97, Polavarapu 98], cou-
pled cluster theory [Tam 04, Kongsted 05, Pedersen 04, Crawford 06, Crawford 07,
Crawford 08] and configuration interaction methods [Pericou-Cayere 98], ground
state density functional theory (DFT) [Cheeseman 00] and time-dependent
DFT (TDDFT) [Autschbach 02].

In the present work, an alternative TDDFT approach based on real-time
propagation is followed. Performing real-time propagation is nowadays rou-
tinely done for the linear and non-linear response properties [Yabana 96, Yabana 99b,
Bertsch 00, Marques 03b] and was extended to ECD in Ref. [Yabana 99a]. This
method has been successful in determining optical properties where only the
electric field component of the light is relevant. However, dichroism is a mixed
magneto-optical response, so the magnetic component of the light has to be
taken into account as well. Even though the formulation of quantum me-
chanics (or TDDFT) under magnetic fields is gauge invariant, this invariance
might not be satisfied by approximate solutions of the corresponding equa-
tions [Gauss 00].

This thesis is build upon the work of Yabana and Bertsch [Yabana 99a], and
presents a formulation of dichroism that is fully gauge invariant. It is shown
that the enforcement of gauge invariance is fundamental to get a reliable de-
scription of the molecular dichroic response. Furthermore, several techniques,
such as filtering of the pseudo potentials, that greatly improve the numerical
efficiency of the scheme are implemented. The approach is applied subse-
quently to a variety of benchmark systems. In particular is compared the cal-
culated ECD spectra for three alkene compounds and for the methylphenidate
molecules. Also the ECD and ORD were calculated for the methyloxirane
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molecule.
Unless otherwise specified, we are using Hartree atomic units throughout,

i.e. me = ~ = e = 1. The unit of energy is the Hartree (Ha = 27.211 eV
or 4.359 · 10−18 Joule), lengths are in bohr radii (a0 = 0.0529177 nm),
time is expressed in a.t.u. (or 2.41888 · 10−17 s), mass in electron masses
(19.109381 · 10−31 kg), forces in Ha/bohr (8.238 · 10−8 N or 51.422 eV/Å),
and pressure in Ha/bohr3 (2.942 · 1013 Pa or 183.63 eV/Å3).

This master thesis is organised as followss: in Chapter 2 a brief review
on the history and nature of the optical activity is presented, in Chapter 3
the basics of the electronic structure theory are discussed focusing on density
functional theory and its time dependent extension. In Chapter 4 we describe
the method for the calculation of ECD including a discussion of the most
important details of the numerical implementation. In Chapter 5 the results for
selected molecules are shown and compared with experimental results. Finally,
in Chapter 6 we draw our conclusions and outline some perspectives for future
studies.





Chapter 2

Foundations of Optical Activity

How would you like to live in a looking-glass house.
Kitty?. . . Perhaps looking-glass milk isn’t good to drink.

Lewis Carrol,
in Through the Looking-Glass, and What Alice Found

There. (1871)

This chapter gives an introduction into optical activity with special focus
on its theoretical description. We also discuss the key discoveries that lead
to the knowledge above optical activity that we have today. Obviously, we
cannot give a complete review of the topic but try to be detailed enough to
give the reader a basic underestanding of physical characteristics of optical
activity. For a more complete discuss the reader is referred to the splendid
books by Barron [Barron 04] for the theoretical part and Lowry [Lowry 64] for
an exquisite historical review.

2.1 The History of Optical Activity

The double refraction phenomena in crystals has been well known since the
seventeen century when Christiaan Huygens published his Treatise of the light
(1690) in which he explained the causes of the strange refraction of Iceland
crystals, initially described in 1669 by Erasmus Bartholinus, based on reflection
and refraction of light using his“new”wave-theory. However, he concluded that
more effort has to be invested in to this topic in order to understand the nature
of this phenomena.

Working on the same crystals, Étienne Louis Malus published two papers
in the Mémories de la Société d´ Arceuil in 1809, under the title Sur une
propiété des forces répulsives qui agissent sur la lumiére [Malus 09], here he
recalls the fact that using two crystals it is possible to find a configuration
of their optical axes such that one of the two images produced by the first
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crystal disappears. His works gave origin to concepts like polarised light and
birefringence, afterwards extended and clarified by Fresnel.

On August 11th, 1811 the french-catalan astronomer François Jean Do-
minique Arago presented to the Institut de France a Memoir “Sur une modi-
fication remarquable qu’ éprouvement les rayons lumineux dans leur passage à
travers certain corps diaphanes, et sur quelques autres nouveaux phénomènes
d’optique” [Arago 11]. He described the colours which are produced when
plates of mica, gypsum and quartz are inserted in the path of a beam of sun-
light which has been polarised by reflection from a pile of glass plates. The
light subsequently analysed by checking the solar images through a plate of
spar. He found that crystals of quartz are able to rotate the plane of polarisa-
tion of the incident polarised ray when it is transmitted following the direction
of the optical axis. Although Arago was able to study the effects induced by
the rotation of the plane of polarisation, he was not able to explain the na-
ture of the phenomenon. It is to Biot that we owe a complete study of this
effect [Longchambon 22].

The detailed studies and experiments of Jean Baptiste Biot on rotatory
polarisation are described in five Memoirs presented to the French Académie
des Sciences from 1812 to 1838, and in a long series of notes in the Comptes
rendus, many of them being abstracts of papers which were published in ex-
tenso in the Annales de chimie et de physique and elsewere. The title of the
five principal Memoirs are as follow:

1. Mémoire sur un nouveau genre d’oscillations que les molécules de la lu-
mière éprouvent, en traversant certains cristaux [Biot 12]. Read between
November 30th, 1812 to December 7th, 1812, and February 8th, April 15
and May 31st, 1813. The page-headings of this Memoir, which was not
published until 1814, are Recherches sur la polarisation de la lumière.

Biot’s detailed studies of the colours, which Arago had produced with
plates of quartz, are described in this Memoir, which covers nearly 400
pages. It covers Biot’s most important results concerning to the optical
activity and nature of the light in crystals. The summary of these are:

• Rotatory polarisation and Rotatory Dispersion. Changing
the thickness of the quartz plates, Biot determined the linear de-
pendence of the optical activity with the width of the sample. Si-
multaneously he was able to establish the phenomena of Rotatory
polarisation, i.e. the rotation of the plane of polarisation by pass-
ing through a suitable medium, and Rotatory Dispersion, i.e. the
unequal rotation of the plane of polarisation of light of different
wavelengths.

• Optical Superposition. In his first Memoir, Biot also records
his discovery of a second form of quartz which rotated the plane of
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polarisation in the opposite direction to the first form. The com-
pensation of the rotatory power of one form of quartz by the other
was therefore complete when the equal thicknesses were used.

• Law of Inverse Squares. Biot recorded an increase in the angle
of rotation of the plane of polarisation as the colour of the light
changed from red to violet. However, it is in his second Memoir
when he described with more detail this principle.

2. Sur le rotations que certaines substances impriment aux axes de polari-
sation des rayons lumineux [Biot 17]. Read in September 22, 1818.

In this Memoir, Biot describe a more detailed Recherche de la loi de
rotation des différents rayons simples, dans le cristal de roche. In this
research despite that Biot did not have at his disposal any source of
monochromatic light, he was able to fit an empirical law for the rotation
of the plane of polarisation as a function of the wavelength of the incident
rays: α = κ/λ2, κ is a constant of the medium and λ is the wavelength
of the incident ray.

Biot himself was able to affirm that “If it is not the natural law, it is
sufficiently near to be substituted for it in all the observations”. It is
remarkable that Biot introduced his inverse square law 80 years before
than Drude, who wrote α = k/(λ2 − λ2

0).

3. Mémoire sur la polarisation circulaire et sur ses applications à la chimie
organique [Biot 35]. Read on November 5, 1832.

In this Memoir, Biot shows that the optical activity appears not only
in crystals, but also in solution. Biot includes a record of the optical
rotatory power of a large number of essential oils and syrups. It also
contains a reference to the optical rotatory power of tartaric acid and its
anomalous rotatory dispersion. He established also that sugars rotates
the plane of polarisation both in solution and in the solid amorphous
state, as in barley sugar and that the optical rotatory power of turpentine
persists in the vapour state. Biot therefore held that rotatory power was
a specific property of the molecule, which should be independent of its
concentration.

4. Methodes mathématiques et expérimentales pour discerner les mélanges
et les combinaisons et les combinaisons chimiques définies ou non définies
qui agissent sur la lumieère polarisée, suvivies d’applications aux combi-
naisons de l’acide tartrique avec l’eaux, l’alcool et l’esprit de bois [Biot 38b].
Read on January 11, 1836.
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In his fourth Memoir Biot introduces, under the title Le pouvoir de
rotation moleculaire, the modern definition of the Specific Rotatory
Power, [α], of a liquid, or a mixture or solution:

[α] =
α

lδ
or

α

lεδ′
(2.1)

where α is the observed rotation in degrees, l is the length of the column
in decimetres, δ is the density of the liquid, and ε is the fraction by weight
of the optically-active compound.

5. Mémoire sur plusieurs points fondamentaux de mécanique chimique [Biot 38a].
Read on November 27nd, 1837.

In this Memoir, Biot made a detailed study of the action of acids and
alkalis on the rotatory power of tartaric acid. He also recorded the fact
that the rotatory power of this acid is increased by the addition of boric
acid in the glassy state as well as in solution.

Contemporaneously to Biot’s Memoirs on Rotatory Polarisation, an impor-
tant set of Memoirs about the constitution and properties of polarised light
were published by the young French physicist Augustin-Jean Fresnel over the
period from 1816 to 1823. In these works, the transverse nature of the light
was exposed and the double refraction phenomena in quartz was successfully
explained.

In his Memoir Mémoire sur les modifications que la refléxion imprime à
la lumière polarisée [Fresnel 17] presented to the Institut de France, a set of
experiments on the reflection of polarised light both at exterior surfaces and
interior ones. A partial ”depolarisation“ of the internal reflected ray was ob-
served by Fresnel. He explained this by supposition that the internal reflection
splits the incident polarised light in two systems of waves one parallel and
the other perpendicular to the plane of incidence. These two separated by
an interval of an eighth of a wave. Fresnel also concluded that a complete
depolarisation results when a retardation of a quarter of wave is produced by
two reflections. A complete study about the production methods and proper-
ties of Circularly Polarised Light1 was submitted afterwards by Fresnel in two
Memoirs to the French Académie at the end of 1822 and at the beginning of
1823 [Fresnel 22, Fresnel 23]. In one chapter of his Memoire presented in 1822
Fresnel pointed out about the Double Refraction along the Axis in Quartz. He
explains and proves the hypothesis that a ray of light, travelling along the axis
of a crystal of quartz, is resolved into two circularly polarised rays of opposite
sign, which travel with unequal velocities.

1In this work the terms rectilinear and circular polarisation were first introduced, but
the theoretical description was shown in a posterior Memoire.
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The theoretical development following the experiments were sketched by
Fresnel in his Memoirs: Mémoire sur la double réfraction[Fresnel 24b] and un-
der the title Considérations théoriques sur la polarisation de la lumière[Fresnel 24a].
He discusses the conditions under which a difference of phase can be established
between two circularly polarised beams, giving rise to rotatory polarisation. In
his own words [Lowry 64]:

“There are certain refracting media, such as quartz in the direction of its
axis, turpentine, essence of lemon, etc., which have the property of not trans-
mitting with the same velocity circular vibrations from right to left and those
from left to right. This may result from a peculiar constitution of the refract-
ing medium or its molecules, which produces a difference between the directions
right-to-left and left-to-right; such, for instance, would be a helicoidal arrange-
ment of the molecules of the medium, which would present inverse properties
according as these helices were dextrogyrate or lævogyrate. ”

2.1.1 Molecular dissymmetry

Despite the complete studies by Biot and Fresnel about the processes that
evolved the phenomena of the optical rotation, the basic nature was still a
complete mystery. The first satisfactory explanation was given by the English
researcher Sir John Frederick William Herschel in his work entitled On the
impressed by plates of rock-crystal on the planes of polarisation of the rays of
light, as connected with certain peculiarities in its crystallisation [Herschel 22]
published in England in 1822. Herschel was able to correct the crystallo-
graphic observations made by the French mineralogist René Just Haüy, that
quartz crystals are hemihedrical structures which allowed the differentiation
between a left and right crystalline form and Biot’s results. He concludes that
the rotation of the plane of polarisation left or right is linked directly to the
hemihedrical structure of the quartz. These discoveries led to the fundamen-
tal problem of determining the basic cause of the optical activity. Based on
his research about the hemihedrical nature of the crystals of a tartrate the
french chemist and microbiologist Louis Pasteur coined the term dissymmetry
in 1848. It means “crystals which differ only as an image in a mirror differs
in its symmetry of position from the object which produces it” [Lowry 64]. He
found also that not all hemihedrical crystals are necessarily dissymmetric. Pas-
teur’s point of view on dissymmetry is described in his work Recherches sur la
Dissymétrie Moléculaire des Produits Organiques Naturels [Pasteur 60a]. He
identified and described the dissymmetric nature of certain objects and forms
as a property caused by its special arrangement spiral-type. He also showed
than in the case of the quartz, which loses its optical rotatory power when dis-
solved or fused, the dissymmetry depends on the structure of the crystal and
not on the molecules of silica. In organic substances which are optically active
in solution this explanation is wrong and Pasteur attributes their optical ac-
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Figure 2.1: Classical definition of chirality as given by Lord Kelvin. Left
and right hands and the left- and right handed molecules (left) . Alanine
enantiomers (center) and spirals with left and right handedness (right). Note
that each image is non-superimposable with its mirror image.

tivity to Molecular Dissymmetry. This novel property in special molecules was
demonstrated successfully by experiments on tartaric acid and the tartrates.

In the experiments on tartaric acid, Pasteur was able to establish three
methods to create optically active substances from a racemic mixture2. The
first method it uses the crystalline structure of the solid state of this acid.
Pasteur observed under a microscope that once the acid was crystallised, the
crystal was formed by two kinds of hemihedrical structures. Then, throughout
a carefully and patient process the two set of crystals were separated and
subsequently melted again. The obtained solutions proved to be optically
active and rotated the plane of polarisation in opposite directions but with the
same magnitude [Pasteur 53].

A second way to extract optically active substances from the racemic mix-
ture was showen by Pasteur using a chemical reaction with alkaloids [Pasteur 60b].
His experiments showed that the optical activity of tartaric acid is destroyed by
adding an alkaloid, which is optically active, and heating the mixture. Pasteur
used different kinds of alkaloids, cinchonine, quinine, brucine, and strychnine
obtaining different results in each case.

The last method of preparing an optically active tartaric acid was thought
up by Pasteur from observating the manufacture of chemical products from
organic sources. He was very impressed by the fact that optical rotatory power
was an attribute of natural organic substances. In such way Pasteur affirmed
“All artificial products of the laboratory and all mineral species are superposable
on their images . . . the essential products of life, are dissymmetric in such a
way that their image cannot be superposed upon them”.

2Racemic mixture means a solution not optically active which is composed of the same
amount of left- and right- chiral molecules.
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2.1.2 Chirality

One of the most important concepts for optical active systems was coined
by the Irish-born British researcher William Thomson a.k.a. Lord Kelvin:
chirality (from greek χειρ which means hand). The origin and further evo-
lution of this term seems to proceed from a marginal footnote included in an
appendix of Kelvin’s Baltimore lectures, delivered in 1884 but not published
until 1904 [Kelvin 04]: “I call any geometrical figure or group of points, chiral,
and say it has chirality, if its image in a plane mirror, ideally realised, cannot
be brought to coincide with itself. Two equal and similar right and left hands
are homochirally similar. Equal and similar right and left hands are heterochi-
rally similar or allochirally similar (but heterochirally is better). These are also
called enantiomorphs, after a usage introduced, I believe, by German writers.
Any chiral object and its image in a plane mirror are heterochirally similar.”
We illustrate this definition of chirality in Fig. 2.1.

Lord Kelvin could introduce this important concept due the revolutionary
work of the Dutch physicist Jacobus Henricus van ’t Hoff who published (in
dutch) a paper called A treatise on a system of atomic formuale in three di-
mensions and on relation between rotatory power and chemical constitution in
1874. He accounted for the phenomenon of optical activity by assuming that
the chemical bonds between carbon atoms and their neighbours were directed
towards the corners of a regular tetrahedron3.

2.1.3 Phenomenology of Optical Activity

The main effect as on a molecule an electric field is measured by the polaris-
ability of the molecule; the response to the electric field is a displacement of
the electronic charges in the direction of the applied field, the positive charges
are moved in the direction of the field and the negative ones in the opposite
direction. The displacement is proportional to the field strength, resulting in
the production of an induced dipole moment in the molecule. In the classical
picture, a chiral molecule with a given handedness is described as a helical
structure (see Fig. 2.1, right) which responds differently to left- and right- cir-
cularly polarised. In this case, the charges are not allowed to move back to
their initial positions when the electric field is turned off. A circulatory motion
around the temporal variation of the applied electric field arises, accompanying
the general forward motion in the direction of the incident electric field. The
currents associated with the circulatory component of the motion give rise to
a magnetic moment that is proportional to the temporal variation of the pro-
duced electric field and points in the same direction as the electric component

3His work appeared at the same time that the works of the french chemist Joseph Achille
Le Bel who had the same idea about the tridimensionality of organic molecules based in the
tetrahedrical structure of carbon.
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of the radiation.
On the other hand, suppose the molecule is perturbed by a time-dependent

magnetic field. The variation of the flux through the molecule produces cur-
rents in the molecule, that means, a flow of charges around the direction of the
temporal variation of the magnetic field is induced, following Lenz’s law. This
displacement of charge gives origin to an electric dipole that is proportional to
the temporal variation of the magnetic field, but with a negative sign, which
comes from the Lenz’s law for induced currents.

Mathematically, the results described above can be summarised by the
phenomenological constitutive equations [Jeggo 72, Landau 60] that relates the
change in the electric displacement (D) and the magnetic flux density (B) with
the change in the internal electric field (E) and magnetic field (H) as follows

1

ε0
Di = εijEj + γijk

∂

∂xj
Ek, (2.2)

1

µ0

Bi = µijHj + ξijk
∂

∂xj
Hk. (2.3)

Conservation of energy requires that εij = εji and γijk = −γkij s,o then we
may write

γijk = eijkγij. (2.4)

Here, eijk is a completely antisymmetric unit tensor of rank three, and γij
is an arbitrary second rank pseudotensor. Eq. 2.2 can be rewrite as

1

ε0
D = ε · E + (γ · ∇)× E. (2.5)

Considering a plane harmonic wave form for the electromagnetic field, the
gradient operator can be replaced for ∇ = iκns, where n is the index of
refraction, κ = ω/c is the wavenumber in vacuo, and s is the unit wave-normal.
Then we can rewrite the equation for the electric displacement

1

ε0
D = ε · E + iκn(γ · s)× E. (2.6)

Using this last equation in the wave equation for electromagnetic fields, it
is found that the refractive indices and the ratios of the components of the
electric displacement are independent of the antisymmetric part of the tensor
γij, so that we can choose this tensor to be symmetric in order to determine
n and the optical rotatory power. In an isotropic medium, γij reduces to the
pseudoscalar γ, and we can rewrite the Eq. 2.5 as

D = εε0E + εγ∇× E. (2.7)

Using Faraday’s law of electromagnetic induction we obtain
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D = εε0E− gḢ. (2.8)

Applying the same procedure in the case of the magnetic field, Eq. 2.3
reduces to

B = µ0H + gĖ. (2.9)

These last two equations are the constitutive relations used by Condon [Condon 37]
in his classical work on optical activity. Now, considering the Eqs. 2.8 and 2.9.
The microscopic analogue of Eqs. 2.8 and 2.9 can be used to get the individual
response of the individual molecules, i.e.

p = αE′ − µ0βḢ,

m = βĖ′,
(2.10)

where p and m are the induced electric and magnetic dipole moments
of a bond. α accompanies the usual polarisability term giving an induced
electric moment proportional to the applied field. E′ is the local electric field,
and H′ = H = µ−1

0 B at optical frequencies. The essential point here is the
introduction of the terms involving the parameter β. The total electric and
magnetic moments in unit of volume are

P = Np, M = Nm, (2.11)

where N is the number of molecules in a unit volume. In case a medium
consists of a simple mixture of different kinds of molecules there are different
coefficients αi and βi for each species, and P and N are given by a individual
sum over terms pi and mi.

From these results, we can see that the component of the electric dipole that
is due to the magnetic field is perpendicular to the component coming from
the electric field. While the term αE′ in the induced dipole moment is in the
same plane as the electric vector, the term µ0βḢ corresponds to the induction
of an electric moment in a plane parallel to B, and hence, perpendicular to E′.
The total dipole moment lies in a plane that is rotated from the direction of
E′, this fact gives as result that the plane of polarization of the propagating
electromagnetic wave being rotated.
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2.2 Circular Birefringence and Ellipticity

Optical activity can be defined as the rotation of the polarisation of a linearly-
polarised electromagnetic radiation as it passes through a chiral species. This
behaviour is related directly to Circular birefringence [Barron 04, Atkins 04],
i.e. the different indices of refraction for left- and right- circularly polarised
radiation. Mathematically, circular birefringence can be described, without
any lost of generality, by an electric field vector for left- and right circularly
polarised light of frequency ω passing through a medium with refractive index
η. For a propagation in z direction, the electric field vectors can be written as

EL,R =
1√
2
E0(̂i± îj)e−iφL,R . (2.12)

Here φL,R = ωt − κL,Rz and κ = ω
c
ηL,R, where ηL,R is the left and right

refractive index of the medium. If the medium is not optically active, then the
refractive indices are identical, η = ηL = ηR and the system does not exhibit
any circular birefringence. The superposition of the left- and right- circularly
polarised electromagnetic waves results in

E = EL + ER =
1√
2

2E0̂ie
−iω(t− ηz

c
) (2.13)

which represents linearly polarised light of twice the individual magnitude
and oscillating in the plane along the direction of the vector î.

A chiral medium has different refractive indices for the left and right com-
ponents of linearly polarised light. Hences one of the components travels faster
than the other causing a difference in their phases. The superposition between
these two components is then given as

E = EL + ER

=
E0√

2

[(̂
i + îj

)
e−iω(t− ηLz

c
) +
(̂
i− îj

)
e−iω(t− ηRz

c
)
]

=
1√
2

2E0

[̂
i cos

(
zω∆η

2c

)
− ĵ sin

(
zω∆η

2c

)]
e−iω(t− ηz

c
),

(2.14)

where ∆η is the difference between left- and right- refractive index, and
η = ηL+ηR

2
their average . While passing through a chiral medium, the incident

radiation remains linearly polarised, but its plane of polarisation is rotated by
(see Fig.2.2, center)

α =
zω

2c
∆η (2.15)

The angle of rotation, α, is proportional to the difference between the
refractive indices. For α > 0, i.e. ηR < ηL the sample is called dextrorotatory



2.2. Circular Birefringence and Ellipticity 15

Figure 2.2: Electric field vector of linearly polarised light decomposed into its
coherent right- and left- circularly polarised components (left), rotated electric
field vector after its pass through the optically active medium (center), and
elliptical polarisation, specified by the angle ψ, decomposed into left- and right-
circularly polarised components of different amplitude (right).

and for α < 0, ηR > ηL, levorotatory. Using the Eq.2.15 we can rewrite it as
α = π

λ
(ηL − ηR), which is similar to the equation that by Biot fitted to his

experiments.

Since refraction and absorption are intimately related phenomena, it means
that an optical active medium not only has to scatter but also absorb right-
and left- circularly polarised light differently. The absorbed light becomes
elliptically polarised, wich can be decomposed into coherent left- and right-
circularly polarised light with different by amplitudes, as sketched in Fig.2.2
(right). The ellipticity ψ can be obtained by taking the ratio between the
minor and major axis of the ellipse, which are simply the difference and the
sum of the amplitudes of the two circular components of the incident radiation

tanψ =
ER − EL

ER + EL

. (2.16)

If ER is greater than EL, the ellipticity is defined as positive, the electric
field vector is attenuated by the medium. The attenuation is described by
the absorption index η′. The amplitude of a linearly polarised electromagnetic
field propagating in z direction, over a distance l follows the Beer-Lambert law
by

El = E0e
− 2πl

λ
η′

(2.17)

The ellipticity can then be written as
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tanψ =
e−

2πl
λ
η′
R − e− 2πl

λ
η′
L

e−
2πl
λ
η′
R + e−

2πl
λ
η′
L

(2.18)

= tanh

[
πl

λ
(η′L − η′R)

]
(2.19)

here η′L and η′R are the absorption indices for left- and right- circularly po-
larised light respectively. In the approximation for small ellipticities is possible
to rewrite Eq.2.18 as

ψ ≈ π

λ
(η′L − η′R) (2.20)

this last expression shows that the ellipticity in a function of the difference
between the absorption indices (η′L−η′R), the circular dichroism of the medium.

Optical Rotatory Dispersion (ORD) and Circular Dichroism (CD) both
depend on the wavelength of the incident radiation in the region of an electronic
absorption, this behaviour is very similar to those for the usual absorption
and refraction respectively. In the Fig. 2.3 both effects are showed, and the
combination of these phenomena in the absorption region is called Cotton
effect. At λ = λj ( wavelength of a incident electromagnetic field in the
absorption region), the optical rotation is zero and the optical absorption and
the dichroic response reaches its maximum. Far from the absorption region, the
optical rotatory dispersion is often given by the Drude’s equation. When the
maximum peak of the optical rotatory dispersion occurs at higher wavelength
than the absorption one, the curve is a Positive Cotton effect curve, if there
are several absorption bands, the total Cotton effect will be the superposition
of the individual Cotton curves.

2.3 The Electromagnetic Theory of Optical Ac-

tivity

In this section we describe the electromagnetic theory of optical activity fol-
lowing the classical paper of Condon [Condon 37], but using the notation of
the book of Atkins et al. [Atkins 04].

Following the analysis in Sec. 2.1.3 about the nature of the optical activity
inside a chiral system is essential to know how the electromagnetic radiation
propagates. We start from the well known Maxwell equations[Landau 60]

∇ ·D = ρ, ∇× E = −∂B

∂t
,

∇ ·B = 0, ∇×H = J +
∂D

∂t
,

(2.21)
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Figure 2.3: The absorption of a typ-
ical electronic transition of an opti-
cally active molecule (bottom), also
the associated circular dichroism
(middle) and the optical rotatory
dispersion (top) as a function of the
wavelength. The range of circu-
lar dichroism spectra coincides with
the absorption spectra of molecules.
However, Optical Rotatory Disper-
sion spectra are dispersive and have
longer “tails” of rotation to long and
shorter wavelengths than the ab-
sorption spectra. Optical Rotatory
Dispersion can therefore be mea-
sured at wavelengths outside the ab-
sorption band. This behaviour is
widely used in the characterisation
of pharmaceutical compounds, typi-
cally using the yellow D line of emis-
sion of Sodium (λ=589,29 nm).

In an optically active medium, the relationship between the electric dis-
placement , D, and the polarisation P can be expressed by

D = ε0E + P (2.22)

and the magnetic flux density, B, is related to the magnetic field strength,
H, by

B = µ0H. (2.23)

Taking the curl of both sides of this equation and using Maxwell’s equations
for the curl of the magnetic field strength leads to

∇×B = µ0J + µ0
∂D

∂t
. (2.24)

Using the Eq. (2.22) we obtain
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∇×B = ε0µ0
∂E

∂t
+ µ0αN

∂E

∂t
− µ0βN

∂2B

∂t2
. (2.25)

Taking the curl again, taking advantage of the fact that ∇ × (∇ × B) =
∇(∇ ·B) −∇2B, the divergence of the magnetic flux density is zero and the
curl of the electric field is proportional to the temporal variation of magnetic
flux density, we obtain

∇2B = ε0µ0

[
1 +

αN

ε0

]
∂2B

∂t2
+ µ0βN

[
∇× ∂2B

∂t2

]
. (2.26)

From the definition of linearly polarised time-dependent electric field in
Eq. (2.12) and using the Maxwell equations we can write the magnetic flux
density as

BL,R =
1√
2

E0κL,R

ω
(̂j∓ îi)e−i(ωt−κL,Rz). (2.27)

Using this result in Eq. (2.26) we obtain a mathematical expression for the
wavevector. In the same way one can derive an expression for the difference
between the refraction indices. The result is

κ2
L,R = ε0µ0ω

2

[
1 +

αN

ε0

]
± µ0βNω

2κL,R. (2.28)

Taking in to account that ε0µ0 = 1/c2 and κL,R = ωηL,R/c, it follows that

η2
L,R = 1 +

αN

ε0
± ωβN

cε0
ηL,R. (2.29)

Solving this quadratic equation for ηL,R to first order in β we obtain for
∆η = ηL − ηR

∆η =
ωN

cε0
β. (2.30)

tThis result shows the importance of β in the description of the optical
activity in chiral systems. Here, this result was derived for the refraction
index. However, it is possible to extend using the complex indices of refraction
η̃L = ηL + iη′L which includes both parts: the refraction and the absorption . It
is necessary to take into account also that β is a quantity of tensorial nature.
In experiment one measures the isotropic average β̄. The connection with the
macroscopic quantities is given pluggin Eq. (2.30) in the Eqs. (2.15) and (2.20).
One obtains a couple of equations for the angle of rotation per unit of length4

[α] and the ellipticity per unit of length [ψ] of linearly polarised light when it
goes through a chiral medium

4Measured in the same units of λ.
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[α] =
ω2N

2c2ε0
Reβ̄,

[ψ] =
ω2N

2c2ε0
Imβ̄.

(2.31)

These are the final results that, in conjunction with quantum mechanics
techniques, will be used to determine the optical activity of chiral molecules.





Chapter 3

Electronic Structure Theory

The limits of my language mean the limits of my world.

Ludwig Wittgenstein,
in Tractatus Logico-Philosophicus (1922)

In this chapter we revise the theoretical foundations of the methods and
calculations that are employed in the thesis: density functional theory, both in
its original formulation (DFT) and in its time-dependent version (TDDFT).
We only give a brief description of the basic principles, with no attempt to
discuss mathematical subtleties., since the theory itself is not the objective
of the thesis, rather how it can be exploited for describing nanostructures.
Notwithstanding this, it is necessary to establish the origin and justification
of the equations that are later used in all the applications. We also enunciate
the fundamental theorems that constitute the basis of the theories. The first
two sections of this chapter revise DFT and TDDFT respectively.

3.1 Density Functional Theory

Theoretically, the properties of a molecular system can be obtained by solving
the schrödinger equation with the total Hamiltonian of the system. In atomic
units, the non-relativistic Hamiltonian of an N -electron system is given by

H = −1

2

N∑
i=1

∇2
i +

1

2

N∑
i 6=j=1

e2

|ri − rj
+

N∑
i=1

Vion(ri,R) + Eion(Rn), (3.1)

where ri and rj describe the electronic positions and Rn the positions of
all atoms. Vion(ri) is the potential of the ion at ri and Eion(Rn) is the energy
due to ion-ion interaction.
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The properties of interest in the studied system, such as the total energy
of the ground state, the electron density and electrostatic potential, can be
obtained by solving Schrödinger equation:

HΨ0(ri) = E0Ψ0(ri). (3.2)

One of the first proposal to solve Eq. (3.1) was published in 1927 by Max
Born and Julius Robert Oppenheimer. They proposed that the nuclei in the
system move much slower than the electrons because they are more mas-
sive [Born 27]. From this, they assumed that the nuclei in the system are fixed
at their initial position during the electron dynamics, allowing the kinetic en-
ergy of the nuclei to be consider as zero and the term of the nuclear repulsion a
constant in the system. This approximation is also called Born-Oppenheimer
or adiabatic approximation.

In 1928, the british physicist Douglas Rayner Hartree proposed his method
to find solutions to the Schrödinger equation [Hartree 28], here a product of
the single-electron wavefunctions is proposed as the solution of the many-body
hamiltonian in a self consistent way, this method is known as Hartree approx-
imation. Two years later the russian physicist Vladimir Aleksandrovich Fock
modified the Hartree’s method by allowing the wavefunction to be represented
by a Slater determinant [Fock 30]. This approach is commonly known as the
Hartree-Fock metohod (HF), the wavefunction Ψ0, has restrictions such that it
is well-behaved and that it is antisymmetric with respect to the interchange of
both spin and space coordinates of any two electrons. In the Slater determi-
nant, exchanging the coordinates of two electrons is the same as exchanging
two rows, with a resulting change in the sign. Because of this property of
a Slater determinant, the basic antisymmetric property of the wavefunction
related with its fermionic nature is conserved.

The introduction of the antisymmetric principle in the wavefunction al-
lowed almost a complete description of the total electronic energy, mainly be-
cause the exchange energy effect is considered, however in many problems in
chemistry this term is not enough to predict the properties of a molecule within
chemical accuracy. This deficiency in the total description of the electronic
properties can be explained due to that instantaneus coulombic interactions
between the individual electrons is neglected because the model considers an
average field produced by the electrons as a whole. This method does not take
in account the fact that the motion of a single electron affects the motion of all
other electrons in the system. The missed term in the total energy is usually
known as correlation energy and further developments in order to include it
into account, many methods, such as the configuration interaction by expand-
ing on many Slater determinants and the quantum Monte Carlo method, etc.,
have been devised.

These approaches are all based upon the wavefunctions and express the
electronic states of solid through the set of wavefunctions. In the configuration
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interaction method, the combination of wavefunctions is very complicated,
resulting in severely the limitation of the size of problems. Meanwhile, for
the many-electron problems, another and very different approach called the
density functional theory (DFT) has been proposed. In this approach, the
electron density is the quantity, from which the theory is developed. To solve
one-electron equations which are derived from the density functional theory is
much easier than solving Eq. 3.2. The correlation effect is taken into account,
and the size of the system which can be handled is far larger. Since 1980, this
method has established a position as one of the main tools of calculating the
properties of solid and molecules from the first principles methods also known
as ab initio.

3.1.1 The Hohenberg-Kohn teorems

The work by Hohenberg and Kohn is now known as a fundamental reference
of the density functional theory. In this work, it is shown that the ground
states energy of electrons is a unique functional of the electron density. Fur-
thermore, given external potential, it is shown that the ground-state energy
can be obtained by minimizing the energy functional, with respect to the elec-
tron density. When the density is the true ground-state electron density, this
minimizes the energy functional. Their results can be summarized as follows:

• Theorem I: For any system of interacting particles in an external po-
tential Vext(r), the potential Vext(r) is determined uniquely, except for a
constant, by the ground state particle density n0(r).
Corollary I: Since the hamiltonian is thus fully determined, except for
a constant shift of energy, it follows that the many-body wavefunctions
for all states (ground and excited) are determined. Therefore all proper-
ties of the system are completely determined given only the ground state
density n0(r).

• Theorem II: A Universal functional for energy E[n] in terms of the
density n(r) can be defined, valid for any external potential Vext(r). For
any particular Vext(r), the exact ground state energy of the system is
the global minimun value of this functional, and the density n(r) that
minimizes the functional is the exact ground state density n0(r).
Corollary II: The functional E[n] alone is sufficient to determine the
exact ground state energy and density. In general, excited states of the
electrons must be determined by other means.

In principle these theorems were proved for system with a non-degenerate
ground state, but the proof was extended in this kind of systems by Levy
who also extended the range of definition of the functional in a way that is
formally more tractable and clarifies its physical meaning and he provided
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an in-principle way to determine the exact functional. The Hohenberg-Kohn
theorems were posteriorly extended to other forlmalisms such as Spin den-
sity functional theory, Ensemble density functional theory, Current functional
theory or Time dependent density functional theory, this last will be treated
in more detail in a next section.

3.1.2 The Kohn-Sham method

In a subsequent paper by Kohn and Sham, it is shown that the energy func-
tional is recast by using orbital as EKS({Ψi}) subjected to the ortogonalization
condition of the set of one-electrons wavefunctions Ψi(r)

EKS({Ψi}) = −1

2

∑
i

ki

∫
Ψi∇2Ψid

3r +

∫
n(r)Viond

3r +
e2

2

∫
n(r)n(r′)

|r− r′|
d3rd3r′

+ Exc[n(r)] + Eion({Rn}) (3.3)

where EKS is the Kohn-Sham functional energy, the i- summation takes
over all one-electron orbits, ki the number of occupations in i-state, Exc the
exchange energy, and n(r) is the electronic density and it is given by

n(r) =
∑
i

|Ψi(r)|2 (3.4)

The wavefunctions Ψi which minimize the Kohn-Sham functional energy
in Eq. 3.3 satisfy the following eigenvalue equations,

HKSΨi = εiΨi (3.5)

where HKS is Kohn-Sham’s Hamiltonian,

HKS = −1

2
∇2 + Vion(r) + VH(r) + Vxc(r) (3.6)

here, VH(r) is the Hartree-Fock potential

VH =

∫
n(r′)

|r− r′
d3r′, (3.7)

Vxc is the exchange correlation potential

Vxc =
δExc[n]

δn(r)
, (3.8)

and εi and Ψi denote the eigenvalues and eigenfunctions of the Kohn-
Sham equation, respectively. The wavefunctions calculated by Eq. 3.5 yield
the charge density by Eq. 3.4, which is just n(r) appearing in the Hartree-
Fock and exchange potential. Hence, the Kohn-Sham equation must be solved
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self-consistently. It seems that Eq. 3.5 plays a role of Schrödinger equation of
one-electron wavefunction, but the thought underlying these equation is quite
different. For the case of Hatree-Fock, the wavefunctions are treated as the
most important quantity, and the electronic density is second one, in other
words, a dependent variable. On the other hand, in the density functional
theory, the electronic density comes first. Wavefunctions are something expe-
dient, so that they are allowed to vary as far as the electronic density is the
same.

3.1.3 Local Density Approximation

A price of mathematical simplification of the density functional method, which
replaces the many-electronic problem by one-electron problem is paid by in-
troducing unknown functional of exchange and correlation Exc of the charge
density. Fortunately, there is an easy approximation for Exc . The most widely
used form of Exc is the so-called local density approximation (LDA). That is,
the exchange and correlation energy of uniform electron gas, which is well
studied, is used. In this approximation, the exchange-correlation energy at
each point of the real space, Exc , is assumed to be equal to that energy of a
uniform electron gas with the same electronic density.

ELDA
xc [n] =

∫
n(r)εheqxc (n(r))d3r, (3.9)

where εheqxc (n(r)) is the exchange-correlation energy per electron in a homo-
geneous electron gas of density n. The εxc(n) is known exactly in the high-
density limit, and can be accurately computed at any density. This equation
is, by construction, exact for the homogeneous electron gas and we can expect
it to work well for systems where the density has small spatial variations, or
where the electron-electron interaction is well-screened.

The domain of applicability of LDA has been unexpectedly found to go
much beyond the nearly-free electron gas and accurate results can be obtained
for inhomogeneous systems like atoms or molecules.

3.1.4 Pseudopotential approximation

The second approximation which follows the local density approximation is
use of pseudopotential. The wavefunctions of solid is expanded here through
the set of plane waves. Plane-wave expansion it is uneconomical to describe
localized states, such as core states of atoms which exhibit strong oscillations
in the core region. Fortunately, the physical and chemical characteristics of
many materials are governed by the valence electrons which extend to more
wide region, and the core states are insensitive to those properties. We then
can make an approximation by using valence electrons solely in describing the
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Figure 3.1: Schematic representation of a pseudopotential (left, dark curve)
and a pseudo-wavefunction (right, dark curve) along with the all-electron po-
tential (with the 1/r tail) and wavefunction (indigo curves). Notice that the
all-electron and pseudofunctions are identical beyond the radial cutoff rc and
the pseudo-functions are smooth outside the core region.

chemical combining characters of materials. Therefore, needed potentials have
relatively slowly varying characters and this is desired properties. The wave-
functions which simulate the valence electrons accords to that are called the
pseudo-wavefunctions. In this subsection, the procedure for constructing an
ab initio pseudopotential within density functional theory will be illustrated.
Using the approach Kohn and Sham, one can write down a Hamiltonian cor-
responding to a one-electron Schrödinger equation.

The pseudopotential are constructed so as they describe as much precisely
as possible the electron scattering characters outside the core region. In gen-
eral, pseudopotentials of an atom have different scattering characters in each
angular momentum and are nonlocal. Mathematically, pseudopotentials can
be expressed as,

V̂ =
∑
l

|lm〉Vl〈m| (3.10)

where |lm〉 is spherically harmonic functions, l and m are the angular mo-
mentum, and the projected angular momentum, respectively. The original bare
potential is of course a local potential. Because the true wavefunction and the
pseudo-wavefunction are matched outside the core region, non-locality of pseu-
dopotential is limited in the core region. Though many empirical potentials
had been devised in the past to construct pseudopotentials, a great step had
been achieved by introducing the concept “norm conservation” of wavefunction
by Hamann [Hamann 79]. In this procedure, a nodeless pseudowavefunction
is initially taken so as to match to the true wavefunction outside core radius
rc. A norm-conserving condition, along with other conditions, the final form



3.2. Time Dependent Density Functional Theory 27

of potential is completed. The process is sketched in Fig. 3.1.

The pseudopotentials defined by Eq. 3.10 may be called semi-local one.
The reason is that it is local for the radial element of the position, though it is
nonlocal for the angle element. Based on a earlier work by Kerker, a different
method to construct the pseudo wave-functions was proposed by Trullier and
Martins. This method has a different approach because the smoothness of the
pseudopotential is desired. The way to produce this pseudopotential is more
straightforward than the Hamann’s. There are different kind of pseudopoten-
tial which depends mainly of the level of the studied properties, the adaptation
of the electronic structure calculations to pseudopotential it is a big step in
order to safe time and to get accurately the searched physical and chemical
characteristics.

3.2 Time Dependent Density Functional Theory

The Kohn-Sham ansatz replaces the many-body problem with an independent-
particle problem, in which the effective potential depends on the density. Thus
the Kohn-Sham approach involves independent particles but an interacting
density. The main problem to use the static Kohn-Sham approach is that
eigenvalues obtained solving it does not have a physical meaning, a true de-
scription of excitations of the system have to be treated in another formulation.

The new approach to the study of the electronic excited states is based on
yet another extension: time-dependent local density approximation (TDLDA).
Note that TDDFT is the extension of DFT to time-dependent phenomena. It
allows for the calculation of excitations, but its scope is larger, since in fact, it
is an exact reformulation of the time-dependent Schrödinger equation. In the
following, we will shallowly review the foundations of the theory.

TDDFT is based on the Runge-Gross theorem which states that, given
initial state at t0, the single particle potential v(r, t) leading to a given density
n(r, t) is uniquely determined so that the map v(r, t) → n(r, t) is invertible.
As a consequence of the bijective map v(r, t)↔ n(r, t), every observable O(t)
is unique functional of, and can be calculated from the density n(r, t).

Note that in this case: (i) Two potentials are considered equivalent if they
differ by any purely time-dependent function (because then they produce wave-
functions which are equal up to purely time-dependent phase, which is can-
celled when any observable is calculated from them), and (ii) There is a depen-
dence on the initial quantum state of the system. (iii) It was shown that under
very broad assumptions a time-dependent one-body potential vKS(r, t) exists
that produces a given smooth density n(r, t) at all times. Of course, we need
to still need to assume that the initial state is, noninteracting v-representable.

Armed with the Runge-Gross (RG) theorem, and in a similar way to the
Kohn- Sham construction for the ground state density, we may build a time-
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dependent Kohn-Sham scheme. For that purpose, we have to introduce an
auxiliary system of N noninteracting electrons, subject to an external potential
vKS. This potential is unique, by virtue of Runge-Gross theorem applied to the
noninteracting system, and is chosen such that the density of the Khon-Sham
electrons is the same as the density of the original interacting system. These
Kohn-Sham electrons obey the time-dependent Schrödinger equation

i
∂

∂t
Ψj(r, t) = Ĥ(r, t)Ψ(r, t), (3.11)

where the Kohn-Sham Hamiltonian is defined as

ĤKS(r, t) = −∇
2

2
+ vKS[n](r, t). (3.12)

Thus, the time-dependent form of a self-consistent single particle equation
becomes

[
ĤKS(r, t) = −∇

2

2
+ vKS[n](r, t)

]
Ψj(r, t) = i

∂

∂t
Ψj(r, t) (3.13)

By construction, the density of the interacting system can be calculated
from the Kohn-Sham orbitals

n(r, t) =
N∑
j=1

Ψ∗j(r, t)Ψj(r, t) (3.14)

As in the Kohn-Sham scheme for the ground state, the time-dependent
Kohn- Sham potential is normally written as the sum of three terms

vKS[n](r, t) = vext(r, t) + V H[n](r, t) + Vxc[n](r, t). (3.15)

The first term is the external potential, whereas the second accounts for
the classical electrostatic interaction between electrons

VH [n] =

∫
d3r′

n(r′, t)

|r− r′|
, (3.16)

The third term, the exchange correlation potential includes all the nontriv-
ial many-body effects, and has as extremely complex (and essentially unknown)
functional dependence on the density. This dependence is clearly nonlocal,
both in space and in time, that is, the potential at all other position r can
depend on the density at all other positions and previous times.

In the adiabatic approximation, which is local in time, the exchange-correlation
potential and its first derivative can be expressed in terms of the time-independent
exchange-correlation energy, Exc[n],
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vxc[n(r, t)] ∼=
δExc[n]

δn(r)
, (3.17)

δvxc[n(r, t)]

δn(r′, t′)
∼= δ(t− t′) δ2Exc[n]

δn(r)δn(r′)
. (3.18)

The LDA makes a separate local approximation, i.e, with in the LDA,
the exchangecorrelation energy density is local in space. The local density
approximation in time dependent density functional theory interestingly agree
with experimental investigations.

3.2.1 Electronic excitations by means of time-propagation

The calculation of the electronic excitations such as the dynamical polarizabil-
ity can be performed by propagating in real time [Castro 02]. This methodol-
ogy does not require the calculation of unoccupied KS states, and scales well
with the size of the system, and is thus our preferred scheme for large systems.
Let us recall the essentials of this formulation. We will restrict hereafter to
electrical (spin-independent) dipole perturbations:

δvext(r, ω) = −xjk(ω). (3.19)

This defines an electrical perturbation polarized in the direction j : δE(ω) =
k(ω)êj . The response of the system dipole moment in the i direction

δ〈X̂i〉(ω) =
∑
σ

∫
d3rxiδnσ(r, ω) (3.20)

is then given by:

δ〈X̂i〉(ω) = −k(ω)
∑
σσ′

∫
d3r

∫
d3r′xiχσσ′(r, r′, ω)x′j. (3.21)

We may define the dynamical dipole polarizability αij(ω) as the quotient of
the induced dipole moment in the directioni with the applied external electrical
field in the direction j , which yields:

αij = −
∑
σσ′

∫
d3r

∫
d3r′xiχσσ′(r, r′, ω)x′j. (3.22)

The dynamical polarizability elements may then be arranged to form a
second-rank symmetric tensor, α(ω) . The cross-section tensor is proportional
to its imaginary part:

σ(ω) =
4πω

c
Imα(ω). (3.23)
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We consider a sudden external perturbation at t = 0 (delta function in
time), which means k(ω) = k , equal for all frequencies. This perturbation is
applied along a given polarization direction, say êj . By propagating the time-

dependent Kohn-Sham equations, we obtain δ〈X̂i〉(ω) through Eq. (3.20). The
polarizability element αij may then be calculated easily via:

αij = −δ〈X̂i〉(ω)

k
= −1

k

∫
d3rxiδn(r, ω). (3.24)

Following the same procedure of time propagation to calculate the polariz-
ability, we will show in the next chapter how to calculate the dichroic response
of molecular systems using the same scheme applied to the total angular mo-
ment.



Chapter 4

Optical Activity in Real Time

Veritum dies aperit (Time discovers the truth).

Seneca,
in De Ira (41 A.D.)

Real-time quantum mechanics is an alternative approach to standard frequency-
dependent perturbation theory to calculate the system response under external
perturbations. In this approach the wave-function, or the single particle or-
bitals and the density in the TDDFT case, are propagated in time under a
general time dependent electromagnetic potential starting from a given initial
state.

In this chapter we present the derivation of a real-time formalism for the
circular dichroic response in molecular systems1. This derivation is analogous
to the one used to obtain the polarizability, which was applied to the calculation
of optical absorption spectra in real-time TDDFT [Yabana 96]. We show then
how, starting from the real-time expression, we can obtain in the frequency
domain both the expression for the Sternheimer linear response perturbation
theory and the canonical formula for the sum over states [Condon 37].

4.1 Semiclassical Approach to the Optical Ac-

tivity

The theory of optical activity developed in this section is based on a semi-
classical description of the interaction of light with molecules; that is, the
molecules will be treated as quantum mechanical objects under the perturba-
tion of classical electromagnetic fields.

1The main results of this section as well as the applications has been already pub-
lished [Varsano 09].
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A radiation field incident upon a molecular system induces oscillating elec-
tric and magnetic multipole moments over it. These moments are coupled to
the electric and magnetic field components of the radiation field through a set
of tensors which depend of the geometry of the molecule and the incident fre-
quency. In order to get these tensors a frequency dependent electromagnetic
field is taken as a pertutbation on a static quantum system, then a molecu-
lar wave function is defined, subsequently the expected value of the multipole
moment operator is calculated and the dynamic molecular tensor are indenti-
fying [Born 54].

The perturbed wave functions are obtained by solving the time-dependent
Schrödinger equation [

i~
∂

∂t
−H0

]
Ψ = VintΨ, (4.1)

where H0 is the unperturbed molecular hamiltonian and Vint is a dynamic
interaction potential, both defined as

H0 = − ~2

2m
∇2 + V (r) (4.2)

Vint = q(φ)0 − µα(Eα)0 −
1

3
Θαβ(Eαβ)0 (4.3)

−mα(Bα)0 −
1

2
χ

(d)
αβ(Bα)0(Bβ)0 + . . . ,

here q(φ) is the electrostatic potential, µα is the electric multipole , Θαβ

the electric quadrupole, mα the magnetic multipole, χ
(d)
αβ the magnetic suscep-

tibility and the external perturbation has the form

(Eα)0 =
1

2

[
(Ẽα)0 + (Ẽ∗α)0

]
=

1

2

[
Ẽ(0)
α e−iωt + Ẽ(0)∗

α eiωt
]
. (4.4)

Assuming that when a stationary non-degenerate eigenfunction (which is a
solution of Eq. 4.1 in the absence of Vint)

Ψn = Ψ(0)
n e−iωnt (4.5)

is subjected to a small perturbation of angular frequency ω from a plane-
wave radiation field, the corresponding eigenfunction can be written in the form
of a expansion in terms of a set of coefficients that couples the electromagnetic
incident field

Ψ′ =

[
Ψ(0)
n +

∑
j 6=n

(
c1jnβ(Ẽβ)0 + c2jnβ(Ẽ∗β)0 + c3jnβ(B̃β)0 + c4jnβ(B̃∗β)0

+c5jnβγ (Ẽβγ)0 + c6jnβγ (Ẽ
∗
βγ)0 + · · ·

)
Ψ(0)
n

]
e−iωnt, (4.6)
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taking this solution in the Eq. 4.1 and after that multiplying both sides
by Ψ

(0)∗
j , integrating over all configuration space and equating coefficients is

straighforward to show that [Barron 04]

c1jnβ =
1

2~
〈j|µβ|n〉
ωjn − ω

, c2jnβ =
1

2~
〈j|µβ|n〉
ωjn + ω

,

c3jnβ =
1

2~
〈j|mβ|n〉
ωjn − ω

, c4jnβ =
1

2~
〈j|mβ|n〉
ωjn + ω

, (4.7)

c5jnβγ =
1

6~
〈j|Θβγ|n〉
ωjn − ω

, c6jnβγ =
1

6~
〈j|Θβγ|n〉
ωjn + ω

.

The oscillating induced electric and magnetic multipole moments of the
molecule in the nth eigenstate are now obtained from the expectation values
of the corresponding operators using the perturbated eigenfunction given in
Eq. 4.6. In that case, we can get the expression for the real induced oscillating
electric moment

µα =ααβ(Eβ)0 +
1

ω
α′αβ(Ėβ)0 +

1

3
Aα,βγ(Eβγ)0

+
1

3ω
A′α,βγ(Ėβγ)0 +Gαβ(Bβ)0 +

1

ω
G′αβ(Ḃβ)0 + · · · , (4.8)

from this expansion, the terms that we must have in account to compare
with the results given in the Eq. 2.10 for the electronic polarisation are

ααβ =
2

~
∑
n6=n

ωjn
ω2
jn − ω2

Re (〈n|µα|j〉〈j|µβ|n〉) , (4.9)

G′αβ = −2

~
∑
n6=n

ω

ω2
jn − ω2

Im (〈n|µα|j〉〈j|mβ|n〉) , (4.10)

here ααβ represents the polarizability of the system andG′αβ is the frequency-
dependent electric dipole-magnetic dipole polarizability. This quantity can be
related to β directly as

β̄ = − 1

3ω
G′αβ, (4.11)

the Eq. 4.11 is the classical way to calculate the dichroic response in most
of the ab initio codes, which uses the unoccupied states.
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4.2 Fundaments of Optical Activity in Real

Time

Chiroptical effects are based on the fact that some molecules interact differently
with right (R)- and left (L)- circularly polarized light, so that the medium
effectively has two refraction indexes, nR and nL. Dichroism can be quantified
by the difference between the two refraction indexes, ∆n = nL−nR. Physically
the real part of ∆n measures the rotation of the polarization vector of an
incident linearly polarized field (ORD), whereas the imaginary part accounts
for the difference in the absorption (ECD).

The starting point to study the interaction of an individual chiral molecule
with a monochromatic electric and magnetic field are the linear equations for
the induced electric (p(t) and magnetic (m(t) moments in terms of the external
field

pj(t) =
∑
k

αjkEk(t)−
1

c

∑
k

βjk
∂Bk(t)

∂t
(4.12a)

mj(t) =
∑
k

χjkBk(t) +
1

c

∑
k

βjk
∂Ek(t)

∂t
, (4.12b)

where α is the electric polarizability tensor, χ the magnetic susceptibility and
β the crossed response tensor in the time derivative of the fields. 2 By applying
Maxwell equations in a medium that satisfies Eqs. (4.12) it is easy to prove
that the isotropic average of β,

β̄ =
1

3

∑
j

βjj , (4.13)

is proportional to the difference between the refractive indexes for left and
right polarized light3

∆n =
8πNω

c
β̄ , (4.14)

where N is the molecular density of the medium.
The tensor β is therefore the key quantity that must be calculated in order

to predict the ORD and the ECD spectra. In the case of response to a poly-
chromatic electric field we have to define a frequency dependent tensor β(ω),
so that Eq. (4.12b), without considering an applied magnetic field, becomes

mj(t) = − i
c

∑
k

∫ ∞
−∞

βjk(ω)ωEk(ω)e−iωtdω . (4.15)

2 An additional term couples the induced electric dipole with the magnetic field and vice
versa. This term is of higher order and we can safely neglect it in our formulation (see
Eq. (55) in Ref. [Condon 37]).

3This expression is obtained neglecting the electric field due to the neighboring molecules:
for a medium with randomly distributed molecules we obtain: ∆n = 8πNω

c β̄ n
2+2
3 where n is

the mean index of refraction.
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Now, as a particular case we consider an electric field with equal intensity
for all frequencies: E(r, ω) = κ/2π (in the time domain this corresponds to
E(r, t) = κδ(t) ). By introducing this expression in Eq. (4.15) and performing
an inverse half-Fourier transform (with an infinitesimal imaginary component
δ in the frequency) we obtain that

βjk(ω) =
ic

ωκj

∫ ∞
0

mk(t)e
i(ω+iδ)tdt (4.16)

where δ is an infinitesimal positive quantity. From equation (4.16) we see
that β can be calculated from the time resolved electrically induced magnetic
moment. For a quantum mechanical system the magnetization is given by the
total angular momentum, so

βjk(ω) =
i

2ωκj

∫ ∞
0

[Lk(t) + gsSk(t)] e
i(ω+iδ)tdt , (4.17)

where gs is the electron g-factor and L(t) is the expectation value of the orbital
angular momentum operator

Lj(t) = 〈ψ(t)|L̂j|ψ(t)〉 . (4.18)

Similarly the expectation value of the spin operator Ŝ should be considered
for a system with finite total spin. In the derivation that follows and in the
calculations performed in this work we restrict ourselves to cases where the
contribution of Ŝ is negligible. However, this term has to be taken into account
for open-shell systems and for the case of magnetic circular dichroism.

From this general derivation we can now determine the rotational strength
function

R(ω) =
3ω

πc
Imβ̄(ω) , (4.19)

which physically characterizes the magnitude of the ECD.

4.2.1 Real-time TDDFT

The scheme described above can be easily implemented in real-time TDDFT.
For each direction j, the perturbation is applied as a phase factor of the ground-
state Kohn-Sham (KS) wave-functions ψ(t = 0+) = eiκjrjψgs. Next, the or-
bitals are evolved using the time-dependent KS equations

i
∂ψp(r, t)

∂t
= H[n]ψp(r, t) (4.20a)

n(r, t) =
∑
p

ψ∗p(r, t)ψp(r, t) , (4.20b)
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calculating for each time the expectation value of the angular momentum

L(t) = −i
∑
p

∫
drψp(r, t)(r×∇)ψp(r, t) . (4.21)

Then the values of L(t) for the three directions are introduced in Eq. (4.17)
from which β(ω) is obtained in the energy range of interest.

4.2.2 Perturbation theory formulation

Because the previous derivation is not standard, we show here that we can
readily recover the classical expression of ECD in perturbation theory from our
previous result. For each direction j, and up to first order in the applied field,
the time dependent wave-function can be written as the ground state wave-
function |ψ0〉 (with energy ε0) plus a sum of frequency dependent variations
|δψ0,j(ω)〉:

|ψ(t)〉 = e−iε0t|ψ0〉+
κj
2π

∫ ∞
−∞

dω ei(ω−ε0)t|δψ0,j(ω)〉 . (4.22)

Inserting Eq. (4.22) into Eqs. (4.18) and (4.17) (but performing a full Fourier
transform in time) we get:

βjk(ω) =
i

2ω

[
〈δψ0,j(−ω)|L̂k|ψ0〉+ 〈ψ0|L̂k|δψ0,j(ω)〉

]
. (4.23)

This expression can be directly calculated from the occupied states only, by
using Sternheimer perturbation theory (see section 4.2.3 below). However, if
we now expand |δψ0,j(±ω)〉 as a sum over states we recover the commonly used
expression for the rotatory strength function [Hansen 80]:

βjk(ω) = − i

2ω

∑
p

〈ψ0|r̂j|ψp〉〈ψp|L̂k|ψ0〉

×
[

1

εp − ε0 + ω − iδ
− 1

εp − ε0 − ω + iδ

]
. (4.24)

Note that in Eq. (4.24) both the electric and magnetic perturbations are
treated on the same footing, while in our formalism there is a clear distinc-
tion: the electric field is applied as the perturbation and the magnetic dipole
is the quantity that is calculated during the propagation. However, the two
formalisms are not in contrast. In fact we could alternatively obtain β from
Eq. (4.12a) instead of Eq. (4.12b), namely applying the magnetic field as the
perturbation and calculating the electric dipole. This procedure would in-
volve a time-dependent magnetic field, with a consequent complication of the
formalism and of the numerical implementation.
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4.2.3 Sternheimer TDDFT

The circular dichroic response can also be computed in the Sternheimer lin-
ear response formalism. The main quantities in this scheme are the varia-
tions of the KS orbitals 〈ψk(ω)〉 under an external perturbation, in this case a
monochromatic electric field. They are obtained by solving the self-consistent
set of linear equations

{H[n]− εp ± ω} δψn,j(r, ω) = −δH[δnj]ψp(r) (4.25a)

δnj(r, ω) =
∑
p

[
δψ∗n,j(r,−ω)ψp(r) + ψ∗p(r)δψn,j(r, ω)

]
(4.25b)

(see Ref. [Andrade 07] for details). β can be then obtained from Eq. (4.23). In
contrast to some (TD)DFT implementations that directly use KS orbitals in
Eq. (4.24) neglecting all self-consistency effects in the response, both real-time
and Sternheimer formulations include these effects and are, in theory exact,
provided that we know the exact exchange and correlation potential.

4.2.4 Gauge invariance

Molecular dichroism (either electric or magnetic) is an electromagnetic re-
sponse. It can be viewed as the magnetic (electric) response of a molecule to
an electric (magnetic) field. As such, we can expect that it will suffer from the
same problems of gauge dependence as in the calculation of other magnetic
responses, like magnetic susceptibilities or chemical shifts. In practical imple-
mentations, the gauge freedom in choosing the vector potential might lead to
poor converge with the quality of the discretization and to a dependence of the
magnetic response on the origin of the simulation cell. In other words, an arbi-
trary translation of the molecule could introduce an unphysical change in the
calculated observables. This broken gauge-invariance is well known in molecu-
lar calculations with all-electron methods that make use of localized basis sets,
such as Gaussians. The error can be traced to the finite-basis set representa-
tion of the wave-functions [Gauss 00].4 This problem is partially alleviated by
working in the velocity gauge where the product of the dipole moment and an-
gular momentum 〈ψp|∇|ψq〉〈ψp|r×∇|ψq〉 does not change with any translation
of the molecule, whereas the expression in the longitudinal gauge (as the one
derived above) 〈ψp|r|ψq〉〈ψp|r×∇|ψq〉 depends on the origin if the basis set is
not complete. A simple measure of the error is to check for the fulfillment of
the hyper-virial relation [Bouman 77]

〈ψp|∇|ψq〉 = (εq − εp)〈ψp|r|ψq〉 . (4.26)

4Several techniques have been proposed over the past decades to solve the issue of the
gauge dependence, such as the gauge including atomic orbital [Wolinski 90] (GIAO) or the
individual gauge for localized orbitals [Kutzelnigg 80, Schindler 82] (IGLO) methods.
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When working with a real-space mesh as in our case, this problem also
appears, though milder, because the standard operator representation in the
grid is not gauge-invariant. However, in this case it can be easily controlled by
reducing the spacing of the mesh.

On the other hand, these methods typically require the use of the pseudo-
potential approximation, where the electron-ion interaction is described by a
non-local potential Vnl(r, r

′). The advantage of using pseudo-potentials is clear
as they eliminate the typically inert core electrons, reducing the computational
cost of any ab-initio electronic structure and excited-state calculations. For
many electronic properties this substitution works very well (e.g., for total en-
ergies, optical responses, phonons, etc) [Luppi 08]. However, the non-local part
of the pseudo-potential introduces a fundamental problem when describing the
interaction with magnetic fields or vector potentials in general. To preserve
gauge invariance, this term must be adequately coupled to the external elec-
tromagnetic field, otherwise the results will (strongly) depend on the origin
of the gauge. For example an extra term has to be included in hyper-virial
expression

〈ψp|∇|ψq〉 = (εq − εp)〈ψp|r|ψq〉+ 〈ψp|[r, Vnl]|ψq〉 . (4.27)

In general the gauge-invariant non-local potential is given by

〈r|V̂ A
nl |r〉 = Vnle

i
c

R r′
r A(x,t)·dx (4.28)

where A is the vector potential related to the applied magnetic field. For the
case of a magnetic field there are two approaches to include this term [Ismail-Beigi 01,
Pickard 03], the main difference between them relying in how the path inte-
gration in Eq. (4.28) is performed.5 For the case of chiroptical response, only
first order corrections must be considered and we have not found significant
differences between the results of the two schemes: thus we used the scheme by
Pickard and Mauri [Pickard 03] for all the calculations presented in this work.

To illustrate the above discussion we show in Fig. 4.1 results for the ECD
signal of R-methyloxirane. We performed two calculations of the ECD signal
first for the molecule centered with respect to the origin of the simulation box,
and then with the molecule displaced by 8 Å. We plot in Fig. 4.1 the difference
between the two spectra both with and without the gauge correction. It is clear
that the inclusion of the gauge term of Eq. (4.28) eliminates the unphysical
dependence of the ECD signal on the origin of the gauge: this is essential for
reliable results.

5Ismail-Beigi et al [Ismail-Beigi 01] proposed to evaluate it by following a straight line
from r to r′. In our case it translates to changing the operator r × ∇ in Eq. (4.21) by
r×∇+

∑
R r× [r, V nlR ]. The proposal by Pickard and Mauri [Pickard 03] consists to using

a path that passes through the coordinates of the atoms, so the operator that has to be
followed during the evolution is: r×∇+

∑
R R× [r, V nlR ], where R denotes the coordinates

of the atoms.
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Figure 4.1: Gauge invariance test. Percentage difference in the rotatory
strength function between two calculations performed with the molecule in
the origin and displaced from the origin by 8 Å, without (solid black) and with
(dashed red) the inclusion of the gauge correction from Ref. [Pickard 03]. The
system is R-methyloxirane. (The difference has been divided by the maximum
of the signal: 0.004 Å3).

4.2.5 Numerical properties

We note that both the real-time and Sternheimer approaches require only the
calculation of the occupied Kohn-Sham orbitals and have a favorable scaling
with the size of the system (quadratic for real-time propagation and cubic
for Sternheimer linear response). With respect to other methods to calcu-
late dichroic response, the cost is similar to the TDDFT method of refer-
ence [Autschbach 02], but implementations based on Eq. (4.24) are expected
to exhibit a worse scaling with the number of atoms and the active-space con-
sidered in the wave-function expansion.

An additional advantage of the real-time approach is that it can be easily
parallelized by distributing the orbitals among processors [Castro 06]. Since
the propagation of each orbital is almost independent from the others, very
little communication is required resulting in a very efficient parallel scheme.

From the practical point of view the relative numerical cost of the two
methods we have presented depends on the information that one wants to
gain. For the calculation of the response in the full spectral range, the real-
time method is more efficient because the full spectrum can be obtained from
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a single run per perturbation direction. On the other hand, if the response for
a small number of frequencies is desired, the Sternheimer formalism allows one
to obtain the optical signals at few discrete frequencies with less computational
cost.

4.3 Implementation

The two TDDFT formalisms described above, real-time and Sternheimer, were
implemented in the code octopus [Marques 03a, Castro 06]. In octopus a real-
space grid is used to represent the orbitals and other functions. The Troullier-
Martins [Troullier 91] norm conserving pseudo-potential approximation is used
to model the electron-ion interaction.6 Unless stated otherwise, the exchange
and correlation is treated at the level of the local density approximation (LDA)
in the Perdew-Zunger parametrization [Perdew 81]. The use of the usual GGA
corrections does not change significantly the results discussed below.

Real space grids are advantageous for response calculations, since the dis-
cretization error can be systematically controlled by increasing the size of the
simulation box and reducing the grid spacing. We have checked that, with
the parameters used in our calculations, the relation (4.27) is satisfied up to
an error of 10−7. A problem of real-space grid representations, however, is
the spurious dependence of the total energy and other quantities on the rel-
ative position between ions and grid points, which breaks the translational
invariance (see inset of Fig. 4.2). This artificial dependence is ascribed to
the aliasing caused by Fourier components of the ionic potentials that have a
higher frequency than the highest frequency resolved by the finite grid spac-
ing. This problem has been extensively studied in the past [King-Smith 91]
and can be considerably reduced by filtering the ionic potentials to eliminate
these high Fourier components. For this purpose, we use the mask function fil-
ter of Tafipolosky and Schmid [Tafipolosky 06]. We show in Fig. 4.2 the effect
of the high-frequency filtering. We find that the use of the filtering technique is
crucial for efficient chiroptical response calculations: the plot in Fig. 4.2 in fact
illustrates the error resulting in the difference dichroic signal when the molecule
is displaced with respect to the computational grid (black line), which is re-
moved by the frequency filter (red line). Note that the expectation value of the
angular momentum operator is very sensitive to the position of the ions with
respect to the grid points and this strong dependence gives rise to a significant
ambiguity in the position, sign and intensity of the spectral peaks.

6 For all the components the pseudo-potentials cutoff radii are 1.25 a.u. for hydrogen
atoms, 1.47 a.u. for carbon atoms, and 1.39 a.u. for oxygen atoms.
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the average value, calculated for different displacements of the center of the
molecule with respect the grid origin, with (circle red) and without (square
black) the filtering. The spacing of the grid is 0.24 Å.





Chapter 5

Benchmark Systems

A theory has only the alternative of being right or wrong.
A model has a third possibility: it may be right, but
irrelevant.

Manfred Eigen
in The Physicist’s Conception of Nature.

We now apply the method described in the previous chapter to study the
optical activity of some representative chiral molecules. The two approaches
that we have introduced are used for distinct purposes. For the calculation
of ECD spectra, related to the imaginary part of β̄, the two methods give
equivalent results but we show the output of the time-propagation, which is
computationally more efficient than the Sternheimer approach. For the real
part of β̄, related to the ORD, we used the Sternheimer approach, because
time-propagation results lack the required numerical precision.1

For all systems we used the same set of simulation parameters that ensure
a proper convergence of the results.2 We have observed that, with respect to
total energy and even optical absorption calculations, more strict parameters
are required for a proper convergence of the results, specially with respect to
the volume of the simulation cell.

5.1 (R,S)-methyloxirane

We have chosen as a first test case the enantiomeric species methyloxirane
(also known as propylene oxide). Methyloxirane is one of the most typical

1The real part as obtained from a direct Fourier transform of the angular momentum is
very unstable below the first excitation. This was also observed in Ref. [Yabana 96] where
a Kramers-Kroning transformation of the imaginary part was used to get the real part.

2The grid was constructed considering overlapping spheres with a radius of 8.0 Å centered
around each atom with a grid spacing of 0.20 Å. For the time-propagation scheme a Lanczos
exponential method was used with a time-step of 0.02 ~/eV and a total time of 24 ~/eV.
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Figure 5.1: Left top: (R)-methyloxirane structure and Left bottom: (S)-
methyloxirane structure. Structures optimized at the SCF level using a 4-
31G* basis-set and considering all degrees of freedom, with the exception of
the C–H bond length. Right: Static LDA orbitals in methyloxirane for differ-
ent Exchage-Correlation functionals: P&Z (Perdew-Zunger), B3LYP (Becke,
three-parameter, Lee-Yang-Parr) and LB94 ( van Leeuwen & Baerends)

benchmarks for optical activity calculations, and it has been extensively stud-
ied in the past with different ab-initio techniques [Tam 04, Kongsted 06]. The
structure of R-methyloxirane was taken from Ref. [Carnell 91], where it was
optimized at the SCF level using a 4-31G* basis-set and considering all degrees
of freedom, with the exception of the C–H bond length.3. In the Fig. 5.1 the

3This structure was adopted so that our results are exactly comparable to those theo-
retical data. However, we also computed the optical spectra for a structure relaxed at the
(B3LYP/cc-pVTZ) level, obtaining no significant deviations relative to the results shown in
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Figure 5.2: Top panel: Calculated
absorption spectrum for R- (red
solid) and S- (blue dotted) methy-
loxirane. For comparison the exper-
imental results [Carnell 91] (green
dashed-dotted) are given. Center
panel: Experimental results for the
ECD of R,S -methyloxirane species
(green-dotted-dashed and black-
dotted respectively) reproduced
from Ref. [Carnell 91]. Bottom
panel: Calculated ECD of R,S -
methyloxirane species (red solid
and blue dotted lines, respectively).
The results obtained with the
Sternheimer equation are indistin-
guishable from those reported here
from time-dependent propagation.

coordinates of the enantiomeric species of methyloxirane have been depicted
in the left side, the bond lengths are also showed. In the right part of the
same figure the LDA orbitals for different exchange correlation functionals is
sketched.

The absorption and ECD spectra calculated in the time-propagation scheme
are shown in Fig. 5.2. The spectra show the correct features expected for two
enantiomeric species, i.e. an identical absorption spectrum (top panel) and
ECD spectra with opposite signs at each frequency. When compared with
experimental results (center panel in Fig. 5.2) the calculations present the
correct shape and the correct sign in the ECD. The spectral positions of the
peaks are underestimated by about 1.0 eV relatively to the experimental data.
This underestimation of the lowest excitation energies has already been dis-
cussed (see for example Refs. [Tam 04, Kongsted 05] and Ref. [Autschbach 02])
and can be probably ascribed to the approximation in the exchange and cor-
relation functional. Calculations of the ground state with different exchage

Fig. 5.2
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Figure 5.3: Calculated Re
[
β̄(ω)

]
for (S)-methyloxirane using two different ex-

change and correlation potentials, LDA (solid-blue) and KLI (dotted-red), for
the ground state Hamiltonian (in both cases the adiabatic LDA kernel was used
for the response). For comparison, experimental values at 2.1 eV [Rauk 81] and
3.49 eV [Muller 00] (black dots), as well as Hartree-Fock (green-dashed) and
B3LYP (indigo-dashed-dotted) [Giorgio 03] computed data, are given.

correlation functionals show that the HOMO-LUMO gap of the system in-
creases towards the experimental values. In the case of LB94 [van Leeuwen 94]
exchange-correlation functional the gap is nearest to the accepted gap because
this functional has a better asymptotic behavior for high values of r. (see
discussion in Sec. 5.3).

The real part of β was studied using the Sternheimer scheme for an energy
range between 0 and 4 eV. The results are detailed in Fig. 5.3, along with some
reference theoretical and experimental data. In this case we have also studied
the impact on the optical results of the use of different exchange-correlation
functionals in the ground state calculations. In particular, we have determined
the ground state of the molecule by using two different functionals, namely
LDA and KLI [Krieger 92a, Krieger 92b]. The adiabatic LDA kernel was used
in both cases to take into account the exchange and correlation effects in the
response. We can see in Fig. 5.3 that our calculations agree in shape and
order of magnitude with the reference calculations and experimental results.
The KLI/ALDA approximation is in agreement with the experimental value
at 3.49 eV but this is not the case at 2.1 eV where B3LYP and Hartree-Fock
calculations seem to perform better, mainly due to the larger gap [Kümmel 08].
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5.2 (R,S)-methylphenidate

The second choice to run a test in order to study the dichroic response is
molecular systems is the called methylphenidate, which is more known in the
market as Ritalin. The coordinates for the methylphenidate were obtained
from the DrugBank of the University of Alberta, code DB00422 [Galperin 08]
and the whole structure was optimized at the B3LYP/6-31G* level. In the left
part of Fig. 5.4 the structures of both systems is depicted, in the right side the
LDA static Orbitals are sketched, those were calculated using Perdew-Zunger
Exchage-Correlation functional.

Methylphenidate (methyl α-phenyl-a-(2-piperidyl)acetate), has pharmaco-
logical properties similar to those of dextroamphetamine, it is the most com-
monly prescribed psychostimulant and is indicated in the treatment of attention-



48 5. Benchmark Systems

-12

-8

-4

 0

 4

 8

 12

 3  4  5  6  7  8  9

R
x

1
0

3
 (

A
3
)

Energy [eV]

 0

 0.5

 1

 1.5

 2

 2.5

 3

 3.5

 4

C
ro

ss
 S

ec
ti

o
n

 [
A

rb
. 

U
n

it
s]

Methylphenidate
Dexmethylphenidate

Exp. methylphenidate

A

B

Figure 5.5: Top panel: Calculated absorption spectra for methylphenidate
(red solid) and dexmethylphenidate (blue solid). The black points corresponds
to experimental values of absorption for the methylphenidate obtained through
an absorption scan in order to get the most intensity peak using an HPLC de-
vice [Soldin 79], the green point corresponds to the maximun of absorption used
for the identification of this compunds in solvent [Kanai 82]. Bottom panel:
Circular Dichroism spectra of methylphenidate and dexmethylphenidate. The
rotatory strength of the low energy transitions is comparable to the high energy
ones.

deficit hyperactivity disorder in childrens as well as patients with depression.
Comercially Ritalin is a racemic mixture of both enantiomeric species R and
S, and has been shown in several pharmacological studies than the psychoac-
tive effects are caused mainly by the dexmethylphenidate specie. It has been
isolated and is comercialized with the name of Focalin.

Optical characterization of enantiomeric species is a common procedure



5.3. Alkenes: trans-cyclooctene, β-pinene and α-pinene 49

in pharmacology. However, it was showed than optical absorption is not a
optimized tool for the complete enantioselectivity of chiral compounds. De-
spite that methylphenidate is a widely used in treatment of childrens with
several behavior disorders, the amount of information about its optical ac-
tivity is practically zero. This is mainly caused because the procedures of
characterization only requires the value of the optical rotation for the D line of
emission of sodium. Ab initio methods have been used previously in the study
of the physical properties of methylphenidate, but these have been focused
to the structural characterization in order to obtain new drugs with similar
properties [Froimowitz 05] or more recently to the description of the infrared
spectra. [BayarI 09].

The results obtained for the optical absorption and ECD for methylphenidate
are showed in Fig. 5.5, inserted in the same place some experiments set up in
the UV range for methylphenidate in solution are plotted. The HOMO ←
LUMO transition has a weak strength, and two representative peaks (labeled
with A and B) are in good agreement with the experimental results. The
peak A corresponds mainly to HOMO-1 ← LUMO, and it is in good agree-
ment with the experimental result (green point), the experiment has been
performed [Kanai 82] in order to get the maximun wavelength of absorption
for methyloxirane in chloroform, the peak B (the most intense) fits the exper-
imental results, these were done for methylphenidate in a solution composed
by chloroform and diphenylimidazole [Soldin 79]. The ECD spectra shows
than the two labeled transition are perfectly defined and they have a rotatory
strength with the same order the magnitud, this result is very important for
the enantioselectivity of both species.

5.3 Alkenes: trans-cyclooctene, β-pinene and

α-pinene

In this section we present the calculated ECD spectra for three different alkene
molecules: trans-cyclooctene, β-pinene and α- pinene. These molecules were
chosen due to availability of gas-phase experimental data of ECD in a large
range of frequencies (5–9 eV)4 and of quantum-chemistry and TDDFT results.
Hence, they constitute a valid benchmark to evaluate the performance of the
computational scheme described in this article. The structures of the molecules
are taken from the supporting information of Ref. [McCann 06], and were
obtained via Monte Carlo searching and subsequently relaxed using DFT at
the B3LYP/6-31G* level.

4Our calculations do not take into account the solvent, while most experiments are done
in solution. Therefore, for a benchmark of our theory the existence of experimental gas-phase
data is compelling.
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Figure 5.6: Computed ECD Spectrum of (S)-trans-cyclooctene (bottom) and
experimental results for the same molecular species in the gas phase (top). The
theoretical rotatory strength function (red-dashed, blue-dotted) was calculated
for two different values of the broadening, as detailed in the legend. The
experimental data are reproduced from Ref. [Mason 73]

The calculated rotatory strength functions are shown and compared with
experimental data in Figs. 5.6, 5.7 and 5.8. The most important bands that
constitute the ECD spectra are indicated with capital letters. For all molecules
studied here the calculated rotational strength function presents a very good
qualitative agreement for what concerns both the sign and the shape of the
spectra. The experimental peaks are often due to a superposition of several
electronic transitions, and for this reason the calculated spectra (bottom panels
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Figure 5.7: Computed ECD Spectrum of (1S,5S)-β-pinene (bottom) and ex-
perimental results for the same molecular species in the gas phase (top). The
theoretical rotatory strength function (red-dashed, blue-dotted) was calculated
for two different values of the broadening, as detailed in the legend. The ex-
perimental data are reproduced from Ref. [Mason 73]

of Figs. 5.6–5.8) are shown for two values of broadening given by the parameter
δ of Eq. 4.16: the larger one (solid red) is adopted to simulate the bandwidth
of the experiments,5 the smaller one (dotted blue) is adopted to resolve the un-
derlying excitations beneath each peak. Looking at the position of excitation

5Beside the superposition of different excitations that are not resolved in the experiment,
the bandwidth is also determined by temperature and vibrionic effects that are not taken
into account in our work
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Figure 5.8: Computed ECD Spectrum of (1R,5R)-α-pinene (bottom) and ex-
perimental results for the same molecular species in the gas phase (top). The
theoretical rotatory strength function (red-dashed, blue-dotted) was calculated
for two different values of the broadening, as detailed in the legend. The ex-
perimental data are reproduced from Ref. [Mason 73].

energies, as in the case of methyloxirane, we observe a systematic underesti-
mation with respect to the experimental value ranging from 0.7 eV to 0.8 eV
for the first peak, and a similar trend for the rest of the spectra. The effect of
the ground state geometry on the ECD spectrum for these systems has been
investigated in detail by McCann and Stephens [McCann 06], concluding that
it plays only a minor role. This discrepancy should therefore be ascribed to
another source. The most probable origin is the approximation used for the
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exchange and correlation functional. McCann and Stephens [McCann 06] also
showed that the excitation energies strongly depend on the used functional for
these molecules, observing a systematic underestimation by 0.3–0.4 eV relative
to experimental data when the B3LYP functional is used. The same effect
is observed for α-pinene in Ref. [Diedrich 03], where an underestimation by
0.53 eV and 0.33 eV is found using the BP86 and B3LYP functionals, respec-
tively, while BHLYP and post Hartree-Fock methods (Coupled Cluster CC2
and Multi-reference MP2) give overestimations of the frequencies of the peaks.
It is not surprising that exchange-correlation effects play a significant role also
in our work, considering, for example, that the lowest excitations of the alkene
molecules present a large participation of Rydberg states that are not well de-
scribed by the functional used in this work due to the lack of the 1/r tail in
the potential. Indeed using a potential behaving as 1/r, improved results may
be obtained, yet not in quantitative agreement with experimental data. In our
case what is somehow remarkable is that in spite of the fact that the spectra
are shifted, the relative difference of excitation energies is well reproduced, as
well as the relative intensities. Besides the systematic redshift of the peaks in
the results of Figs. 5.6–5.8, our method reproduces well all the main experi-
mental features for the studied molecules, even for the high-energy part of the
spectrum.

In the case of the trans-cyclooctene molecule (Fig. 5.6) we obtain the main
experimental features, namely the positive peak A, the shoulder B and the huge
negative peak C. B and C are critical to reproduce in calculations. For instance,
Diedrich and Grimme [Grimme 99] were not able to reveal these fingerprints
by a TDDFT calculation by using the sum over states of Eq. 4.24 and the
BHLYP hybrid functional. Instead, in the same reference they attained a very
good agreement with the experimental results by using a multi-reference CI
method.

Also for the β and α-pinene (Figs. 5.7 and 5.8) we observe the correct sign
and shape of the peaks. Our computed ECD spectrum for β-pinene is very
similar to the results of a B3LYP calculation [McCann 06]. In the case of alpha-
pinene previous B3LYP [Diedrich 03, McCann 06] and CC2 [Diedrich 03] re-
sults predict a huge positive and negative peak, respectively, around 7 eV,
which is not present in the experimental data. Instead, we are able to repro-
duce the plateau at high energy (D), which becomes evident by using a broad-
ening factor δ=0.2 eV. This better agreement can be explained by the several
factors that differentiate our method from a sum over states formulation in
a basis set representation: the systematic convergence of the discretization
parameters that ensure that the electronic system will not be artificially con-
strained, the fact that the present method does not require unoccupied states,
and finally the inclusion of self-consistency effects of the Hartree and exchange
and correlation kernels.





Chapter 6

Conclusions and perspectives

We have presented a general formalism for the study of the chiroptical proper-
ties of molecules. In our approach these properties are obtained by probing the
magnetization of the system perturbed by an electric field. Special care has
been taken to guarantee the gauge invariance of the formalism, for this purpose,
an extra term related to the non-local pseudo-potential, has to be included in
the calculation of the magnetization. This correction term is independent of
the representation and should be considered by any dichroic response approach
that uses non-local potentials.

Based on this framework two different calculation strategies have been pro-
posed. The first one is based on the real-time solution of the TDDFT Kohn-
Sham equations and allows for the calculation of the whole dichroic spectra in
a very efficient manner. The second one is based on the solution of the Stern-
heimer equation for the response to the external perturbation but a different
calculation for each frequency have to be performed to obtain the chiroptical
properties. The two strategies are complementary in the calculations of real
and imaginary part of the β tensor for a broad range of frequencies.

The results of calculations performed by us on benchmark molecules are
in general agreement with experimental data and with the outcome of other
TDDFT methods, especially looking at the shape of the spectrum. Clearly
also an accurate prediction of excitation energies is needed to compute ECD
spectra for molecules having a more complicate spectrum (overlapping bands
with opposite signs). To this aim, a better description of the exchange and
correlation functional is clearly required. Note, however, that our method is
general and not restricted to any given functional.

In the future we are going to extend our framework to handle magnetic
circular dichroism by performing ECD calculations under a magnetic field,
analogous to what is done experimentally [Stephens 70]. Another interesting
extension that we are considering is the generalisation of the formalism for the
treatment of periodic systems: this would allow the study of optical activity
of crystalline systems or molecules in solvent or in the liquid phase.
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[Fresnel 23] A.J. Fresnel. Mémoire sur la doi des modifications que
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agissent sur la lumière. Mém. Soc. Arceuil, vol. 2, pages
143–158, 254–267, 1809.



BIBLIOGRAPHY 65

[Marques 03a] M. A. L. Marques, A. Castro, G. F. Bertsch & A. Rubio.
octopus: a first-principles tool for excited electron-ion dy-
namics. Comput. Phys. Commun., vol. 151, pages 60–78,
2003.

[Marques 03b] Miguel A. L. Marques, Xabier López, Daniele Varsano,
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